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PREFACE 


The present volume completes the series of texts on algebra 
which the author began more than ten years ago. The account 
of field theory and Galois theory which we give here is based on 
the notions and results of general algebra which appear in our first 
volume and on the more elementary parts of the second volume, 
dealing with linear algebra. The level of the present work is 
roughly the same as that of Volume II. 

In preparing this book we have had a number of objectives in 
mind. First and foremost has been that of presenting the basic 
field theory which is essential for an understanding of modern 
algebraic number theory, ring theory, and algebraic geometry. 
The parts of the book concerned with this aspect of the subject 
are Chapters I, IV, and V dealing respectively with finite dimen- 
sionai neiu extensions anu vjaiois tueory, general structure tueory 
of fields, and valuation theory. Also the results of Chapter III on 
abelian extensions, although of a somewhat specialized nature, 
are of interest in number theorv, A second obiective of our ac- 
count has been to indicate the links between the present theory of 
fields and the classical problems which led to its development. 
This purpose has been carried out in Chapter II, which gives 
Galois’ theory of solvability of equations by radicals, and in 
Chapter VI, which gives Artin’s application of the theory of real 
closed fields to the solution of Hilbert’s problem on positive defi¬ 
nite rational functions. Finally, we have wanted to present the 
parts of field theory which are of importance to analysis. Partic¬ 
ularly noteworthy here is the Tarski-Seidenberg decision method 
for polynomial equations and inequalities in real closed fields 
which we treat in Chapter VI. 

As in the case of our other two volumes, the exercises form an 
important part of the text. Also we are willing to admit that 
quite a few of these are intentionally quite difficult. 
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Introduction 


In this book we shall assume that the reader is familiar with 
the general notions of algebra and the results on fields which 
appear in Vol. I, and with the more elementary parts of Vol. II. 
In particular, we presuppose a knowledge of the characteristic of 
a field，prime field, construction of the field of fractions of a com¬ 
mutative integral domain，construction of simple algebraic and 
transcendental extensions of a field. These ideas appear in 
Chaps. II and III of Vol. I. We shall need also the elementary 
factorization theory of Chap. IV. From Vol. II we require the 
basic notions of vector space over a field, dimensionality, linear 
transformation, linear function, compositions of linear trans¬ 
formations, bilinear form. On the other hand, the deeper results 
on canonical forms of linear transformations and bilinear forms 
will not be needed. 

In this Introduction we shall re-do some things we have done 
before. Our motivation for this is twofold. In the first place ， 
it will be useful for the applications that we shall make to sharpen 
some of the earlier results. In the second place, it will be con¬ 
venient to list for easy reference some of the results that will be 
used frequently in the sequel. The topics that we shall treat 
here are: extension of homomorphisms (cf. Vol. I, Chap. III )， 
algebras (Vol. II ， Chap. VII), and tensor products * of vector 
spaces and algebras (Vol. II ， Chap. VII). The notion of extension 
of homomorphism is one of the main tools in the theory of fields. 
The concept of an algebra arises naturally when one studies a 
field relative to a selected subfield as base field. The concept of 
tensor product is of lesser importance in field theory and it per- 

* In Vol. II this notion was called the Kronecker product- Current usage favors the 
term tensor product, so we shall adopt this in the present volume. Also we shall use the 
currently standard notation ® for the X of Vol* II. 
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haps could be avoided altogether. However, this notion has 
attained enormous importance throughout algebra and algebraic 
topology in recent years. For this broader reason it is a good 
idea for the student to become adept in handling tensor products, 
and we shall use these freely when it seems appropriate. 

1 . Extension of homomoiphisms. Throughout this book we 
shall adopt the convention that the rings we consider all have 
identity elements 1^0. The term subring will therefore mean 
subring in the old sense (as in Vol. I) containing 1， and by a 
homomorphism of a ring SI into a ring iB we shall understand a 
homomorphism in the old sense sending the 1 of 21 into the 1 of 

Now let o be a subring of a field P and let 否 be the subfield of P 
generated by o. We recall that the elements of $ can be ex¬ 
pressed as simple fractions of elements a, ^ e o ( 卢 〆 0 ). 

Hence $ is the subring of P generated by o and the inverses of 
the elements of the set o* of non-zero elements of o. The set o* 
contains 1 and is closed under the multiplication of o. It is some¬ 
times useful to generalize this situation in the following way: We 
are given a subring o of P and a subset M of o* containing 1 and 
closed under multiplication. We shall refer to such a subset as a 
sub-semigroup of the multiplicative group of the field. We are 
interested in the subring o M generated by o and the inverses of 
the elements of M. For example, we could take P to be the field 
R 0 of rational numbers and M = {2 k \k = 0, 1, 2, … }• Then 
om is the subring of rational numbers whose denominators are 
powers of 2. In the general case, 

Om = { oc^ 1 |ct 6 o, j 8 e M ]; 

for, if we denote the set on the right-hand side of this equation by 
o’, then clearly C o M and o f contains o = {a = al ^ 1 }. Also 
o f contains every 卢一 1 = ljS -1 for e M. One checks directly 
that t/ is a subring of P. Then it follows that = ojf. 

Now suppose P r is a second field and we have a homomorphism 
j of o into P' such that jS* 5 ^ 0 for every jS e M. Our first homo¬ 
morphism extension theorem concerns this situation. This is the 
following result. 

I. Let a be a subring {with \) of a field a subset of non-zero 
elements of 0 containing 1 and closed under multiplication^ qm the 




subring of P generated by o and the inverses of the elements of M. 
Let s be a homomorphism of o into a field P r such that 〆 0 for 
every P e M. Then s has a unique extension to a homomorphism 
S of om into P’. Moreover，S is an isomorphism if and only if s 
is an isomorphism. 

Proof. Let = 0L 2 ^2~ l y a i e o, j8 t * e M. Then a ^ 2 = 

a 2 ^i and consequently ai s ^ 2 s = ^ 2 s Pi 8 - This relation in P r gives 
«i 8 ( 冷 i 8 ) 一 1 = 吻 *( 冷 2 8 ) 一 1 - Hence the mapping 

S..a『 l — <x 8 (^ 8 ) -1 , a e o, ^ e M 

which is defined on the whole of om = {a^ -1 } is single-valued. 
One checks that 6* is a homomorphism (Vol. I, p. 92). If a e o, 
then a s = (al ~ x ) s = <x e V = a e y so S is the same as s on o. Hence 

is a homomorphism of om which extends the given homomor¬ 
phism of o. Now let S f be any such extension. Then the relation 
邱 - 1 = 1 for ^ e M gives ^ s> (^~ 1 ) s， = 1, so = (f) - 1 • 

If a e o y then we have (ce/8 -1 ) s， = ) -1 = 一 1 = 

(a/8^ 1 ) 5 . Hence S r = S and S is unique. Clearly, if S is an iso¬ 
morphism, then its restriction j to o is an isomorphism. Now 
assume s is an isomorphism and let a 玲一 1 be in the kernel of the 
homomorphism ^ ： 0 = (ckj3 -1 ) 5 = a 8 (^ e ) ^ 1 . Then ck 8 = 0, ct = 0, 
and a/8 一 1 = 0. This shows that the kernel of ^ is 0; hence S is an 
isomorphism. 

We consider next an arbitrary commutative ring 31 and the 
polynomial ring x an element which is transcendental rela¬ 
tive to 21 (Vol. I, p. 93). The elements of SI [ 尤 ] have the form 
an + a^x 4 - a^x 2 + • * * 4- a m x n where the e 91 and a n 4 - a^x 4 - 

• ▲ ■ Md I \J I i • • I 

… + a n x n = 0 only if all the a{ = 0. We now have the follow¬ 
ing homomorphism theorem. 

II. Let % be a commutative ring, SIM the polynomial ring over 31 
in a transcendental element x and let s be a homomorphism of % into 
a commutative ring iB. If u is any element of 58 there exists a unique 
homomorphism S of Sl[.v] into 迅 such that; a s = a 8 y a e 5(, x s = u. 

The reader is referred to Vol. I, p. 97, for the proof. This result 
has an immediate extension to a polynomial ring 效 [Xi, x 2} … ， x r ] 
where the X{ are algebraically independent elements. We recall 
that the algebraic independence of the x t - means the following ： 
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If (miy m 2 , * * • ， m r ) is an r-tuple of non-negative integers m iy then 
a relation 2 a mi- = 0, a mr . . mr e 21, can hold 

mt 

only if every a mv . . mr = 0. From now on we shall refer to ele¬ 
ments which belong to a commutative ring and are algebraic ally- 
independent relative to a subring 21 as indeterminates (relative to 
S(). Then we have 

xxx. LjC* w ' ' y ^rj “ cummufufivc jju^ynurniu^ nn^ in 

which are indeterminates {relative to 2() and let s be a homomorphism 
of 21 into a commutative ring iB. If Ui, u 2i * * *, «r are arbitrary 
elements of i8, then there exists a unique homomorphism S of 
into iB such that Y) a s = a 8 y a e 2t; 2) Xi S = «»-, i — 1, 2, … ， r. 

We now suppose we have a commutative ring (5, 2( a subring, 
s a homomorohism of S( into another commutative rine i8. Let 

j. ^ 

/i, t 2y • • *, / r be elements of (S and let 2([/i, / 2 , ‘ • .，/ r ] be the sub¬ 
ring of (5 generated by 21 and the /». Under what conditions can 
s be extended to a homomorphism S of S([/J = / 25 * • ■, / r ] 

into iB so that / t * s = u“ 1 < / < r, where the m are prescribed 
elements of 58 ? The answer to this basic question is 

IV. Let iB and S be commutative rings ， ％ a subring of 备 ， s a 
homomorphism of S( into S3. Let t r be elements o/tS, «i, • ■ 

u T elements of iB. Then there exists a homomorphism S of S([/i, * * •, 
^ r ] into i8 suck that a s = a 8 , a e% and / t * s = « t *, i = 1, 2, * • •, r, //" 
and only if for every polynomial f{x^ * * *, ^r) e SlM, X{ indeter- 
minates, such that /(/ 1} * • •, / r ) = 0 we have .. .，《 r ) = 0. 

Here , ^ r ) is obtained by applying s to the coefficients of 

f{x u • ‘ . ， <v r ). IfS exists, it is unique. 

Proof. The set 贷 of polynomials /(^i, • • •, ^ r ) such that 
/(/i,* * *, / r ) = 0 is the kernel of the homomorphism h{x\ y • * *, ^ r ) 
— h{tu • * *, / r ) of into Hence we have the isomor¬ 

phism T ： h(ii, ‘•• ，々 ）— A(xiy … ， ; v r ) + 贷 of" 2l[/J onto the dif¬ 
ference ring Next we consider the homomorphism h{x u 

.••，〜）— h 8 (uiy * • *, « r ) of Sl[^J into S (cf. III). Assume that 
/*(«!, * • •, « r ) =0 for every /e 贷 . Then every /e^ is mapped 
into 0 by the homomorphism h(xu • ■ •, x r ) — h 8 (ui , …， 《 r ) so 
浼 is contained in the kernel of this homomorphism. It follows 
(Voi. I, p. 70) that we have the homomorphism h(xi, • • m , x r ) + 
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贷 — h s {uiy * * *, « r ) of U[X{]/^ into iB. Combining this with the 
isomorphism r we obtain the homomorphism 

( 1 ) S ： h(ti y * • *, / r ) — h 8 {uu … ， Ur) 

of S([/ t ] into iB. This is the required extension of s. If S r is any 
extension of j to a homomorphism of into iB such that a s， = 
a 8 and ti S> = u iy then k{t u • • *_ ， t r 、 s ， = 々 s («i，.. .，《 r ); hence S’ = 
S and S is unique. Also, it is trivial that, if/(/i, • • • ，々） = 0, 
then 0 = f{t u * • t r ) s = f 8 (ui, • • *, « r ) if ^ is a homomorphism 
of 2l[/i, …， / r ] satisfying our conditions. Hence it is clear that 
the condition stated in the theorem is necessary for the existence 
of the extension S. 

We have noted in the proof that the set ^ of polynomials 
/(^i, … ，知 ） such that f{t- Ly … ， 4) = 0 is the kernel of a homo¬ 
morphism. Hence this is an ideal in the polynomial ring x 2y 
• * *, x r ]. Now let X = {^} be a set of generators of ^ : X c ^ 
and every element/ has the form Xai(xi y .. * ， x r )gi(xi, ‘ * .，％ r ) 
where the a{ (*vi，*. *，％ r ) e x 2 , • • • ， x r ] and the gi(xi, *••，〜） 
e X. It is clear that, if … ， u r ) = 0 holds for every g b X, 
then also • • •, « r ) = 0 for every / Hence we can obtain 

from IV the following result which is often easier to apply than 
IV itself: 

IV'. Let iB and S be commutative rings y SI a subring of (S, and s 
a homomorphism of % into S. Let X be a set of generators of the 
ideal ^ ojpolynomials f in x 2i * * *, Jf r ], Xi indeterminates^ such 
that /(/i, t 2y * * •, / r ) = 0. Then there exists a homomorphism S of 

j *2> ' * ' j *rj iritG Stich thut = U 8 and — U{y 

1 < i < r y if and only if g s {uiy ‘‘•，〜）= 0 for every g e X. If S 
exists, then it is unique. 

We now consider the important special case of IV r in which 
效 = 中 a field and r = 1. Then we know that 否 [x] is a principal 
ideal domain (Vol. I, p. 100). Hence the ideal ^ = (/(x)), where 
(/(x)) denotes the ideal of polynomial multiples of the poly¬ 
nomial f{x) d It is clear that 贷 〆 （ 1)= 中 [xj since, otherwise, 
0 = 兰中 [/] 3 $ which contradicts 1^0. Since (ck) 

=(1) if a is a non-zero element of it is clear that the possibili¬ 
ties for 贷 are 贷 =(0) or^ = (f(x)) where f{x) is a non-zero poly- 
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nomial in of positive degree. In the first case we have 中 [x] 
名 $[/] and / is transcendental. Then II (or IV) is applicable and 
shows that s can be extended to a homomorphism S sending t 
into any « e iB. Now suppose that f{x) 5 ^ 0 . In this case we 
call the element / e (S algebraic over 电 since we have a non-zero 
polynomial f{x) such that/(/) = 0. The ideal ^ is, by definition, 
the set of polynomials 兄 (x) such that g{t) = 0. The polynomial 
f{x) is a polynomial of least degree in 贷 and every other poly¬ 
nomial contained in 浼 = (/(x)) has the form g(x) f{x). We can 
normalize f{x) by multiplying it by the inverse of its leading 
coefficient to obtain a polynomial with leading coefficient 1. If 
we let f{x) be this polynomial, then clearly / can be characterized 
by the properties that it is the polynomial of least degree belong¬ 
ing to with leading coefficient 1 satisfying/(/) = 0. We shall 
call f(x) the minimum polynomial {over $) of the algebraic element 
/ e S. We can now state the following result which is a special 
case of" IV’ • 

V. Let 58 and (5 be commutative rings , 龟 a subfield of an ele¬ 
ment of % which is algebraic over 屯 ， and s an isomorphism of 电 into iB.* 

(S 3 ^[/] 3 $ 

\ 

S \ s 
\ 

■Vv 

Then s can be extended to a homomorphism S of^[t) into S3 so that 
^ if and only if /*(«)= 0 for the minimum polynomial fix) 
oft over 龟 . When the extension exists it is unique. 

Remarks. The condition one has to put on u to insure the 
existence of S can be stated also in the following way ： u is alge¬ 
braic over the image 中 8 of " 中 and its minimum polynomial over 
妒 is a factor of f 6 {x). The equation (1) giving the form of S 
now becomes 

It is immediate from this that S is an isomorphism if and only if 
is the minimum polynomial of u. 
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2. Algebras. We recall the definition of an algebra S( over a 
field 伞 (Vol. II, p. 36 and p. 225) : SI is a vector space over 中 in 
which a product e SI is defined for ^,7 in SI such that 

Oi + x 2 )y = Xiy + x 2 y y x{y x + y 2 ) = + xy 2 

(3) 

a(xy) = (ax)y = x(ay), a 

We shall be interested only in algebras which have identities 1 and 
which are associative; hence in this volume “algebra” will always 
mean just this. 

We shall usually encounter algebras in the following way: We 
are given a ring SI and a subfield 中 of the center of SI. Then 
we can consider 5 ( as a vector space over ^ by taking ax y a e 中， 
^ e SI, to be the ring product of a and x in S(. Clearly this makes 
S( a vector space over Also (3) is clear since a is in the center. 
Hence we have an algebra (21 over 中 ) •* This procedure for 
defining an algebra will be used in studying a field P relative to a 
subfield 屯 Then we obtain the algebra P/^>. 

Another algebra which is basic is the algebra S # ( 5D?) of linear 
transformations of a vector space 职 over a field 中 . Here A B y 
AB and aA for A, B t 2 *( 9W) and a e $ are defined by x{A + B) 
=xA + xBy x{AB) = {xA)B y x{aA) = a{xA) = {ax)A. The 
dimensionality [S* ( 职） ：令 | of" S# ( 肌 ） over $ is finite if and only 
if [ 职:到 is finite. If [ = m, then [S#( SD?) ：^>] = m 2 (Vol. II, 

P- 41). . 

Evidently an algebra is a ring relative to the + of the vector 
space and the multiplication ab. A subalgebra iB of an algebra 21 
over 少 is a subspace of 3 ( which is also a subring. An ideal of 
Sl/$ is a subspace which is an ideal of 3 ( as a ring. A homomorphism 
s of the algebra Sl/$ into the algebra 58/^* is a mapping of SI into 
S which is ^-linear and a ring homomorphism. Isomorphisms 
and automorphisms are defined in a similar fashion. If ^ is an 
ideal in 2 l/$, then the factor space 31 / 贷 is an algebra over 少 rela¬ 
tive to its vector space compositions and the multiplication 
(a + 货)(彡 + 贷 ） =air We have the algebra homomorphism 

a — a + 浼 of" 2 l/^> onto Sl/^ over 屯 If j is a homomorphism of 
21/^ into 53/ 中 ， then the image SI* is a sub algebra of iB and the 

* We shall use the notation 3t/58 also for the difference ring of % relative to the ideal iB* 
Which of these meanings is intended will always be clear from the context. 
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kernel M of s is an ideai in n. We have the isomorphism a + 贷 ― 
a a of Sl/^ onto S( 8 . The basic results on ring homomorphisms ex¬ 
tend to algebras and we shall use these without comment. 

We shall now record some elementary results on finite dimen¬ 
sional algebras which will be used frequently in the sequel. The 
first concerns a dimensionality relation for 2l/$ and Sl/E, where 
E is a subfield of Evidently if E is a subfield of ^>, then we can 
restrict the multiplication ax, a 8 e 5( to ck in E. This turns 
SI into an algebra 21 over E. Also since E is a subfield of $ we 
can define the algebra ^>/E. We now have 

VI. Let S( be an algebra overly E a subfield of 龟 . Suppose < 
oo and [$: E] < oo. Then 

(4) [SI ： E] = [ST: 刮昤 : E]. 

Proof. Let (« t ), \ < i < », be a basis for 21 /$, {y 3 ) t 1 < j < m, 
a basis for ^>/E. Then (4) will follow if we can show that {yjUi) 

n 

is a basis for Sl/E. First let a e%. Then a = ^ aiU iy ol{ e 中， 

m 1 

and cxi = ^ Ujyj where € tJ e E. Then a =S€ t j 7 j«i is a linear 

J 1 

combination of the elements y 3 Ui with coefficients in E. Now 
suppose XeijjjUi = 0 where the e t j e E. Then we have haiU{ = 0 
for in Since the Ui are ^-independent, this gives 

3 

ai = 0, 1 < i < n. Then the formulas a，i = and the E- 

independence of the yj give €" = 0 for all z, j. This proves that 
the elements yjUi are E-independent and so these form a basis 
for H/E. 

VII. Let % be a finite dimensional algebra over a field Then % 

is a division ring if and only if % is an integral domain. 

Proof. We know that division rings are integral domains (Vol. 
I, p. 54). Now suppose SI is an integral domain and let a be any 
non-zero element of 21 . Consider the right multiplication a R : 
x — xa determined by a. This is a linear transformation in 
and, since ^ = 0 in 21 implies b = % the null space of an is 0. 
It follows that an is surjective (that is, maps 21 onto 5 (). Hence 
there exists an eiement a ! such that a ! a — a ! an = i. Thus a 
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has a ieft inverse. A similar argument using the ieft muitipiica- 
tion a L shows that a has a right inverse. Hence every non-zero 
element of" SI is a unit and 2( is a division ring. 

We consider next algebras 2(= 中 [/] which have a single genera¬ 
tor t (cf. § 1). We have the homomorphism g(x) g{t) of 
^[x], x an indeterminate, onto 21. If ^ is the kernel, then S (兰 
伞 [%]/ 贷 . Also we have seen in § 1 that^ = (/(x)) where f(x) = 0 
or is a non-zero polynomial with leading coefficient 1. In the 
first case, t is transcendental and the homomorphism we indicated 
is an isomorphism. In the second case, t is algebraic and f{x) is 
its minimum polynomial. Then we have 

VIII. Let 21 = $[/] be an algebra over 电 generated by a single 
algebraic element t whose minimum polynomial is f{x). Then 

(5) [ 效 : 中 ] =deg/(jv), 

the degree off{x). 

Proof. Let n = deg/(^). Then we assert that (1, /, * • •, / n_1 ) 
is a basis for Thus let a be any element of $( = $[/]. This 

has the form g(i) y g(x) in $[^]. By the division process in ^[x] 
we can write g(x) = f{x)q{x) + r(x) where degr(^) < deg/(^). 
Then if we apply the homomorphism of ^[x]/^ onto $[/]/$ send¬ 
ing x into /, we obtain a == = 0^(/) + r{t). Since degr(^) < 
w, this shows that a = r{t) is a 中 -linear combination of 1, . . •， 

t n ~ l . Next we note that 1 ， / ， … ， /" 一 1 are linearly independent 
over 中 since otherwise we would have a polynomial g(x) 〆 0 of" 
degree < n such that g(t) = 0. This contradicts the hypothesis 
that f{x) is the minimum polynomial. Hence (1， /， …， is a 
basis and (5) holds. 

We recall that $[/] = a polynomial of positive 

/H £ A I < C i-( M n C S{ Ajf\ I ，**«*。/^ i ， rn l-hl A ^\T rtl T 1 f\ 1 \ 

ck ll^xkx ii clukx Kjiny li J J ijl 上 nauLi urn 、 t ui* ±y ±\J± } * 

Otherwise, 中 [/] is not an integral domain. It is useful to have a 
more complete analysis of the structure of 中 [/] in terms of the 
minimum polynomial f{x). We shall indicate the results in the 
following exercises. 

EXERCISES 

1* An algebra H is a direct sum of ideals §1* if 91 is a vector space direct sum of 
the subspaces Let SI = $[/], / algebraic with minimum polynomial /(x). 
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Suppose/W • * - Mx) where (/ »(x),/,(jf)) = 1 if i Set gi(x) =* 

J{x)/fiix). Show that there exist polynomials ai(x) such that 

r 

Y, ai(,x)qi(x) = 1. 

l 

Set ei = ai(t)qi(/) and show that 

<fi + <?2 H - h 6 = 1 ， e{ 2 = eu eiej = 0, i # j. 

Show that 2( = 0 S(tf 2 0***0 Slifr and that the ideal %ei = {aei\a eSI} 

considered as an algebra with identity ei has the form 牵 [/q] and is isomorphic to 

伞 M/CAW). .... . 

2. Let SI = $[/], t algebraic with minimum polynomial /(x). Let /(x)= 

• * - p%(x) irreducible, pi(x) pj{x) y i j. Show that if z = 

pi(t)p 2 (/) - * - p r (/)i then the ideal 贝 =Hz in S( is nilpotent in the sense that there 
exists an integer k such that every product of k elements of 9^ is 0. Show that 

§1 = 现 / 況 =$[?]，？ = / + %， and t is algebraic with minimum polynomial 

g(x) = pi{x)pi{x) • - - p^x). Show that 21 = Sli ㊉ 礼 ㊉…㊉ Sir where 2lt 
is an ideal which as an algebra is isomorphic to the field 

3. Let 2(/$ be an algebraic algebra in the sense that every element of SI is 
algebraic. Prove that, if 21 is an integral domain, then K is a division ring. 

3 . Tensor products of vector spaces. Let 职，饥 and 平 be 

vector spaces over the same field 中 . Then a bilinear mapping of 
肌， 汧 into 平 is a mapping of the product set 职 X 饥 into 汜 such 
that, x X y denotes the image of the pair (x, y) y x e 职 ， j e 汧， 
then 

(^i + ^ 2 ) X ^ X ^ + ^2 X y, 

⑹ X (jvi + jy 2 ) = x X yi x X y2 

a(x X y) = ax X. y = x X ay } ck e 

It is clear that the product xy in any algebra SI is bilinear from 
SI, SI to 5(. We shall say that a vector space 沿 and a bilinear 
mapping ® of 职，汧 into 平 is a tensor product of 9D? and 汧 and 
we write 平 = 职 ® 汧 if the pair (® ，奶 is “universal” for bi¬ 
linear mappings in the sense that the following condition is ful- 

■Ll-XX^V^ • 

If" 平 'is any vector space and X' is a bilinear mapping of 职 ，汧 
into 平 ’， then there exists a unique linear mapping 7r of ^ into 屯 , 
such that (x ® y)^ = x X f y. 

This notion is a special case of the general concept of the tensor 
product of a right module 职 over a ring 级 and a left module 
況 over SI. The special case we have defined for vector spaces is 
treated under slightly different but equivalent hypotheses in Voi. 
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II， Chap. VII. In particular, a proof of the existence of a tensor 
product of vector spaces and nearly all the basic properties we 
shall require were given in Vol. II. At this point we shall give 
another derivation of some of these basic results which is more in 
keeping with the spirit of the now standard treatment of the 
module case. 

We first give a construction of a tensor product. To do this one 
begins with a vector space g having as basis the product set 
职 X 汧 of" pairs (x i y) y x e y e Thus the elements of ^ are 

the expressions ^(^ 1 , 71 ) + ^(^ 2 ,^ 2 ) H - h U(x my y m ) where 

匕 e 中， e yi e and the pairs {x^yi) are distinct. If two 
elements are given we can introduce terms with 0 coefficients and 

m m 

thus suppose that the elements are 23 ^i(xi y yi) and S 

1 1 

Then equality holds if and only if ^ = iji y i = 1， 2 ， … ， m. Addi- 

m m m 

tion is defined by 2 Jf) + = H (^* + 

111 

and multiplication by a in $ by aL^x^yi) = It 

is immediate that ^ is a vector space over 中 . Since 职 X 汧 is 
usually infinite, g is usually an infinite dimensional space. Now 
let 況 be the subspace of 莰 spanned by all the vectors of the follow¬ 
ing forms : 

(A + X2>y) - (x u y) - (x 2 ,y) 

⑺ +JV2) - (Xyyi) - (x y y2) 

(ax,y) - (x y ay) 

^ y ) - (似， J )， 

x e'SJly y e% a Let 汜 be the factor space 容/沉 and set 
x ®y = (x,y) + 9?, the coset of (x y y) in 巧/況 . Then we have: 

(x\ + X2) ® y — Xi ® y — X2 ® y 

=(xi + x 2 i y) — — (x 2y y) + 況 = 況 

•v ® (yi y 2 ) — x ® yi — x ® y 2 

={^yyi +)2) — U,7l) —( 欠， ） 2) + 況 = 況 
cx(x ® y) — ax ® y = a(x x y) — (ax, y) + 沉 = 沉 
olx ® y — x ® ay = (ax y y) — (x y ay) + 況 = 況 . 
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Hence x ® y is bilinear. Since the vectors (x,y) generate the 
cosets x ® y generate 汜 =g / 況 . 

Now let X' be a bilinear mapping of 肌 ，汧 into the vector space 
屯 , . Since the vectors (x y y) form a basis for 巧 ， there exists a 
linear mapping nv f of g into 汜 ' such that (x y y)ir f = x X f y. Let 
贷 be the kernel of ir r . Then ((^i + x 2i y) — (x u y) — (^2,^))^ = 
(xi + A) X' y — xx x f y - x 2 x f y = 0 ； so (^i + x 2y y) 
— (x. v") — (xo. v) e 贷 . Similarly. Of. Vi - 1 - Vo) — (x. Vi) — (x. v 。、 

\' ' J ^/ / 、 ■ 署 f f \ J ^ A f \ J ^ **/ 

e,f, (ax y y) — a{x, y) e 贷 ， and {ax y y) — (x y ay) e 浼 . This implies 
that C ^ and, consequently, we have the linear mapping t 
of ^J3 — g/9? into 屯 ' such that {x ® y)iv = {{x y y) + 9?)7r = x X f y. 
Since the space sp = g / 沉 is generated by the elements x ® y, 
it is clear that 7r is uniquely determined by the linearity property 
and (x ® y)w = x X f y. We have therefore shown that ( 屯 ， ®) is 
a tensor product of " 肌 and 汧 and accordingly we shall write ^ = 
职 ® 汧 (oi •职 汧 ， if it is necessary to indicate the base field 
中 ). It is immediate from the definition that if ( 汜 1 ， ® i) and (^ 2 , 
®2) are two tensor products, then we have a linear mapping of 
汜 i into ^2 such that x x ® 2 y and we have a linear map¬ 

ping of ^2 into such that x ® 2 y — x®ij. Since the x ®i y 
generate 队 ， the products in both orders of the two linear mappings 
are identity mappings. It follows that both mappings are sur¬ 
jective (onto) linear isomorphisms. In this sense the tensor 
product is uniquely determined and so we may speak of the tensor 
product of SD? and 9^. 

Let {e a ) and {/^} be sets of generators for SW and 汧 respec- 

m 

tively. Then any x e 职 has the form x = ^ where {et) 

1 n 

is a finite subset of {e a } and any y has the form y = Vsfjy 

l 

{fj} C {/^}. Hence，by the bilinearity of ® we have x ® y = 
® Since the elements x ® y generate 职 ® 汧 ， we 
see that the products e a ® generate 职 ® 价 . Now suppose 
that the [e a ) and {/^} are independent as well as generators, that 
is, these form bases for their respective spaces. We assert that 
the set of products {e a ® /^j is a basis for 职 ® 汧 . Since these 
are generators we just need to show that they are linearly in- 

i 1 U1 Ulia puipuac WC lUJLill it VCL-LUI p W1L1I 
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basis in 1-1 correspondence with the product set (a, /3) of the 
index sets of a and of /3. If x = and y = ^Vj/j) then we 

define x X f y = It is easy to check that the product X r 

is bilinear, so we have the linear mapping 7r of SD? ® ^ into 屯 , 
sending x ® y x X f y. In particular, e a ® ^ e a X f /^ = 

g a ^. Since the g a ^ are linearly independent, the same holds for 
the e a ® and we have proved 

IX. Let {e a } and {/^} be generators for 9D? over ^ and ^ over $ 
respectively. Then the set {^ a ® generates 职 ® 见 More¬ 
over y if the {e a ) and {/^} are bases ^ then the same holds for {e a ®/^}. 

The second property actually characterizes the tensor product 
among the bilinear mappings of 9)? and ^1. More precisely, let 
X' be a bilinear mapping from 职 and 汧 to a space 矿 and suppose 
there exists a basis (e a ) for 3)? over 少 and a basis (/卢） for over 
中 such that (e a X ' is a basis for Then (屯’， X’）is a ten¬ 
sor product. Thus we have the linear mapping of 职 ® 汧 into 
沿' sending e a ® into e a X f Since the e a X'/s generate 
屯’， the mapping is surjective and, since the e a X f are linearly 
independent, the mapping is 1-1. Thus we have a linear iso¬ 
morphism of 职 ® 汧 onto 羽 '，mapping x ® j into x y. This 
implies that Q3’，X ’）is a tensor product. 

In the case of finite dimensional spaces we have the following 
simple criterion. 

X. Let 乂 ’ be a bilinear mapping of the finite dimensional spaces 

职 and 9^ into ^J3 / and suppose that is generated by the products 
x X f y- Then the dimensionality :$] < [ and equality 

holds ij and only if X 0 is a tensor product of 孤 and 

Proof. Let (^ t ), (/y) be bases for 9W and 況 respectively. Then 
every x X'J is a linear combination of the elements ei X r fj and 
so every element of" 书 ， is a linear combination of these elements. 
This implies [屯’:屯] S [职:中][況 :到 • （屯’， X’）is the tensor product 
if and only if the set (ei X f fj) is a basis. This is the case if and 
only if the equality holds in the dimensionality relation. 

We recall that, if / is a linear mapping of into 肌 i and B 
is a linear mapping of 9^ into 汧 i，then there exists a uniquely de¬ 
termined linear mapping A ® B oi M ® Sfi into 肌 i ® 汧 i such 
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that (x ® y){^ ® B) = xA ® yB (Vol. II, p. 211). We recall 
also that, if P is an extension field of the field 中 so that P is a vector 
space over 中 and 职 is any vector space over 中， then P 90? 
can be considered as a vector space over P by means of the 
product p(Sp t - ® xi) = Spp t * ® X{, p, pi e P, e SW (Vol. II, p. 
221). We denote this vector space as 职 p and we refer to it as 
the space obtained from 职 by extending the base field to P. If 
yf is a linear transformation in over 中， then \ ® A (defined by 
(Spi ® Xi) {\ ® A) = Sp t * ® Xi/f) is a linear transformation in 
浙 p over P which may be considered as the extension of A to 肌 p. 
We shall use the same letter A to denote this extension. If (^ a ) 
is a basis for 职 over 中， then (1 ® e a ) is a basis for 肌 P over P，so 职 
over $ and 肌 p over P have the same dimensionality. If 90^ is finite 
dimensional with basis (ei) y 1 < i < n y and A is the linear trans¬ 
formation with matrix (c^-) relative to this basis, then eiA — 
^oiijej and (1 ® ei)A = Sa t y(l ® e 3 ). Hence the extension A has 
the same matrix relative to the basis (1 ® ei). 

We recall also that the tensor product is commutative in the 
sense that there exists a 1-1 linear transformation such that x ® 
y — 肌 onto 汧 ® 肌 . Moreover, associativity 
holds in the sense that there is a linear isomorphism of (职 ® 況） 
<g> 0 onto 职 ® (汧 <g> @) mapping (x ® y) <g> z into ^ <g) (7 <g) 2 ). 
These results have been established in Vol. II, pp. 209-210. We 
shall indicate alternative proofs in some of the following： exercises. 

丄 ^ 

EXERCISES 

1. Show that, if {/|j} is a set of generators for^fj, then every element of 职 ® 贝 
has the form <8> /i, \fi] a finite subset of {//j} and Xi e SD?. Show that, if the 
{//?} are linearly independent, then ® /< = 0 if and only if every xi = 0. 

2. Show that, if 3)?i is a subspace of 职 ， then the subspace 肌 1 ® 贝 generated 
by all vectors ^1 ® j ， 町 e 职 1 ， j e 贝 is the tensor product of 肌 1 and 资 relative 

▲ A 本 1 _iTX J ^ J CYY\ X7K CV\ 

lu liic ^ ucnncu in j jji ^ 

3. Let 浼 be a subspace of 肌， 8 a subspace of 況 . Show that (肌 / 贷 ）® (5^/2) 

and (肌 0沢)/(货 ®+ are isomorphic under a linear mapping such 

that Cv+^)®(j+S)—> + + 

4. Let 5D2i, * * *, and be vector spaces over 中 . Define an r-Hnear 

mapping (>vi， .. x r ) —> jci X 吻 X •.. X 办 e 屯，枚 e 肌》*， by the properties: 

Jfl X • • • X (x/ + x/*) X * * * X Jfr = Jfi X • * • X x/ X * * * X Jfr 

+ X • • • X xi rr X * * * X 
a(^i X • • • X Jfr) = xi X * * * X OtXi X * * • X Jfr- 
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Show that there exists a 屯 and an r-linear mapping of *. * ， 5D2 r into such 
that: if (xi，• • •，—> ^1 X f xz X r ' .. X' is an r-linear mapping of 3)?i, . • •， 
^Jl r into 屯 ’， then there exists a unique linear mapping ir of 屯 into ^J3 r such that 
(■Vi ® ® Xj)tt = xi X’ … X’ x r . Denote this 屯 t 呢 ether with its product as 

the tensor product 9D?i ® 9D2 2 ® •.. ® 5D? r * 

5. Show that 肌 ® 货 <8> 平 is isomorphic to 肌 ® ® 平 ） and (肌 ® 況 ） ® 采 

by means of linear mappings such that x®y®z-^x®(y®z) and 
(x ® y) ® z respectively. Generalize to r factors. 

6. Show that 肌 ® 价 is isomorphic to 況 ® 职 under a linear mapping send¬ 

ing x ® y y ® x. (Hint: Given 況 （ g) 肌 ， define x X f y = y ® x t x e 2)?, 
y Show that this gives a bilinear mapping of 肌，价 into 9^ <8> 5D? and 

apply the defining property of 5D? ® Then reverse the roles of 9)? and 況 .） 

4* Tensor product of algebras^ We recall that，if* 班 i and 班 2 
are algebras over 屯， then the vector space SI = Sli ® $(2 is an 
algebra relative to its vector space compositions and the multi¬ 
plication 

⑻ (f ® ^ Xrf ^ 1 / ® = 23 a u^\) ® 

ai» •，彡 1 / e 现 1 ， 0 2 f， 彡 2 / e S( 2 (Vol. II, p. 225). The associativity of 
and %2 implies associativity of 2(i ® % 2 and li ® 1 2 is the 
identity 1 of 3( = 2(i ® Sl 2 if" 1; is the identity of 2l t *. Also 2( is 
commutative if the 2(t* are commutative. The basic property of 
the tensor product of algebras is the following homomorphism 
theorem. 

XI. Let 2li, i = 1, 2, be algebras over S{ a homomorphism of 
Sit into an algebra iB such that ai Sl a 2 82 = a 2 82 ai Sl , a\ e 2li, a 2 e Sl 2 . 
Then there exists a homomorphism s of % = ® into 洛 such 

_t 7 一 u. 

inai 

(9) (S^it ® a 2i ) 8 = Xau^i 82 . 

Proof. The algebra product a\ X r ^2 — ^i 4l ^ 2 32 e SB defines a 
bilinear mapping of Sli, % 2 into iB. This is clear from the linearity 
of the and the properties of the multiplication composition in 525. 
Hence the definition implies that we have a linear maDDine s of 

± 1 丄 ^ 

Sli O into i8 such that {a\ <g> a 2 ) 8 = ai s a 2 s . Then s has the 
form (9). We have (⑷ ® ^ 2)(^1 ® 彡 2 ))* = (^i^i O ^ 2 ^ 2 )® = 
{aibi) 8l {a 2 b^) 8i = ai Sl ^i 8l a 2 S2 h 82 = ai ai a 2 a ^i Sl ^2 82 = ((«i ® a 2 ) 8 
{b\ ® 彡 2 ) 8 ). This implies that s is an algebra homomorphism. 
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Suppose now that the following condition holds in i29: 

(i) If (e a ) is a basis for 21 1 over $ and (/^) is a basis for %2 over 
中 ， then the set \ea l f^ 2 ) is linearly independent. 

An equivalent condition for this which we shall sometimes find 
more convenient is 

(i’）If (A) is a basis for over $， then a relation + 

+ … + a m ai / m a2 = 0 for ai e Hi and/»* 8 (/^) implies that 
every ai = 0 (cf. ex. 1 of § 3). 

Now we have seen that, if (i) or (i’ ） holds, then the mapping 
s given by (9) is an isomorphism of 21 = Sli ® Sl 2 as vector space 
into SB. Since this is an algebra homomorphism, clearly it is an 
algebra isomorphism. We remark that (i) cannot hold unless Si 
and s 2 are isomorphisms. 

The result we have obtained actually gives an internal charac¬ 
terization of Hi ® 逬 2 . For this we note that a\ a\ l = a\® \ 2 
and a 2 a 2 are homomorphisms of Hi and % 2 re- 

snectivelv into Sfi (5?> 9fo. since the linearitv nf the. mannings we. 

一 - - —- ^ - — - - x ^ ^ - - — - — — - — 一 • . ■ 

have indicated follows from the bilinearity of 0 a 2i and the 
homomorphism for multiplication is clear from (9). The com¬ 
mutativity condition: ai Sl a 2 S2 = ^ 2 * z ^i #1 is clear, since ai Sl a 2 8i = 
{d\ ® D(li ® a 2 ) = ai ® a 2 = (li ® a 2 )(ai ® 1 2 ) = a 2 82 ai 81 . 
Finally, if (e a ) and (/ ^) are bases for Hi and Sl 2 respectively, then 
the set {C/〆 2 } = {^ a ® f^) is linearly independent. It follows 
that (^ a Sl ) is a basis for Sti® 1 = \a\ ® 1} and (f^ 82 ) is a basis for 
Also Si and s 2 are isomorphisms and we can identify Six* 1 
with Sli, % 2 h with 纽 2 . Our results evidently lead to the following 
internal characterization of the tensor product of algebras: 

XII. Let % be an algebra^ and % 2 subalgebras such that 

(i) a x a 2 = a 2 a Xi ai e 21*-. 

(ii) If (e a ) is a basis for Ui and (/^) is a basis for 2( 2 > then { e a f^\ 
is a linearly independent set. 

(iii) 21 is generated by Hi and Sl 2 . 

Then S^ lt * (g> a 2 % 2aua 2 i is an isomorphism of h ® onto 31. 

Because of this result and the situation we noted in $li ® 3l 2 
itself, we shall say that U is the tensor Product of its subahebras Hi 

/ * 4 */ , WJ * 

and Sl 2 if the above conditions (i)-(iii) are fulfilled. As we have 
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seen，the condition (ii) can be replaced by the equivalent condi¬ 
tion: 

(ii r ) If (/^) is a basis for 3l 2 , then a x fi + a 2 / 2 + • • • + a m / m = 0 
for a{ e 2li, /*• e (f ff ) implies every Ui = 0. 

Of course, the roles of and can be interchanged in this. 
We remark also that (ii) and (iii) can be combined in a single con¬ 
dition: If (e a ) is a basis for and (/j) is a basis for 现 2 , then (e a / 0 ) 
is a basis for For finite dimensional algebras this is equivalent 

to the dimensionality condition ： [Sl:$] = [l : 顿班 2 :$] (cf*. X). 

EXERCISES 

1. Let 21 be an algebra over the field 争 and let 21[^] be the algebra of polynom¬ 
ials in an indeterminate x over 2(. Show that is the tensor product of its 
subalgebra 21 (constants of $([x]) and its subalgebra of polynomials in x with 
coefficients in Use this to prove that y] t x y y indeterminates, is the tensor 
product of its subalgebras 争 [jc] and 争 [j]. 

2. Let ^(x y y) be the field of rational expressions in the indeterminates x t y y 

that is, the field of fractions of 争 [x, j]. Let St be the subset of fractions with 
denominators of the form f{x)g{y) y f{x) e 争 [jc], ^(j^) e Show that SI is a sub¬ 

algebra of 争 (u) which contains the subalgebras 金 (》)， 金 (J) where these are the 
fields of fractions of 刮 x] and $[j^] respectively. Show that 21 is the tensor prod¬ 
uct of these subalgebras and that SI is not a field. 
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If 中 is a subfield of a field P, then we have seen that we can 
consider P as an algebra over 中 . In this chapter we shall be con¬ 
cerned primarily with the situation in which P is finite dimen¬ 
sional over the subfield We shall be concerned particularly 
with the general results of Galois theory that are of importance 
throughout algebra and especially in the theory of algebraic num¬ 
bers. We shall consider the notions of normality, separability, 
and pure inseparability for extension fields, Galois cohomology, 
regular representations, traces, and norms. Also the basic results 
on finite fields will be derived and the notion of composites of two 
extension fields will be considered. 

In most of our considerations, and indeed throughout this book, 
we shall usually be given a field 中 and we shall be concerned with 
extension fields P/$. The ways of obtaining such extensions have 
already been indicated in Vol. I, pp. 100-104. At the beginning 
of this chapter we adopt a different point of view. Here we are 
given the top field P and we look down at its various subfields; 
moreover, we do not insist that these contain any particular sub¬ 
field (except, of course, the prime field). The treatment here will 
be abstract in the sense that no knowledge of the structure of an 
extension is required. In spite of this we can give a survey of the 
subfields which are of finite co-dimension in the given field P and 
those which are Galois in P. These surveys are given in two general 
“Galois correspondences.” After these rather abstract considera¬ 
tions we shall go down to 伞 and we shall apply the general results 
to the extension P/$ in terms of polynomial equations with co¬ 
efficients in P. 
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1 Sfttnp vpr.tor srmr.ps Afisnr.ifltpH with numr>inirfi nf fiPtlHc 

v v ^ 'w 一 w v 'w 'w • t • 

Let E and P be two fields, and let 2( E, P) denote the set of homo- 
m or phi sms of" the additive group (E，+) of E into (P, +)• The 
set S(E, P) is a group relative to the composition A -\- B defined 
by t{A + j5) = €A + eB for e in E. One checks that A B z 
2(E，P) and that the group conditions hold. The 0 of S(E, P) is 
the mapping 0 such that eO = 0, the 0 of P, for all € in E, and — A 
is given by e{ — A) = —eA (cf. Vol. I, § 2.13 and Vol. II， § 2.2). 
If A is a third field and A e 2(E，P) and B e S(P, A), then the 
resultant AB defined by t{AB) = {eA)B is an element of 2(E, A). 
Both distributive laws hold for this composition. In combined 
form they say that, if 2(E, P) and B u B 2 e S(P, A), then 

{A\ -J- ^ 2 ) (-^1 ^ 2 ) = ^ 1^1 H - ^ 1^2 ^ 2^1 H - ^ 2 -^ 2 * Fi¬ 
nally, we note that the associative law of multiplication holds : 
If T is another field and A e S(E, P), B e S(P, A), C e S(A, T), 
then {AB)C = A{BC) e S(E, r). All of these assertions are 
readily verified and they are very similar to facts about composi¬ 
tion of linear mappings which we have considered in Vol. II, 
§ 2.2. We leave it to the reader to carry out the verifications. 

The results we have indicated imply that S(E，E) is a ring 
under the compositions of addition and multiplication. This is 
just the ring of endomorphisms of the additive group (E，+) 
which has been considered in the general case in Vol. I, § 2.13. 
If p e P, then the mapping pr ：^ ^p( = pQ inP belongs to S(P,P). 
Since AB e 2(E, P) for A in S(E, P) and B in S(P, P), we see that 
Apr e 2(E, P). This observation permits us to convert S(E，P) 
into a right vector space over the field P. For this purpose we 
define Ap = ApR for A e S(E, P) and p e P. Then we have 

{A + B)p = {A B、pr = Apr Bpr = Ap Bp 

A(p + <r) = A{p o)r = A{pr + <rfi) 

= Apr + A<tr = Ap + Au 
A{pa) = J(p<t)r = A{p R <T R ) = (^pr)<t r = {Ap)<r 

A\ — A\r = Ay 

which shows that S(E, P) is a right vector space over P. 

We note next that if €r denotes the mapping rj rjem E, then 
€b e 8(E, E). Hence, \i A z S(E, P), then €rA e S(E, P). We can 
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now consider S(E, P) also as a left vector space over E by denning 
eA = €rA. It should be remarked that, if we do this, then there 
is an ambiguity in writing eA which can mean either the image of 
e under A or the endomorphism € R A. For this reason we shall 
avoid considering S(E, P) as a left vector space over E and use 
instead the product €rA when this will be needed. 

All that we have just said applies also to fields over a given 
field Consider the fields E/$ and P/$. In this connection it is 
natural to consider the subset S$(E, P) of S(E ， P) of linear trans¬ 
formations of E as vector space over $ into P over If a e 否 
and p e P, then (a()p R = (a^)p = a(^p) = a(^p R ) y which implies 
that p R e S$(P, P). \i A z 2^( E, P), then Ap = Ap R e S*(E, P); so 
it is clear that 2$(E, P) is a subspace of the right vector space 
S(E, P) over P. If 31 is any right vector space over P, we denote its 
dimensionality over P as Then we have the following im¬ 

portant result on [S*(E, P) : P] B . 

Theorem 1. Let E/ 中， P/$ be fields over 电 and let 2*( E, P) be the 
right vector space over P of linear mappings of E/$ into P/$. Then 
[E：$] is finite if and only if [S*(E, P) :P]b is finite and when both 
are finite then 

(1) [E：^>] = fe(E,P) ： P]«. 

Proof. Let 7j U r} 2y …，如 be elements of E which are linearly 
independent over 中 . Then we may imbed this set in a basis {如} 
for E over 中 (Vol. II， p. 239). If we choose a correspondent r a 
eP for each r) a} then there exists a unique element A e S$(E, P) 
such that ri a A = r a for every 7j a . This implies that for each i = 
1, 2, •••，》，there exists a linear mapping Ei (not necessarily 
unique) such that rjiEi = 1, rj^Ei = Oifj ^ i. Then if p t - eP, 

/ n \ n 

Vj ( 2Z (vjEi)pi = Py- 

V i / 

n 

Hence 21 五 t*P£ = 0 implies every p» = 0, which shows that, if 

l 

[E：^>] is infinite, then for every n there exist n right P-in- 
dependent elements of S$(E, P). Then [S*(E, P) :P]jj > » for every 
rt y so this dimensionality is infinite. Next suppose [E:^>] — n <, 
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and that the ” ’s constitute a basis. Let A e S*(E ， P) and set 
riiA = pi ， Then ru ^ Eio^j = py = Thus A and S£ t *p t * 


一 w A 4>l^ A O A A A 4* A AM 

netvc liic dmm ui 丄 lh^ ucL^yizy \t/\y f/2y 


turn ■ ■麗 « / I 

J 7ny iUA iu/ 




n 


follows that / = 23 Eipi and, since the E{ are right independent 

l 

over P, these form a basis for S#(E, P) over P. Hence [2*( E, P) : P]b 
=n = [E：$]. This completes the proof. 

We now drop 中 and consider again E and P arbitrary fields 
and 2(E, P) the group of homomorphisms of (E, +) into (P, +). 
We consider this as a right vector space over P as before. Let 
2( be a subspace of this space. Let e be a fixed element of E. 
Then e determines a mapping f e of 21 into P by the rule that 
Jt\A) = ezr er, vve nave jA/i n) = e\n . 卞 jd) = m 卞 cjd 

= f t {A) + f t {B) and, if p eP, then f 人 Ap) = e(Jp) = (eJ)p = 
f t {A)p. Thus we see that f t is a P-linear mapping of the right 
vector space 2( over P into the one dimensional space P over P, 
that is, / e e 3(*, the conjugate space of 5(. Of course, SI* is a left 
vector space over P. The process we have just indicated produces 
a collection {/ e | e e E} of linear functions. This collection is 
“total” in the sense that, if f t {A) — 0 for all e, then A = 0. 
This is clear since the requirement is that eA = 0 for all e and this 
is just the definition o( A = 0. We can now prove the following 
useful 


Lemma. Let % be a subspace 0/2( E, P) overV such that [S(:P]b = 
w < oo. Then there exist elements ei, € 2 , * •, e n e E and a right 
basis E\ y £ 2 , . • . ， E n for % over P such that €iEj = 5 t -y {b^ = 0 if 

i ^ h = 1)* 

Proof. We are given that [S(:P]b = » < °o. This implies that 
the conjugate space SI* is w-dimensional. Let iB* be the subspace 
of 21* spanned by the linear functions /” e e E. Since f{A) = 0 
for all / e iB* implies that / = 0, it follows that 58* = 3(* (Vol. 
2. S 2,10V Hence we can find n linear functions 广 - 广 —-.. f‘ 
which form a basis for 21*. Since 班 can be considered as the con¬ 
jugate space of 5(*, we can find a basis E ly E 2 , •••，_£„ fbr 21 over 
P such that/、•(£/) = 5". Recalling the meaning of f t we see that 
we have e»* 馬 = 5" as required. 
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£,, me jacupsuu-x>uuruiuu «;urresipuuuciii;c. j^ct r uc a. nciu 
and let S(P, P) be the ring of endomorphisms of the additive 
group (P, +). As before, we consider S(P, P) as a right vector 
space over P. If $ is a subfield, then ?*(P, P) the ring of linear 
transformations of P/$ is a subring of S(P, P) and a subspace of 
S(P, P) over P. Moreover, we have seen (Th. 1) that, if ^ is of 
finite co-dimension in P in the sense that [P；$] = » < oo } then 
[2*( P, P) : P]ie = ». These properties of 2*( P, P) in no way refer 
to the subfield 屯 We shall now show that they are charac¬ 
teristic of the sets S*(P, P). This is a consequence of the follow¬ 
ing 

Theorem 2 Qacobson-Bourbaki). Let Y be a field and 5( a set 

of endomorphisms of (P, +) such that: 

(i) S( is a subring of y P) the ring of endomorphisms of{V y +) 
{containing the identity mappings by our convention^ Introd. 

. P.2). I 

(ii) S( is a subspace o/ ， S(P, P) as right vector space over P. 

(iii) [21 ： P]b = » < oo. 

Let $ be the subset of V of elements a such that anA = Aajtfor all 
Az%. Then ^ is a subfield of P, [P: 中 ] =n and % = S^(P, P) the 
complete set of linear transformations of P/^>. 

Proof (Hochschild). The verification that 中 is a subfield is 
immediate and will be omitted. Next we apply the lemma of § 1 
to obtain elements pi, p 2 , •*.，/>« in P and a right basis (E u E 2y 
• • • ， E n ) for SI over P such that piEj = 5 ". Since pr<tr = <trpr 
for any p, <r in P, it is clear that 中 is the set of ck e P satisfying 
ocREi = E{aR, i = 1, 2, ...，》• Also it follows from p{E } ' = 5 t -y 

n 

that, if we express the element A of % ^ A = E{ff^ then 

l 

PjA = 2Z = <ry. Hence the representation of any A in 

1 « « 
terms of the basis reads: A = 工 or A = 23 Ei{piA)R. 

l l 

We shall now use this formula to show that every E{ maps P into 
中 . For this purpose let a be any element of P and consider the 
mapping Eja- R E k ,j, k = i, 2, ••.，》，which belongs to % since H is 
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a subring of the ring of endomorphisms. The formula we obtained 
can be applied for A — Ej<TRE k to give 

Ej(7 R E k = J2 Ei{piEj<T R E k )R 
i 

= Ej(l<r R E k ) R 

= Ej-(<rE k )R. 

This means that for arbitrary p in P we have 

pEjffREk- = pE^{<rEk)R. 

In other words, {{pE 3 )a)Ek = (pEj) Then 

{<x{pEj))E k = {<xE k ){pE } ). 


If we think of cr as the argument, this gives the operator identity 
(pEj)RE k = E k (pEj) Ri which implies that pEj e and this holds 
for all p 6 P. We can now show that the p t - we started with form 
a basis for P/^>. Let cr e P and consider the element a r = <r — 
Z) (o-£y)pj in P. Since <r£y e $ and aREk = E k aR for a in we 

have <x f E k — <xEk — (2 (<r£y)py^ E k = <rE k - ( f P/(^i)ie^ E k 
= ffE k — (Pj^k) — crE k = 0. Since 1 e 21, 1 = 

for suitable 入 & e P. Then <r f E k = 0 implies </l = 0 so 
<r f = 0. We therefore see that cr = S {<rEj)pj is a 中 -linear combina¬ 
tion of the p/. If ScK t *p t * = 0, ai e then = (Xa{p{)Ej = 0. 
Hence (pi, p 2} • • •, p n ) is a basis for P over ^ and [P：$] = ». 
Since olrA = Aan for every ce e^> and A every / e SI is a 
linear transformation of P over 少 . Hence SI Q S*(P, P). Since 
[2*(P, P) : P]ji = » by Theorem 1, and [SI: P]s = »， we see that 
21 = ^(P, P). 

Theorem 2 permits us to establish our first and most general 
“Galois correspondence” for a field P. This concerns two collec¬ 
tions of objects: the collection ^ of subfields ^ which are of 
finite co-dimension in P and the collection ^ of sets of endomor¬ 


phisms of (P, +) having the properties (i), (ii), (iii) of the theo¬ 
rem. To each $ e ^ we associate R(^) = S$(P, P). This is a 
subring of S(P, P), a subspace of S(P, P) over P and satisfies 
[S*(P, P) : P]b < c». Hence R(^) = S#(P, P) e On the other 
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hand, if 21 e 深， then we can associate the subfield F(S() = 中 = 
{a|ct e P, urA = Aolr ，A e SI}. This is of finite co-dimension in 
P and so it belongs to By Theorem 2, we have R(F(^L)) = 

\i and 21 = R{^) = ^(P, P), then [2l:P] fl = [P: 刮 by 

Theorem 1 and [2(： P]jj = [P ：F(2l)] by Theorem 2. If a e we 
certainly have olrA = Aas, for A Hence $ Q F(U) by the 
definition of F. Since [P:^>] = [P.*7^(21)][F(SI) :^>] (VI, Introd.) 
and [P:^>] = [Pr^Sl)], we have [i^(Sl) :^>] = 1 and so ^> = ^(31)= 
F(R(^)). The two relations 

R(F(^)) = 礼 3U 涿 

F(R(^))= 龟 ， $ e ， 

imply that the mappings R and F are inverses and are 1-1 of ^ 
onto 淡 and 深 onto ^ respectively. It should be noted that the 
definitions of R and F show that these mappings are order revers¬ 
ing for the inclusion relation: ^>i c for subfields implies Ri^\) 
3 R(^ 2 ) and Sli ^ 9l 2 for SI； e ^ implies 2 $(312)* 

In § 4 we shall establish a Galois correspondence between finite 
groups of automorphisms of a field P and certain subfields of 
finite co-dimension in P. Later (§ 8, Chap. IV) we shall establish 
a similar correspondence between certain Lie algebras of deriva¬ 
tions in P and certain subfields of P. Both of these correspond¬ 
ences will be derived from the general “Jacobson-Bourbaki cor- 

Jl cspuiiuciiuc ： Will ^11 WC HctVC just given. Ill i^UUl UUI1 LU tllltt WC 

shall need some information on special generators for some of the 
rings 21 e 淡 . For the automorphism theory the generators are 
automorphisms of P. The results we require for these will be 
derived in the next section. 


EXERCISES 

1. Let SI be a set of endomorphisms of (P, +) satisfying conditions ( 1 ) and (n) 
of Theorem 2. Show that 21 is an irreducible ring of endomorphisms (Vol. II, p. 
259). Apply the density theorem for such rings (Vol. II, p. 274) to show that, if 
pi, p 2 y …， Pm are ^-independent elements ($ as in Th. 2) and <r\ t ff 2 t • • *, <r m are 
arbitrary m P, then there exists an yf e 21 such that piA = cr{ t i = 1,2, 

Use this result to give another proof of Theorem 2. 

2. Let P be an arbitrary extension field of the field 金 . Show that, ifa 8 P satis¬ 
fies ocrA = Aa.jt for all A 8 S#(P, P), then a 8 

3. Let (pi, pz, * • •,p«) be a basis of P/$, {A\ y A% • ‘ .，a right basis for 
S*(P, P) over P. Show that the w X w matrix (p〆/) has an inverse in P B . 
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3. Dedekind independence theorem for isomorphisms of a field. 

Let j be an isomorphism of a field E into a field P. Then s is an 
isomorphism of the additive group (E, +) of E into (P, +) 
satisfying the multiplicative condition (eij) s = e s rj s . We can 
write this in operator form as: 

( 2 ) tjrS = s(t} 8 )r 

where 如 is the multiplication by ?? in E and (t} s )r is the multiplica¬ 
tion by t} s in P. If both E and P are fields over 少， then an iso¬ 
morphism of E/ 中 into P/^> is an algebra isomorphism of the first 
algebra into the second. Hence, in addition to the conditions： 
(e + rj) s = e a + ??*, (erf) 8 = eV*，l 8 = 1 , j is 1 - 1 ，we have (ae) a = 
ae s for a e 中 . The first and last of these are just the conditions 
that s e S#(E, P). Hence if s is an isomorphism of E/$ into P/$, 
then a s = (al) a = cel* = a holds for every a e$. Conversely, 
this condition implies that (ae) a = ae®, e e E. Thus an isomor¬ 
phism of E/ 中 into P/$ is just an isomorphism of E into P which 
is the identity mapping on 

We shall now derive two basic results on linear relations con¬ 
necting isomorphisms of E into P (no 否). 

Theorem 3 (Dedekind). Let E and P be fields and let s u s 2i …， 
s n be distinct isomorphisms into P. Then the Si are right linearly 
independent over P： 2j t *p t * = 0, p t * e P, implies every pi = 0. Here 

S P = SpR. 

Proof. If the assertion is false, then we have a shortest relation, 
which by suitable ordering reads: 

(3) Sipi + S 2 P 2 + • * * + JrPr = 0, 

where every p t * 0. Suppose r > 1. Since 、〆 J 2 there exists 
” e E such that T 7* 1 〆 77 ' Now multiply (3) on the left by 如. 
If we take into account (2), this gives : Sitj 8l pi + J 2 W 2 + •. • + 
s r v 8r Pr = 0. Next we multiply (3) on the right by r} 81 and obtain 
+ s 2 p 2 V Sl +. •. + ^rf>rV Sl = 0. Subtraction of the two new 
relations gives 

^2p2{n S2 — V 81 ) + ^3P3(v S> — V 81 ) + * * * = 0. 

Since p 2 (v S2 — V 81 ) ^ 0, this is a non-trivial relation which is 
shorter than (3). Hence we are forced to conclude that r = 1， 
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that is, sipi = 0. Since pir -1 exists, this gives Ji = 0 contrary 
to the assumption that Si is an isomorphism. 

We can combine Theorem 1 and Dedekind’s theorem to obtain 
the following 


Corollary. Let E and P be fields over 电 such that [E:$] = » < oo. 
Then there exist at most n distinct isomorphisms of E/$ into P/^>. 

Proof. Let Ji, s 2) * • *, J r be distinct isomorphisms of E/ 中 into 
P/$. Then these are elements of S*(E, P) which are right P- 
independent. Since [S*(E, P)： P]je = n y we must have r < n. 

In the next section we shall be concerned with right P-vector 
spaces spanned by a finite number of automorphisms of a field. 
More generally, let Ji, s 2f …，、 be distinct isomorphisms of E 
into P and let 现 be the set of endomorphisms of the form 

(4) Sipi + S 2 p2 + • . . + ^nPm pi e P. 


Evidently, 21 is a subspace of the right P-vector space S(E, P). 
Moreover, if e e E, then €rS{ = j t *(e a 0ie，by (2), so 


€ie 



1 


23 Si(e Si pi ) - 
1 


This shows that 5( is closed under left multiplication by arbitrary 
€R y e e E. We shall require the following 

Theorem 4. Let E and P be fields, 〜 s 2i • • J n isomorphisms of 
E into P, and let 21 be the right Y-subspace of S(E, P) of endomor¬ 
phisms pi e P. Let ^bbea Y-subspace of 21 which is invariant 
under left multiplication by elements ej；, e e E. Then 58 = + 


+ • • • + J t * r P 

{ *^lj ^2y •••，』《}• 


㈠ 卜 }) 


wJt€T€ { ^* * * y j 


=s n 


Proof. It is clear that j 23 s %fP%j I Pi} e Pj g S. To prove the 

n 

opposite inclusion it suffices to show that, if s %Pt 8 迅， then the 

l 

Si for which p{ ^ 0 are contained in iB. Suppose this is not the 
case. Then we have an element sj^pkx + sj^kz H - h s k$ p k$ in 
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迟 in which every 办 ,〆 0 and Sk t ^ 53. We can then argue as in 
the proof of Dedekind’s theorem. We assume s minimal. If 
s > 1， we apply the process we used before to obtain a shorter 
element of the same type contained in 58. Then e SB which 
implies that e 58 contrary to assumption. 

EXERCISE 

1. Let E — $(0) where 9 is algebraic over 中 and (/(■»)) is the kernel of the 
homomorphism g(x) —> g(&) (Vol. I, p. 103). Then [E：$] = deg/. Use the ex¬ 
tension theorem V of Introduction to show that the number of isomorphisms of 
E / 金 into P/# does not exceed deg/ Extend this result to obtain an alternative 
proof of the Corollary to Theorem 3. 

4. Finite groups of automorphisms. Let G be a group of auto¬ 
morphisms of a field P and let 中 be the subset of P of elements a 
such that a 8 = a for every s eG. We shall call 中 the set of G- 
invariants of P. Since the invariants (or fixed elements) of an 
automorphism form a subfield, $ is a subfield of P. We denote 
$ = /(G) (or Jp(G) if it is necessary to indicate P) and we call a 
subfield which has this form, that is, which is the subfield of in¬ 
variants of a group of automorphisms, Galois in P. We shall 
also say that P is Galois over $ or P/$ is Galois. 

The process we have just indicated associates with groups of 
automorphisms G, subfields 1(G), and we have the mapping 
G — 1(G) of these groups into subfields of P. We now define 
a mapping in the opposite direction. If ^ is any subfield of P, 
then we associate with 中 the set A ( 电 ) (or A-p{<^)) consisting of the 
automorphisms of P/^>, that is, the automorphisms j of P such 
that a s = a for all ad Evidently, A ($) is a subgroup of the 
group A of all the automorphisms of P. We call Ai^) the Galois 
group of P/$. We have the subfield-group mapping 中 d ( 电 ) . 
The following properties of the mappings G /(G), 电 —A ( 电 ) 
are clear from the definitions: 

(a) Gi "D G 2 /(Gx) Q I(G 2 ) (与 denotes “implies”). 

(0) ^1 3 ^2 /( 中 1) [ /( 中 2). 

(7) /(/($)) 2 屯 
(5) J(I(G)) □ G, 
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These relations have the following consequences: 

(e) I{A{I{G))) = 1(G). 

(v) ^(/(^(^)))= 辱 ) • 

The proofs of these two are identical so we consider (e) only. 
Here we use ( 7 ) for $ = 1(G) and obtain I{A{I{G))) 2 1(G). 
On the other hand, if we apply I to A{I{G)) 3 G, we obtain 1(G) ^ 
I (A (1(G))). Hence (e) holds. A consequence of (e) is that 中 is 
Galois in P if and only if ^ is the set of invariants of the Galois 
group of P/$, that is, ^ = I{A(^)). Clearly this condition is 
sufficient. On the other hand, = 1(G) for some group of auto¬ 
morphisms G y then = 1(G) = I{A{I{G))) = 

We shall now study the Galois correspondences 中一 yi ( 电)， 
G — 1(G) starting with finite groups of automorphisms. We 
denote the order of a group G by (G: 1) and, more generally, the 
index of a subgroup in G by (G:H). We shall deduce all the 
results on the subfield—group correspondence from the Jacobson- 
Bourbaki theorem (Th. 2) via the following 

Lemma. Let G be a finite group of automorphisms in the field P 
and let H e G, p t * e p|. Then % satisfies the hypoth¬ 

eses (i), (ii), (iii) of Theorem 2 y [SI ： P] B = (G ： 1), and the subfield 
少 given in Theorem 2 is the subfield of G-invariants. If Sb is a 
subring of 21 and a subspace of 21 over P, then 

— I \ 、 * _ I i - IT __ _ T» 1 

^ tjPj I e / j , Pi e J ： I 

where H = {/yj is a subgroup of G. 

Proof. If p 6 P and s is an automorphism, then (2) shows that 
PRS = s(p 8 )r. Hence {sipi)(sjpj) = S{(p{RSj)pj R = = 

S{Sjpi Sf pj e % since S{S^ e G. This implies that SI is a subring of the 
ring of endomorphisms S(P, P). Since 1 e G and G c St, 1 e 级 . 
It is clear that 效 is a subspace of S(P, P) as right vector space 
over P. Since the S{ are independent over P by Dedekind’s 
theorem, [5( : P]ie = (G:l) < 00 . The subfield $ of Theorem 2 is 
the set of a e P such that ocrA = Aa^ for all A z%.. Since ocrpr = 
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p R aR, p e P, anyhow, the condition is equivalent to aaSi = s^a Ry 
S{ e G. Since a^Si = this is equivalent to Si{a 8i ) R = faje， 

Si e G. Since •一 1 exists, this becomes (a 8i )R = or = a 
which shows that a^,A = Aocr, e SI is equivalent to: ck is G- 
invariant. Now let iB be a subring of 21 which is a P-subspace. 
Then 迟 2 IP = [pr\p e P} and consequently iB is invariant 
under left multiplication by the pr. Hence, by Theorem 4, 
迅 = OP + + • * • + t r V where H = {/y} = G fl 迅. Evidently 

// = G fl 53 is closed under multiplication so this is a finite sub¬ 
semigroup of G. Hence ^ is a subgroup of G. 

The main result on finite groups of automorphisms of a field is 

Theorem 5. Let Y be a field and let be the collection of finite 
groups of automorphisms in P, ^ the collection of subfields of P 
which are Galois and of finite co-dimension in P. If $ let 
A {^) be the Galois group of P/$ and y if G let 1(G) be the sub- 
field. of V of G-invartants. Then ： (i) If ^ z ^ A(^) e and if 
G e /(G) e / Moreover ， I{A{^)) = ^ and A{I{G)) = G. 
(ii) If G z ^ then (G ： l) = [P ： /(G)]. (iii) and E is a 

subfield of P containing ^>, then E e ^ (iv) In this situation H = 
^f(E), which is a subgroup of G = is invariant in G if and 

only if E is Galois over 龟 . Then the Galois group ^e(^) of E/$ is 
isomorphic to G/H. 

Proof, (i)-(ii). If G e s/ and SI = {2j t *p t *| j t - sG y p t * e Pj, then 
[P ： /(G)] = [S( : P]a = (G ： l), by the lemma and Theorem 2. If 
we set ^ = 1(G) and G f = A(<^) the Galois group of P/ 中 ， then 
the corollary to Dedekind's theorem shows that 1) < [P：^>]= 
(G:l). Since G Q G f is evident, G r = G. Thus A{I{G)) = G. 
Next let 中 be Galois and of finite co-dimension in P. Then ^ = 
1(G) where G is the Galois group of P/$. This is finite by the 

^1 1 O 4* A T A/"I A 1 严 ，* A A U' A A ^ fT f ^ f 、 

y^\jx 'jxxtt.x y ^ixx* / c a.iivx ± J} 

= 屯 This completes the proof of (i) and (ii). (iii) Let ^ z ^ 
and let 2( be the ring of endomorphisms defined by the Galois 
group G of P/^>. By Theorem 2, S( = S*(P, P). Now let E be a 
subfield of P containing Then 圯 =S E (P, P) is a subring of S( 
of the sort considered in the lemma. Hence 迟 =AP + .. • + / r P 
where H = {/y} is a subgroup of G. Since E = {e | €rB = BeR, 

e 58 j, it follows that E is the subfield of //-invariants. This 
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proves (iii). (iv) If s eG y E 5 the image of E under s is another 
subfield of P containing $ and it follows directly from the defini¬ 
tion that A{W) = s~ l Hs. Hence H is invariant in G if and only 
if E s = E for every s eG. We proceed to show that this holds 
if and only if E is Galois over 伞 and then A^{^) ^ G/H. Assume 
first that E s = E and let G f be the group of restrictions s f to E 
of the j e G. Then G f is a finite group of automorphisms in E 
and /(GO = ^>. Hence $ is Galois in E and G f = by (i) 

applied to E. The mapping s s f is a homomorphism of G onto 
G’. The kernel is the set of j e G such that / = 1 on E. This 
is H t Hence G ' 兰 G/H, Next let E be Galois over 中 . Then we 
have [E: 到 distinct automorphisms of E over ^ and these can be 
considered as isomorphisms of E/ 中 into P/$. On the other hand, 
by the corollary to Dedekind’s theorem there are at most [E ： $] 
isomorphisms of E/ 少 into P/^> so these must coincide with the 
automorphisms of E/ 中 . If j e G, the restriction of j to E is an 
isomorphism of E/ 屯 into P/^>; hence this is an automorphism. 
This implies that E* = E for all s eG. 

Theorem 5 establishes, in particular, a bijection (1-1, onto 
mapping) between the collection of subfields E of P which con¬ 
tain a fixed subfield which is Galois and of finite co-dimension 
in P, and the collection of subgroups H of the Galois group G of 
P/$. This correspondence satisfies the properties in (iii) and 
(iv). We remark also that {"} is finite, which implies that the 
collection of fields beween P and 中 is finite. At this point there 
is one serious gap in our theory : We have given no conditions 
that P be finite dimensional Galois over The next three sec¬ 
tions will be devoted to filling this gap and to forging the link 
between the present “abstract” Galois theory and the theory of 
equations. 

EXERCISES 

1. Let C be the field of complex numbers and let P = C(^), a simple transcend¬ 

ental extension of C (Vol. I, p. 101). Let s be the automorphism of P/C such 
that 铲 = €右 where € is a primitive n-th root of 1 and let t be the automorphism of 
P/C such that = 广 1 . Show that s n = 1, Z 2 = 1, st = ts —1 and that the group 
G of automorphisms generated by t is of order 2n. Show that the subfield of 
G-invariants is - 忘 _n . 

2. Determine the Galois group of $(p) over $ where $ is the field of rational 
numbers and p 4 = 2. 
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3. Let P be finite dimensional Galois over 伞 and suppose the Galois group G = 
Gi X G{ subgroups of G. Show that, If P ； is the subtieid corresponding to 
Gi t then P t */$ is Galois and P = Pi ® P 2 (Over $). 

4. Let $ be a field of characteristic 〆 2 and let P be an extension such that 
[P：$] = 2. Show that P = 中 (0) where 0 2 = a e Use this to prove that P is 
Galois over 

5. Show that, if $1 and $2 are Galois* in P } then $1 fl $2 is Galcas in P. Let $ 
be a field of characteristic 0， P = 伞 ( 芒)，右 transcendental. Let $1 = $(^ 2 ), 
$2 — 中 ( 芒(在 + 1)).. Show that [P:$i] = 2 = [P:$ 2 ] but [P:$i fl $ 2 ] is infinite. 

6. Show that, if Rq is the field of rational numbers, then Roi%/ 7 !) is not Galois 
over Rq. 

7. Let G be an arbitrary group of automorphisms In a field P and let 21 
={S[ st 8 Gy p** e P}. Show that 2( satisfies the hypotheses (i) and (ii) of 
Theorem 2. Show that $ = \a\aRA = Aa.^ Je 3(} is the subfield of G-in- 
variants. Use these results and ex. 1， § 2, to prove that，if E is a subfield of P 
containing $ such that [E:$] < 00 , then any isomorphism ofE/$ Into P/$ can 
be extended to an automorphism of P/$. 

8. (Kaplansky). P, E, and G as in ex. 7. Prove that E is Galois in P. (In 
other words, if 金 is Galois in P and E 2 争 satisfies [E :$] < «?， then E is Galois 
in P.) (Hint: Set If = G f) ^(E). Let A be a finite dimensional subspace of 
P/$ containing E. Use ex. 1, § 2, to show that ?$(△ ， P) has a right P-basis of 
the form (s 1 , J 2 , • • J n ), the restriction to A of S{ e G. Use Theorem 4 to show 
that Se(A, P) has a P-basis (/ 1 , ? 2 , * * •, / r )» fj B H. Use this and ex. 2, § 2, to 
prove that E = 1(H).) 

5. Splitting field of a polynomial. Let 中 be a given field and 
/(x) a non-zero polynomial contained in the polynomial ring 
x an indeterminate. We recall that an element p of is called 
a root of f(x) or of the equation f(x) = 0 if f{p) = 0. We know 
that this is the case if and only if f{x) = {x — p)g(x) in $[•>?] (Vol. 
I, p. 99); and if deg f{x) = n y then f{x) has at most n roots in $ 
(Vol. I, p. 104). If pi, p 2 , …, p r are distinct roots, then 

/(x) = (x — pi)(^ — P 2 ) … （X — Pr)g(x). 

In Vol. I, pp. 101 - 102 , we have given a construction for an ex¬ 
tension P/ 中 in which a given irreducible polynomial f{x) e has 
a root. If we apply this to an irreducible factor of any non-zero 
f{x) e $[^], we obtain an extension P/$ containing a root of /(x). 
We shall now establish the existence of a minimal field extension P 
in which a given polynomial f(x) y deg/(.v) > 0, decomposes as a 
product of linear factors. Unless otherwise indicated we shaii 
assume our polynomials have leading coefficients 1. Then we re¬ 
quire an extension P/$ such that 

(5) /(x) = (x — pi) (x — p 2 ) ' - (x — Pn) 
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in P[*v]. If $(pi, p 2 , • • p n ) denotes the subfield of P/$ generated 
by the pi, then evidently the factorization (5) is valid also in 
^>(pi, p 2 , * * *, Pn)M* Hence, if P / 中 is to be minimal, then we 
must have P = ^(pi, P 2 , ••‘，/>»)• We recall also that the fac¬ 
torization (5) is unique in P[^] apart from factors in $ (Vol. I ， 
p. 100, p. 123). From this it follows that the set {p；} is the com¬ 
plete set of roots oif{x) in P and that, if 2/$ is a subfield of ^>(pi 5 
•••，/>«)/ 中 such that /(x) is a product of linear factors in SM, 
then 2 = $(pi, p 2 , .. .，/>«)• This leads us to give the following 

Definition 1. Let ^ be a field and f{x) a polynomial of positive 
degree with coefficients in^ {leading coefficient 1). Then an extension 
field P/^> is called a splitting field o//(x) if a factorization (5) holds 
in Prxl and P = 中 ( 01 . 仍， .. 、 o n ). 

k ■* f r ■/ / ■ _▼/ 

We shall now state two immediate results which will be used 
frequently. 

Lemma 1. (1) If P/$ is a splitting field of f{x) and 
is a subjield of P/ 中， then P/S is a splitting field off{x). (2) If P/2 
is a splitting field, for f{x) e 中 [x] and 2 = . . •， o>) where f{<r 3 ) 

= 0, then P/$ is a splitting field ofj{x). 

Proof. ( 1 ) This is an immediate consequence of the definition. 
⑵ By assumption we have P = S(pi, * • •, where (5) holds 
in P[^]. Also S = ^((Tx, • • •, <r r ) and /(<ry) = 0. It follows that 
every 07 is one of the p t *; hence P = 少 (Pi, P 2 , * * *, p n ). 

We can now prove the following existence theorem. 

Theorem 6. Any polynomial f{x) e^>[<v] of positive degree has a 
splitting field P/$. 

Proof. Let fix) = fi{x)/ 2 {x) - * * fk{x) be the factorization of 
f{x) into irreducible factors (with leading coefficients 1). Evi¬ 
dently k < n = deg/(^f). We use induction on n — k. \{ n — k 
— 0, the fi(x) are all of degree 1 and this means that 中 itself is a 
splitting field. Now assume » — 々 > 0 so that some/“ say f\{x\ 
is of degree > 1. Then there exists an extension field E/^> such 
that E = ^>(p) and /i(p) = 0. Then f\{x) = {x — p)/i*(x) in 
EM and so f(x) is a product of /> k irreducible factors in E[^]. 
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Then n — l < n — k and the induction hypothesis permits us to 
conclude that there exists a splitting field P/E for f{x). Since E 
=$(p), the lemma shows that P / 中 is a splitting field for f{x). 

We consider some examples of splitting fields. 

(1) f(x) = x 2 ax If / is reducible in $[x], then # is a splitting field. 

Otherwise, we let P = which is a field since / is irreducible. If we set 

pi = x + (J{x)) where, as usual, (f{x)) denotes the principal ideal generated by 
this polynomial, then = 0 in P so y{x) = (、x 一 pi)(j? 一 pz) m P[j?], Thus 
P = $[pj = $(pi) is a splitting field. Since /(x) is the minimum polynomial 
of pi, [P：$] = 2, by VIII of the Introduction. 

(2) Letp be a prime and let /(x) = x 11 — l = (x — l)(x p_1 + x p ~ 2 + ... + 1), 
^ = R 0 the field of rational numbers. Then P is a splitting field of /(x) if and 
only if it is a splitting field of g(x) = x p_1 + x p ~ 2 + • • • + 1. It is known that 
g(x) is irreducible (Vol. I, ex. 2, p. 127), so P = /2o[jf]/( 《 Cw)) is a field over Rq and 
P = i?o[p] = Ro(fi)> p = x (g(x)). We have pP = \ and p # 1， which implies 
that p is of order p in the multiplicative group P* of P. Hence, 1 ， p ， p 2 ，.. • ， p^ -1 
are distinct and all of these are roots of — 1 = 0. It follows that x p — i = 

XI Cv — p l ) and so P = Rq(p) is a splitting field. 

(3) f(x) = (^ 2 — 2)(x 2 — 3), $ = i?o* We first form E = Ro(p) where p 2 = 2. 
We know that x 2 — 2 is irreducible in 及。 [x] (Euclid). In E we have x 2 — 2 = 
(x — p)(x + p). However, jf 2 — 3 is irreducible in E[jf]. Otherwise, there exists 
?7 8 E such that tj 2 = 3. But tj = a |3p, a t )3 rational and t/ 2 = (a 2 + 站 2 ) + 
2a|3p; so, if this = 3 ， then = 0 and a 2 + 切 2 = 3. If = 0, we must have 
a 2 = 3 and, if ot '= 0, we have = 3/2. Both of these are impossible for ra¬ 
tional numbers. We now form P = E(”) where 7} 2 = 3. We have P = Ro(fi, v) 
and in P[»], (at 2 — 2)(» 2 — 3) = (^ — p)(x + p)U — v)( x + v)y so P/i^o is a 
splitting field. Using VI and VIII of the Introduction, one sees that [P: 制 = 4. 

Before continuing with our discussion of splitting fields it will 
be well to fix some notations on field extensions and algebra exten¬ 
sions of a field 中 which to some extent have already been used. 
If *S* is a subset of a field P/$, then we let 中问 and 中 (S) respec¬ 
tively denote the subalgebra and the subfield over 少 generated by 
S. By definition, the first of these is the intersection of all sub¬ 
algebras of P/i> containing S and the second is the intersection 
of all subfields of P/$ containing S. It is clear that is the 
subspace of P over 中 spanned by 1 and all monomials • *<r m , 

e S y and that is the set of elements a/8 -1 , a, ^ in 中[孔 

〆 0. It follows directly from the definition that, if and ^2 
are subsets of P, then ( 中 (Si))0^2)= 少 (Si U A) where the first 
of" these is, of course, the subfield of P/^(Si) generated by *S* 2 . 

Ii p is an algebraic element of P/% then we know that fv[p] :$] 
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=deg f{x) where f{x) is the minimum polynomial of p over 中 
(Introd. VIII). In fact, we have seen that, if deg /(x) = w, then 
(1, p, p 2 , - - *, P n_1 ) is a basis for P/$. Since the dimensionality 
阿 p]:$] is finite, we know that ^>[p] is a field (Introd. VII). 
Hence it is clear that 少 (p)= 中 [/>]. We shall now generalize these 
results in proving the following key lemma on successive algebraic 
extensions. 

Lemma 2. Let P = p 2 , *. . ， p m ) and assume that pi is alge¬ 

braic over ^(pi, p 2 j .. . ， Pi-i)> i = 1 ， 2， • * *, w. Then [P：^>] < qo 

yV^v iTi r n _ • « « "I 

<^'#认 i 一 H'Zy y Hm}* 

(We shall see later (p. 254) that, conversely, if P = ^[pi, p 2 j 
•••，/>„] is a field then the p t - are algebraic over 伞 .) 

Proof. We have seen that this holds for m = 1. Suppose m 
>1 and assume the result holds for r < m t Then 中 (Pi, * * •, p r ) 
=• • •, p r ] and this is finite dimensional over 屯 Since p r+i 
is algebraic over 中 (pi, • • p r ), we have ^(pu • • •, p r )(pr+i)= 
^>(pi, .. . 5 p r )[p r+ i] and the dimensionality of this extension over 
$(pi, ••• ， p r ) is finite. It follows that 

(6) [ 中 (/>1 ， • • • ， Pr+l):^>] = [ 中 0>1 ， • . .， Pr) (Pr+l)：^] 

=. • *, Pr)(pr+l)^(Plj * * *, Pr)][^(Pl, - - . ， Pr): 中 ] 

is finite. Also p r+i ) = ^(pi, - - *,Pr)[pr+i] and $(pi, 

* * *> Pr) = ^[pi, * * *, p r ] imply that every element of $(pi, • • •， 
p r+ i) is a polynomial in the p 《,for 1 < i < r + 1. Hence 
中 (Pi，•. . ， Pr+i)= 中 [/ >i，• ‘ * ， Pr+i]- The lemma now follows by 
induction. 

This result is applicable in particular if the p t * are all algebraic 
over 中 . Since the roots p t * of f{x) are algebraic over 中 ， it is ap¬ 
parent that if P/$ is a splitting field of f{x) then [P:$] < oo. 

We shall now show that any two splitting fields of a polynomial 
are isomorphic over 中 . In order to carry out an inductive argu¬ 
ment (and for other reasons, too) it is useful to generalize the 
result as follows. Let 中 and 晏 be fields which are isomorphic and 
let a — d be an isomorphism of $ onto We know that this 
can be extended to a unique isomorphism f{x) — f{x) of ^[x] 
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onto 蚤 [x] so that x — x (Introd. II). We wish to consider a 
splitting field over of a polynomial /(x) and a splitting field over 
$ of the corresponding polynomial f(x) in $[<v]. The following 
theorem will imply uniqueness of the splitting field and gives an 
important result on the number of isomorphisms of a splitting 
field. 

Theorem 7. Let a a be an isomorphism of a field ^ onto 
the field 每 and let f{x) be a polynomial of positive degree with leading 
coefficient 1 ,/M in 中 M ，and let f{x) be the corresponding polynomial 
in LetY and P be splitting fields over 电 and ^ off{x) and f{x) 

respectively. Then there exists an isomorphism of P onto P which 
coincides with the given isomorphism on 龟 . Moreover，if f{x) is a 
product of distinct linearfactors in P[^], then the number of extensions 
of the given isomorphism on $ to an isomorphism of P into P ts 
[P: 刮 . 

Proof. Both assertions will be proved by induction on [P：$]. 
If rp-*l = 1 P = * Qtirl v、= TlYv — in Arvl A nnlirmcr 

j. x ^ • a j a y ^ wa j y ▲▲ ***• 丄 J * ▲ j 

the isomorphism h{x) Jt{x) we obtain J(x) = 11 (^ — p t *) 

and the pi e 黍 . It follows that these are the roots of f{x) = 0 in 
P so P = 冬 and both results hold in this case. Now assume 
[P: 刮 > 1. Then f{x) is not a product of linear factors in 
and so it has an irreducible factor of degree r > 1. Then g(x) 

r 

is a factor of f(x)* Also we may assume that g(x) = II (^ — P%) y 

l 

r n n 

fW = II (^ - ^i) where/W = II ~ Pi) and/W = II (*v - 
1 1 1 

Since g(x) is irreducible, this is the minimum polynomial over 

^ of p l} and E = ^(pi) is r-dimensional over 少 （r = deg g > 1). 
The extension theorem V of the Introduction implies that the 
isomorphism a a can be extended to a unique isomorphism 
of" E = ^>[pi]= 伞 (pi) into P so that <j{, i = 1, * * *, r. 

We observe next that the indicated isomorphisms of E into P 
are the only extensions of a a. Again by the extension 
theorem V, in any isomorphism of E extending the given iso¬ 
morphism, pi is mapped into an element d such that g(&) == 0. 

r 

Since g(x) = JJ (at — &i) y it follows that a = di for some 

l 
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1 < i < r. Then the isomorphism coincides with one of those 
we indicated. Thus we see that a a can be extended to an 
isomorphism of E = ^>(pi) into P and the number of such exten¬ 
sions is the number of distinct elements in {^i, • * *, J. In 
particular, if f(x) is a product of distinct linear factors, then this 
is true also for g(x) and the number is then r = deg^W = [E: 中 ]. 
We now replace the base field 少 by E and let E be its image under 
one of the chosen extensions of the isomorphism on ^ to an iso¬ 
morphism of E into P. We denote this extension by e l. Then 
P/E is a splitting field of f(x) and P/E is a splitting field of 
J(x), Moreover, [P ： E] < [P:^>] since [E：^>] = r > \. Hence the 
induction hypothesis shows that c i can be extended to an 
isomorphism of P onto P and the number of such extensions is 
『 P: El if" fix) is a oroduct of distinct linear factors in PlVL If we 
take into account the first result on the extension of <x a to 
€ i, we see that there exists an extension of the isomorphism 
ct a to an isomorphism of P onto P and, if f(x) splits into 
distinct linear factors, then we obtain [P:E][E: 中 ] =[P：^>] dis¬ 
tinct isomorphisms since we have [E:$] extensions to E and each 
of these has [P ： E] extensions to P. Thus we obtain [P:^>]= 

L-T . Uis UIIUL CALCI1S1UI15. J. L IS CICctr UlctL WC Ilctvc ctUUUUIlLCU 

for every extension in our enumeration (cf. also Cor. to Th. 3) 
and so the proof is complete. 

We now specialize the result we have just proved by taking 
$ = 中 and the identity mapping ck — a in^>. Then the conclusion 
is that, if P/$ and P/^> are two splitting fields of the same poly¬ 
nomial f(x), then P/$ and P/$ are isomorphic. Moreover, the 
second part of the result is that, if /(x) has distinct roots, then 
the number of automorphisms of P/$ is [P：$]. In other words, 
(G: 1) = [P：$] for G the Galois group of P/^>. 


EXERCISES 

1. Construct a splitting field over the ratlonals for x 6 — 2. Find the dimen- 

A« AM 1 • 

oi^ncui L^r * 

2. Let P/$ be a splitting field of /(x) # 0 in 剩方 ] and let E be a subfield of 
P/$. Show that any isomorphism of E/$ into P/$ can be extended to an 
automorphism of P. 

3. Show that the dimensionality of a splitting field P/$ of a polynomial J{x) 
of degree n cannot exceed n\. 
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o. muinpie roots. »eparaDie polynomials. Let j(x) be a poly¬ 
nomial of positive degree in 中 [x] and let P/$ be a splitting field. 
We now write 

(7) f(x) = (x - Pl 'r(x - P 2 'r ... b — Pr)\ 

Pi e P, pi 9^ pj if i 9^ jy and we say that p t - is a root of multiplicity 
k{ of f{x) = 0. If ki = 1, then p t * is called a simple root; otherwise 
pi is a multiple root. If we have a second splitting field P over 中， 

r 

then f{x) = 11 (^ — py)*Mn P where pj pj in an isomorphism 

_i 

of P/$ onto P/^>. It is clear that the existence of muitiple roots 
for / is independent of the particular choice of a splitting field. 
We shall now carry over a classical criterion for multiple roots 
which can be tested in 中 [x] itself. For this we need the standard 
formal derivative (or derivation) in ^[x]. Thus we define a linear 
mapping / f in ^[x] by specifying that (x i ) f = /V -1 , i = 0 , 
1， 2 ， • . •，<v 0 = 1. Since (1, x, x 2 , *. •) is a basis for 到 x] over 否， 
this defines a unique linear mapping f — f in 盃 [•>?] over 否. We 
call f the (formal) derivative of / and we note the basic rule; 

⑻ （/《)' = /《+/，. 

Because of the linearity of the derivative, it suffices to check 
this for f = x'y g = x 3 in the basis (x') for Then fg = x i+} 

so that (/g) f = (i zV +y_1 , // = W 七 •一、 so 

(8) is valid. We can now prove 

Theorem 8 . If f{x) e 否 [x] and deg / > 0, then all the roots of f 
{in its splitting field) are simple if and only if (/, f) = 1 {that is, 
1 is the highest common factor of f and f) t 

Proof. Let J(<v) be the highest common factor (/, f f ) of / and 
/’ in 中 [<v] (cf. Vol- I， p. 100, p. 122 ). Suppose f{x) has a multiple 
root in P[^], so /(x) = (x — p) k g(x) y 々 > 1 . If we take deriva¬ 
tives in P[^], this gives f f ={x — p) k g f k{x — p) k ~ l g which 
is divisible by x — p since k — \ > 1. Thus (x — p)\f (i.e. x — p 
is a factor of f) and (x — p) | so (x — p)\d. Hence 〆 1 . 
Next, suppose all the roots of /are simple. Then we have f{x) = 

n 

XI (^ — Pf), Pi 9^ p/, i y. The usual extension of ( 8 ) to several 
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= 2 (*v — Pi) * * * (^ — P/-i)(*v — Pj+i) - * * (*v — p n ). 

J = 1 

It is clear from this that {x — pi) X /’W and this implies that 

(/，/’）= 1. 

If / is irreducible in 屯 M，then (/，/’）〆 1 implies that 
By degree considerations this can happen only if = 0. If the 
characteristic is 0, this evidently implies that / is an element of 
If the characteristic is p 9 ^ 0 and /(x) = a 0 x n + a\X n ~ l + 
a 2 x n ~ 2 + ... + then f\x) = »a 0 ^ n_1 + (» — 1)。〆 一 2 + 

{n — 2)a 2 *v n—3 + ， . .，so f\x) = 0 implies that (w — i)ai = 0. 
This implies that a { = 0 if the integer » — / is not divisible by p. 
Hence we see that f(x) = p 0 x mp + +... + /8m = g(x p ) 

where 兄 (x) = + + ... + This condition is also 

clearly sufficient that f f = 0 since (x kp ) f = kpx kp ~ x = 0. In the 
characteristic p ^ 0 case we shall see that the conditions: / ir¬ 
reducible of positive degree, f f — 0, can be fulfilled. This is a 
basic difference between fields of characteristic 0 and those of 
characteristic p 9^ 0 and this is the root of a host of complications 
in the latter case. 

Let us now look more closely at fields of characteristic p 9 ^ 0. 
We recall that, if $ is of this type, then we have 

(9) (a + 0) p = W + 俨， ( a 0)P = 


in 否 (Vol. I, ex. 3, p. 120). The second of these is clear and the 
first is a consequence of the binomial theorem and the fact that 


the binomial coefficient 


(!)= 


p\/t\{p — i )! is divisible by p for 


l < i < p — 1 since this is an integer and p occurs in the nu¬ 
merator of the fraction but not in the denominator. We note 


also that, if a p = ^ p , then (a — 0) p = a p — = 0 so a = /S. 

Thus we see from this and (9) that the maoDine a ^ a p is an 

、， 丄丄 w 

isomorphism of ^ into itself. The image |a e$} is a 

subfield，the subfield of />-th powers. We can iterate the mapping 
a a p and obtain the isomorphism a —>■ a pe y ^=1,2,*** of 
$ onto the subfield ^ pe of p e -th powers. 
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We prove next the following general result which will be useful 
later on. 

Lemma. If 龟 is a field of characteristic 〆0, then x p — a is 
irreducible in 屯 [at] unless a = / 8 P , e in which case x p — a = 
(x - 0) p . 

Proof. Let P be a splitting field for x p — a. If is a root of 
x p — a = 0 } then a = 0 P . Hence x p — a = x p — j3 p = (x — 0) p 
in P[<v]. Now suppose x p — a = g(x)h(x) in 伞 [x] where deg^ = 
k and 1 < k < ^> — 1. Then in P[^] we must have g = (x — 0) k 
=— k^x k ~ l +.... This implies that e^>; hence ^ 

Then x p — a = (x — 0) p holds in ^[x]. 

We now consider the following example. We let I p = I/ {p) 
the field of residues modulo p y and we let 中 =/ p ( 专)，专 transcen¬ 
dental. Then we claim that ^ 本妒， Now, if 7 ewe can write 
y = ck(^)j 8® _1 where ct(0 and are polynomials. Then y p = 
a(P)j 8 (P) -1 , since ce© = a 0 + ce^ + • - * implies = <x 0 p + 

ai p ^ p H - - a Q + aiP + ... (by Fermat’s theorem). Hence 

y p = 专 implies that ck(P) = /3(^ p )^ and this is impossible since 1 , 
专 ， ...are / p -independent. Thus we see that and hence, by 

the lemma, x p — ^ is irreducible in 中 [<v]. On the other hand, we 
have seen that x p —每 has p equal roots in its splitting field. We 
note also that (x p — ^) f = 0 . 

We shall now call a polynomial / (of positive degree) separable 
if it is a product of irreducible polynomials in 伞 [«v] all of which 
have only simple roots in a splitting field. Our discussion shows 
that, if $ is of characteristic 0 , then every f{x) e 中 [x] is separable, 
whereas for characteristic p 〆 0 there exist inseparable poly¬ 
nomials. 

EXERCISES 

1. Prove the following extension of the lemma: x p * — a is irreducible unless 
a e $ p . 

2. Let $0 be a finite field of q elements and let P = $o(0 , 右 transcendental over 

$ 0 . Let G be the finite group of the automorphisms of P over $0 such that 
^ ^ I + a, a 8 $ 0 . Show that $ = 1(G) = — ^). 

3. Let 中 be a field of characteristic p 9^ 0 and let ^ 1 , ^ 2 , * • • ，芒 n be indeter- 

minates over P = 中 (U 2 , …， D the field of fractions of 刮匕，右 2 , •. • ，芒 《]. 
Show that [P ： $(^i p , , ^n p )] = p n * Show also that the Galois group of P 

over ^ 2 **, • * s ^» p ) is the identity. 
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4. Let P = 争 ( 专 1 ，安 2 ， . * * U of characteristic p ^ 0 and suppose that 芒 〆 ‘ e 争 
for i = 1,2, **•,», « a positive int^er. Show that the Galois group ofP over $ 
is the identity. 

5. Let $ be a field of characteristic p f 5 0. A polynomial with coefficients in $ 
is called a p-polyttomial if it has the form #* + a.\x pm + a 2 ^ w_ * +. * * + 
Show that a polynomial (with leading coefficient 1) is a p-polynomial if and only 
if its roots form a subgroup of the additive group of the splitting field and all the 
roots have the same multiplicity p e . Show that the roots of the displayed p~ 
polynomial are all simple if and only if a m 0. 

6. hetj(x) be irreducible in 中 [ 尤 ], $ of characteristic p ^ 0. Show that f{x) can 
be written in the form 茗 (W) where g{x) is irreducible and has distinct roots. Use 
this to show that every root of f{x) has the same multiplicity p e (in a splitting 
field). 

7. Let $ be a field of characteristic 0, J(x) a polynomial of positive d 堪 ree con¬ 
tained in 中 [X]* Show that if d{x) is the highest common factor of f(x) and f f {x ), 
then g{x) = f{x)d{x ) _1 has simple roots which are the distinct roots of f{x), 

7. The “fundamental theorem” of Galois theory. We now take 
up again the abstract Galois theory of § 4 and we shall answer 
first the question which we raised at the end of § 4: that of charac¬ 
terizing finite dimensional Galois extensions. The result is the 
following 

Theorem 9. A field P/$ is finite dimensional Galois over 电 if and 
only P is' a splitting field over ^ of a separable polynomial j{x) e 

Proof. Let f{x) be separable and let /(x) = fi(x) ei ' * * fi{x) 9i 
where the fi{x) are irreducible in and / t * ^ j- 3 if i 5 ^ j. Then 
fi(x) has only simple roots. Moreover, since fi and /,* for i 5 ^ j 
are distinct irreducible polynomials, their highest common factor 
is 1. Hence 1 = a{x)fi{x) + b{x)fj{x) for a(x), b{x) in ^>[^], and 
this implies that /< and // have no common roots in any extension 
field. It follows that g(x) = /1 (^) / 2 (^) * * * fi(x) has no multiple 
roots, and it is clear that, if P/$ is a splitting field of /, then it 
is a splitting field also for g. Now we know that any splitting 
field is finite dimensional and Theorem 6 implies that, if G is the 
Galois group of P/^>, then (G:l) = [P: 利 .Let $’ = 1(G) the 
set of G-invariants. Then, by Theorem 5 (ii), (G:l) = [P：^]. 
Since $ we have $ = 少 、 which shows that $ is Galois in P 
or P is Galois over 屯 This proves the sufficiency of the condition. 
Next assume P is finite dimensional Galois over 中 and let G be 
the Galois group. We know that G is finite and we indicate it as 




FINITE DIMENSIONAL EXTENSION FIELDS 


41 


G = {^i, * * •> ■?«}• If p e P, we shall call the images p 8i under 

SieG the conjugates of p in P/^>. We may assume that p® 1 , . • •， 
p Sr are distinct and that this set includes all the conjugates. Then 

r 

we assert that h{x) = JI ~ e 中 [x]. To see this let s eG 

/ =1 

and let s be its extension to P[^] such that x 8 = x. Then we have 

r 

h s {x) = H (x — P Sy8 ) • Since the elements p® 1 ®, * • p 8 ^ are dis- 

l 

tinct conjugates, this set is the complete set of conjugates and so 
h 8 (x) = h(x) y s eG. Hence h(x) This shows that the 

minimum polynomial over $ of any p e P (this is actually h{x)) is 
separable and splits as a product of linear factors in P[x]. Now 
let (pu p 2 , …， p n ) be a basis for P/5> and let fi(x) be the minimum 
polynomial of pi over 屯 Then f(x) = II / {(x) is separable and 
clearly P is a splitting field over $ of /. 

The main Galois correspondence (Th. 5) can now be applied to 
state the following result that is known classically as the 

Fundamental Theorem of Galois Theory. Let Y be a splitting 
field over ^ of a separable polynomial and let G be the Galois group of 
P/$. With each subgroup H of G we associate the subfield E o/" P 
over 龟 of H-invariants and with each subfield E over ^ we associate 
the subgroup H of G of elements t such that 〆 =e for all e in E. 
Then these two correspondences are inverses and are biiections of the 
set of subgroups of G and the set of subfields of P over The corre¬ 
spondences are order inverting relative to inclusion and 

n f\\ / rr. i \ _ r-n. m. zj\ _ nrui 

. 1 } — [ JT . HiJ, ) — [X!J 

Moreover y H is invariant in G if and only if the corresponding field 
E is Galois over 电 and in this case the Galois group of E/$ is iso¬ 
morphic to the f actor group G/H, 

All of this can be read off directly from Theorem 5 and the 
remarks which follow it. The only part which has not been made 
explicit before is (10). Now it is clear from the definition that H 
is the Galois group of P/E. Hence {H\ 1) = [P ： E]. Also (G： 1) 
=[P:$],so (G:H) = = [P:$]/[P:E] = [E: 到 • We 

note also that (G ： H) = [E：^>] is the number of distinct isomor- 
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phisms of E/$ into P/$. To see this we consider the restrictions 
J to £ of the elements s eG. If s = } for s, t eG, then j/ 一 1 = I 
which means that e H. Then the cosets Hs and Ht are 
identical. The converse follows by retracing the steps. Hence 
we see the collection { j e G} contains {G\H) distinct isomor¬ 
phisms of E / 伞 into P/^>. We know also that there are no more 
than [E：$] = (G:H) isomorphisms of E/$ into P/$ (Cor. to 
Th. 3). Hence we have caught them all. Incidentally, we have 
shown also that every isomorphism of E / 少 into P/$ is a restric¬ 
tion of an automorphism of P/$. In other words, any such iso¬ 
morphism can be extended to an automorphism (cf. ex. 7, § 4). 

8. Normal extensions. Normal closures. At the beginning of 
the last section we gave an abstract characterization of splitting 
fields of separable polynomials: these are just the finite dimen¬ 
sional Galois extensions. We shall now give two abstract charac¬ 
terizations of arbitrary splitting fields. 

Theorem 10. The following three conditions on a finite dimen¬ 
sional extension P/$ are equivalent; 

(1) P/$ is a splitting field of a polynomial f{x) 

(2) Any isomorphism s of P/$ into an extension field A/$ is an 
automorphism. 

(3) Every irreducible polynomial g(x) e 中 [a:] which has a root in 
P is a product of linear factors in P[,3f]. 

Proof. (1) =>• (2) means “implies ”）： Let P = p 2 , 

* * *, p„) where f(x) = 11(^ — in P[at] and f{x) e 中 Sup¬ 
pose A 3 P 3 $ and let s be an isomorphism of P/$ into A/$. 
Since f(p{) = 0, we have /(pi 3 ) = 0 and, since {p,} is the com¬ 
plete set of roots of f{x) in A, p/ is one of the p ; . Hence s maps 
every generator pi of P = ^>(pi, p 2 , - * *, p„) into P. Hence P a Q 
P. Since s is 1-1 ^-linear and [P:^>] < oo, we have P 3 = P and 
s is an automorphism. (2) => (3) : Assume every isomorphism 
of P/^> into any extension field A/$ is an automorphism. Let 

r A 

g(x) be irreducible in ^[x] and have a root <r in P. Write P = 
^(pi> P 2 j …， Pm) and let fi(x) be the minimum polynomial of 

m 

pi over 中 .Set f{x) = g(x) XI f%i x ) and let A/P be a splitting 

l 
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field over P of f{x). Since p/ e P and f{x) e 到 x]，△ is also a split¬ 
ting field over of f{x) and it contains a splitting field over $ of 
g(x). Hence it will follow that g(x) is a product of linear factors 
in P[^] if we can show that every root <r r of g(x) contained in A 
is contained in P. To prove this we note that, since g(x) is ir¬ 
reducible in 中 » and g(<r) = 0 = g{<x f ) y there exists an isomorphism 
s of 否 (<r)/ 中 into 中 (</)/$ such that <r s = a 9 . We now observe that 
we can consider A as a splitting field over $(<r) and over 中 (</) of 
f(x) ：= /®(x). Hence the main isomorphism theorem for split¬ 
ting fields (Th. 6) shows that s can be extended to an automor¬ 
phism s of A. Since = a，a e 中 ， j is a ^-automorphism of A. 
Its restriction to P is an isomorphism of P/$ into A/$. Hence, 
by hypothesis, this restriction is an automorphism of P/$. 
Since <r e P, it follows that a 8 = e P. This proves (3). (3) =>• 
(1). Write P = p 2 y * * 'y Pm) and let fi{x) be the minimum 
polynomial of p{ over If we assume (3), then fi(x) is a product 
of linear factors in P[^]. Hence P/$ is a splitting field of /(x)= 
U/i(x). This completes the proof. 

A finite dimensional extension P/$ satisfying any one (hence 
all) of the conditions of Theorem 10 is called a normal extension. It 
is clear from the condition (1) that, if P is normal over $ and E is 
a subfield of P/$, then P is normal over E. On the other hand, 
if P 3 E ^ then it may well happen that P/E and E/$ are 
normal and P/^> is not (ex. 1 below). Let P = 中 (<ri，*. .， <r m ) be 
an arbitrary finite dimensional extension of $ and let f{x )= 
II fi{x) where / {(x) is the minimum polynomial of <n over Let 
A/P be a splitting field of f{x) e^>M. Then △/$ is a splitting 
field of /(x); hence △/ 中 is normal. Now let A’/$ be any normal 
extension of P/ 中 . Since A' contains and fi(x) is irreducible in 

中， condition (2) of Theorem 8 shows that △’/ 中 contains a splitting 

f f T T A A A ni* A V% A w A ,* 疇 'ts 4 O f 八 f 八 , / 

aivxvj. j y • 丄 mm w no, v ctn umoiii ui u/y in u j 'ar. 

This implies that no proper subfield of A containing P is normal 
over ^>. We now define a normal closure of P/$ as a normal 
extension of $ containing P and having the property that no 
proper subfield containing P is normal over 伞 . Then we can say 
that A/$ is a normal closure of P/^> and the remark about A and 
shows that such an extension is determined up to ^-isomor- 
phism by P/$. 
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EXERCISE 

1. Let P = 及及 o the rationals, and let E = R^{\/2) ^ P. Show that 
P/E and E/i?o are normal but P/i?o is not normal, 

9. Structure of algebraic extensions. Separability. The struc¬ 
ture theory of fields will be taken up in detail in Chapter IV. 
However, at this point it is convenient to derive the basic theo¬ 
rems on algebraic extensions and more generally on the set of 
algebraic elements of any field P/$. We have shown in Vol. I 
(p. 183) that, if P is a field over then the subset A of elements 
of P which are algebraic over 中 form a subfield over $ and every 

_1__ _ C … K ! _U : _ _ 1_1_! ___ 4 ! - __] A nni_ - 

cicincnt ui r wmcn is Jiigcuran: uvcr jx is curiLtiiiica in a. i nc 

subfield A / 中 is called the algebraic closure of $ in P and $ is called 
algebraically closed in P if ^> = A. The field P/$ is algebraic if 
P = A, that is, every element of p is algebraic over Thus the 
second part of the result we have quoted above is that, if A is the 
algebraic closure of $ in P, then A is algebraically closed in P. We 
shall now indicate another proof of these results which is based 
on the Lemma 2 of § 5: If is algebraic over $(p 1} .. . ， pi-\) then 
中 (/ >i ， P 2 ，• • •, pn)/^ is finite dimensional. Now let A be the set 
of dements of P which are algebraic over $ and let p, <r e A. Then 
$(p, a) is finite dimensional. Since is infinite dimensional 

for transcendental r, it follows that every element of $(p, <r) is 
algebraic over 中 . In particular, p dh <r, p<r, and p 一 1 are algebraic 
if p 〆 0. Since p and <r are arbitrary in P, this implies that A is 
a subfield of P. Also it is clear that A 3 Now let p be an 
element of P which is algebraic over A and let f{x) = + 

aix 11 + … + be its minimum polynomial over A. Then the 

e A and so are algebraic over Moreover, it is clear that p 
is algebraic over ^(cki, a 2y . * * ， a n ). It now follows that ^(ai ,...， 
a ny p) is finite dimensional over 否 . Hence p is algebraic over 否 
and consequently A is algebraically closed in the field P. The 
result we proved on the algebraic closure of A in P implies the 
following transitivity property: if B/A is algebraic and A/^> is 
algebraic^ then B/^> is algebraic. To see this let r/$ be the sub¬ 
field of B/^> of elements which are algebraic over 中 . Clearly V 2 
A and we have seen that, if e B is algebraic over r, then it belongs 
to F. On the other hand, if p is any element of B，then p is alge- 
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braic over A, hence over r, so jS e r. This shows that B = r is 
algebraic over 屯 

There are several other useful remarks on algebraic elements 
which are worth recording here for future reference. The first of 
these, which is implicit in what we have proved before, is that, 
if 21 / 中 is a subalgebra of a field then every element of SI is 
algebraic over 中 if and only if every finite subset of 3( is con¬ 
tained m a finite dimensional subalgebra x/This implies that 
every ^ e 2( is algebraic over $ since it implies that 中 [ 爸 ] is 
finite dimensional. On the other hand, if every element of 2[ is 
algebraic and X = {?i, 专 2 ， • . . ，？ r}，then the lemma we quoted 
shows that 中(爸 1 ， • * *, ^ r )/^ is finite dimensional. We recall also 
that •.. ， 专 r]= 中(专 1 ， • * . ， 专 r)，which implies that, if every 

element of 21 is algebraic, then H is a subfield of P/$. We note 
also that, if E/$ is an algebraic subfield of P/^> and △/$ is an 
arbitrary subfield, then the subalgebra EA/$ generated by E and 
A is a subfield which is algebraic over A. To see this we observe 
that EA is the set of elements of the form SeiSi, ef e E, di e A. 
Hence, if X is a finite subset of EA, then there exists a finite sub¬ 
set {€»} such that every element of JT is a A-linear combination of 
the €i. Since E / 否 is algebraic, we may imbed the set {e t } in a 
finite dimensional subalgebra. If we express the e x * in terms of a 
basis { 77 ；} for this sub algebra, then we see that every element of X 
has the form S5, 刀 ,.，e △. Since 取取 =^yjkiVh 7jki e 中 ， it is clear 
that the set 'EArjj of A-linear combinations of the 取 is a subalgebra 
of P/A. We have therefore proved that every finite subset of 
EA is contained in a finite dimensional subalgebra over A. Hence 
every element of EA is algebraic over A and EA is a subfield. 

An algebraic element p e P/$ is called separable {algebraic) over 
^ if its minimum polynomial over 少 is separable. It is clear that 
P is separable over if and only if there exists a polynomial /(x) 
e 中 [x] with distinct roots such that /(p) = 0. Also p is separable 
if and only if there exists a polynomial f(x) e$[^] with (/, /’)= 
1 such that /(p) = 0. If ^ is an extension field of we shall 
again have (/,/’）= 1 in $’[%] (since (/’，/)= af + ex. 3, p. 

122 of Vol. I). It follows that, if 少 ’/ 少 is a subfield of P/$ and 
P e P is separable over 屯 ， then p is separable over 中 , . We have 
seen (§6) that every polynomial with coefficients in a fieid of 
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characteristic 0 is separable. Consequently, the results we shall 
now consider become trivial in the characteristic 0 case. 

An extension P/$ will be called separable {algebraic) if every 
element p e P is separable over 屯 Let A / 中 be algebraic and let 
S be the subset of A of elements which are separable over 少 . We 
wish to show that S is a subfield containing $ and that every ele¬ 
ment of A which is separable over 2 is contained in S. For this 
we shall need the following 

Lemma 1. Let P 2 E 2 中 where E and 龟 are subfields of P and 
E/$ is finite dimensional Galois. Then any element 0 e P which 
is separable algebraic over E is separable algebraic over 

Proof. Let be the minimum polynomial of 6 over E. If 
s eG the Galois group of E/$, then s has a unique extension to 
E[*v] satisfying x 8 = x. Let 《 Sl 0v), 广 (x), … ，广 (x) be the 

r 

distinct images of g(x) under s eG and let /(x) = II g 8i (x). 

l 

Then / 8 (x) = f{x) for all s eG, which implies that f(x) e^>[^]. 
Since g(x) is irreducible in E|X| and (g ) g , ) = 1, the same is true 
for every g\ Hence every g Si (x) has distinct roots. We note also 
that, if i then g 8i and g Sj ' are relatively prime, since other¬ 
wise (g- 3 % g 3j ) = g 8i (x) = ^(x) because these are irreducible in 
E[x]. This contradicts g Si ^ for i j. Thus 1 = (g Si y g 8i ) 
and consequently these have no common roots in a splitting field 
for f(x). It is now clear that f(x) has distinct roots. Since /($)= 
0 and /e we see that 6 is separable over 少 . 

Clearly if p e E, then p is separable algebraic over E (with 
minimum polynomial x — p). Hence Lemma 1 shows that p is 
separable over 否 . In other words, we have the 

Corollary. Any finite dimensional Galois extension is separable. 

We can now prove the main result on separability. 

Theorem 11. If is algebraic, then the set S of elements of A 
which are separable over ^ is a subfield containing More over t S 
contains every element of k which is separable algebraic over S. 

Proof. Let p, <r e S and let g(x) and h{x) be the minimum poly¬ 
nomials over of p and <r respectively. Then /(x) = g(x)h(x) is 
separable. If A is a splitting field over $(p, <r) of /(x), then A is 
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also a splitting field over $ of (the normal closure <r)/ 中 ). 

Hence △/$ is Galois, so by the corollary above, every element of 
A is separable over 中 . In particular, p dh <r, p<r, p 一 1 (if* p 5 ^ 0) and 
every element of 中 are separable over 屯 This proves that 2 is a 
subfield containing 少 . Now let 6 be an element of A which is 
separable algebraic over S and let x n + p\X n ~ l + … + p n , pi e S, 
be its minimum polynomial over 2. The subfield 中 (pi, p 2 9 •..， 
p n ； $) is finite dimensional over Let △/ 屯 be its normal closure. 
Let fi(x) be the minimum polynomial of pi over 中 . Then A con- 

n 

tains a splitting field E/$ of /(x) = H fi{x) and this is Galois 

1 

over 中 since f{x) is separable. Evidently E 3 中 (/> 1 ， P 2 ，• • .， Pn)- 
Also 6 is separable over p 2j ...，/>«) since x n + p\X n ~ l + 
… + Pn is its minimum polynomial. Hence 6 is separable alge¬ 
braic over E. Then $ is separable algebraic over $ by Lemma 1. 
This proves the second statement. 

If the only elements of an algebraic extension A/^> which are 
separable are the elements of then we say that A / 中 is purely 
inseparable. Similarly, an algebraic element p is purely insepa¬ 
rable over $ if 中 (p)/$ is purely inseparable. It is clear from the 
definitions that, if p is at the same time separable and purely in¬ 
separable over then p e Also, it should be remarked that 
an element can be inseparable (= not separable) without being 
purely inseparable (cf. ex. 3 below). If A/$ is algebraic and 2 / 中 
is the maximal separable subfield of A/ 中 (that is, the subfield of 
all the separable elements), then the second half of Theorem 11 
states that A/S is purely inseparable. This shows that every 
algebraic extension A/^> can be built up in two “pure” stages: 
first, a separable extension and next a purely inseparable 
extension A/S. The second part of Theorem 11 and the argu¬ 
ment we used before for algebraic extensions (p. 44) implies the 
transitivity: If A/^> is separable algebraic and B/A is separable 
algebraic, then B/$ is separable algebraic. We are going to prove 
a similar transitivity for purely inseparable extensions. Since 
everything is trivial for characteristic 0 , we shall assume in the 
rest of this section that the characteristic is p ¥ 0. We shall 
need the following important criterion for separable and purely 
inseparable elements. 
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Lemma 2. Let ^ be of characteristic p 0. (i) Then an alge¬ 
braic element p of an extension field is separable over if and only if 
$(p) = $(p p )= 中 (p p2 ) = .. * • (ii) If p is purely inseparable, then 
its minimum polynomial has the form x pt — a, a On the other 
hand, ij p satisfies an equation of the form x pt = a z ^ > 0, 
then p is purely inseparable over 龟 . 

Proof. Let g(x) be the minimum polynomial of p over 中， (i) 
Suppose first that p is not separable. Then g(x) = h(x p ) and p p 
is a root of k{x). Hence [$(〆）：$]$ deg^(^) < deg g(x)= 
[ 中 (p): 中 ]. Consequently, 中 (p p ) c Next suppose p is sepa¬ 

rable so that ^(^c) has distinct roots. Let h(x) be the minimum 
polynomial of p over ^>(p p ). Then h{x) [^(^), so h{x) has distinct 
roots. Also p is a root of the polynomial x p — p p e 少 (p p )[<v]，so 
n\x) I x r — ^ = {x — py. oincc n{x) nets uisunct ruuts, mis im ， 
plies that h{x) — x — p. Hence p e$(p p ) = ^[p p ] and p is a poly¬ 
nomial in with coefficients in 中 . Taking p-th powers shows 
that p v is a polynomial in pP 2 with coefficients in 中 . Hence p e 
^>(p ps ). A repetition of the argument shows that $(/>)= 中 (p p )= 
^{p pt ) = ."• This proves (i). (ii) Let p be purely inseparable 
over 伞 and write g(x) = h(x pe ) where e is maximal for this. Then 
h r (x) 9 ^ 0 since, otherwise, h{x) = k{x p ) and g(x) = k(x pe+1 ) con¬ 
trary to the choice of e. We have 為 (〆 8 ) = 0, so p pe is a root of a 
separable polynomial. Since p was assumed purely inseparable, 
this implies that p pe = a and p is a root of x p * — a. Since g(x) 
=h{x pt ) is the minimum polynomial of p over 中 ， it is clear that 
g(x) = x pe — a. Next assume that p pt = a for some non¬ 
negative integer e. Let <r e ^>(p) = ^>[p] so that <r = a 0 + aip + 
...+ a m p m y ai e Then ， = a 0 pe + a，〆 + … + 
e$. If <r is separable, then $(<r) = ^(<r pe ) f by (i). Hence $(<r)= 
$ ancU e 屯 Thus p is purely inseparable. ^ 

The second part of this lemma shows that A/$ is purely insepa¬ 
rable if and only if every element of A satisfies an equation of the 
form x pt = a e Since (x pt ) pf = x pv+f y this implies that if B/A 
is purely inseparable and A/$ is purely inseparable, then B / 中 
is purely inseparable. Also it is clear from the second part of the 
lemma that if A is purely inseparable over 中 ， then it is purely 
inseparable oyer any subneld E of P/$. 
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EXERCISES 

1. Let A/$ be algebraic. Verify that the set of elements 7 e A which are 
purely inseparable over $ form a subfield containing 

2 . Let I p be the field I/(p) and let P = / p (|, rf) where tj are indeterminates 
(cf. ex. 3, § 6). Let 牵 = I p {^j ri p 一 町 一 0. Show that [P：$] = p 2 and deter¬ 
mine the maximal separable subfield of P/$. 

3. (J. D. Reid). Let P be as in ex. 2 and let E = P(^) where C p2 = iC p + 
Show that [E:P] = p 2 and E/P is inseparable. Show that E/P contains no purely 
inseparable element over P not contained in P. 

4. Let P / 牵 be algebraic and let P ( 芒 1 ，专 2 ， • * *, ^ r ) be the field of fractions of 
P[^i, ^ 2 , . * * ，芒 r] ， 芒 》• indeterminates. Let A be the set of elements in P(^ t ) having 

tfip form Pv~^. whprp V P. P 『 fi. • • f-1 - v P. 由 I"?,. • • •. f J. Prnvp f-fiaf- A is a snh_ 

—•• 冒 — — ———— 墨 J • • — — — — — — ， - * J J ^ f J J — A f J O f i * _ — — • — --- ― — -— — 

field of P(^i, * * *, ^r)/^(^i, * * *, ^r) which is algebraic. Prove that A = 
P(^i, Hence prove that every non-zero polynomial with coefficients in 

P has a non-zero multiple with coefficients in 

10. Degrees of separability and inseparability. Structure of 
normal extensions. We assume throughout this section that the 
characteristic is 夕 ¥ 0 and we consider finite dimensional exten¬ 
sions, For such an extension P/^> with maximal separable sub¬ 
field S /中 we consider the dimensionalities [S：$] and [P ： S], which 
we call the separability degree and inseparability degree respectively 
of P/$. We write = [P：^>] a , [P*S] = Then we have 

(11) [P：^] = [Pl] a [P: 咏 . 

We shall now show that [P ：^]； = p f , which amounts to saying 
that the dimensionality of a purely inseparable extension is a 
power of the characteristic. If P = $, this is clear since [P：$]= 

1 = p°. Otherwise, let p e P, ^ Then Lemma 2 of § 9 shows 
that the minimum polynomial of p over 否 has degree p\ e > 0. 
Then [$(p) ： $] = p e and [P ： $(p)] < [P ： $]. Since P is purely in¬ 
separable over $(p), we may assume (using induction on the 
dimensionality) that [P ： ^>(p)] = p g . Then [P:$] = p e p g = p e+g . 
We now consider successive finite dimensional extensions : A/P 
is finite dimensional and P/^> is finite dimensional; hence △/ 中 is 
finite dimensional. We have seen that, if P/$ and A/P are sepa- 

O rx I A {"wr , A A*^ 一 M A 1a 、 A «>« A f 4 A n m M A l«. 1 a / 、， m 4A n A M 

X lliatpctl dUX^Jy iA/ M/ Id SCjJctJL <XU1C \^UU1 HiaCpct- 

rable). If P/^> is separable and A/P is purely inseparable，then 
one sees easily that P/$ is the maximal separable subfield of A/$. 
Then [△: 少 ] a = [P:$] and [△: 到 < =[A:P]. We now consider the 
interesting combination: P/$ purely inseparable and A/P sepa- 
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rable. We shall show that the maximal separable subfield of the 
result △/ 中 will have the same dimensionality as A/P. A con¬ 
siderably sharper statement is the following 

Lemma. Let A/P be separable ， P/^> purely inseparable. Then 
A/$ = P X where S/$ is the maximal separable subfield of 
A/^>. Moreover^ [A ： P] = 

Proof. It follows easily from XII, Introduction that the state¬ 
ment A = P S is equivalent to ： there exists a 中 -basis for 
S which is at the same time a P-basis for A. This implies that 
[2：$] = [A: P]. We proceed to determine the required type of 
basis. First, let (5 1} d 2 , • * •, 5 n ) be a basis for A/P and write 
H = h PijkSk, pijk e P. If 5 is any element of A and g(x)= 

k 

h{x p9 ) is its minimum polynomial over 否 such that h{x) is separ¬ 
able, then S pe is separable over <E». Hence also 8 pe+/ = (p pa y f is 
separable. It follows that we can choose e so that every 5/* and 
every p ijk pe is separable over Since P / 中 is purely inseparable, 
this implies that aijk = Pijk pe e We have 6/*6/* = 
hence, if we put 8/ e = a, then we have ov e 2 and <ri<ry = Saijfc<rfc, 
aijk e 屯 We claim that (<n, <r 2 , … ，， <r n ) is a basis for A/P and 
for S/^>. We note first that the multiplication table for the 
shows that ^ is a sub algebra of S/^> and ^ Po-* is a P- 

i i 

sub algebra of A/P. Also the number of <r» is »; so to show that 
(<n, (t 2 , … ， <7 n ) is a P-basis for A it is enough to prove that every 
5 8 A is a P-linear combination of the <r*. To prove that (<ri, <r 2i 
• • • ， <r„) is a 伞 -basis for S it will be enough to show that every 
0 - e S is a ^-linear combination of the <r t - since, if these are P- 
linearly independent, then they are certainly 中 -linearly independ¬ 
ent. Now let 5 e A, Then 5 is separable over P so 5 e P[5 P *]. We 
nave o = ^PiO iy pi e .r, since (c»i, . * . ， o n ) is a r^-Dasis. i nen = 
Sp/'S/* = Sp/V ； Since b e P[5 pe ], this implies that 

i 

5 e P<Ti. Next let a- e S. Then, as we have just shown, a = 

i 

Spi<Ti, pi e P. If / is large enough, then p l J>f e $ and <r p/ = 
e ^(7i ， Since a is separable over 少 ， <r e ^>[<r p/ ] Q ^ 如 i. 

i i 

This completes the proof. 
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We can now prove 

Theorem 12. i/ A/P and P/$ are finite dimensional，then 
(12) [△:到 a = [A ： P] 8 [P：^] 8} [A：^ = 

Proof. It is enough to prove the first of these equations since 
the second will follow from it and (11). Assume first that A/P is 
purely inseparable. Then any element of A/$ which is separable 
over $ is separable over P and so belongs to P. Hence the maxi¬ 
mal separable subfield of A/4> is contained in P and so this is 
the maximal separable subfield of P/$. Hence [A：$] a = [P：$] a . 
On the other hand, since A/P is purely inseparable, [A: P] a = 1. 
Hence (12) holds in this case. Next assume A/P is separable. 
Considering the maximal separable subfield of P/^> as base 
field, we apply the lemma to the separable extension A/P and 
the purely inseparable extension P/S. This gives [A : P] = [S ’： 2 ] 
where is the maximal separable subfield of A/S. Since 

separability is transitive, it is clear that 2jy^> is the maximal sep¬ 
arable subfield of △/ 中 . Hence, by definition, [A:$] a = [2/: $] 
and 

[A:$] a = [2’:到 =[2':2][2: 刮 
= [△: P][2: 刮 . 

Clearly, [2：$] = [P：^>] 8 and, since A/P is separable, [A ： P]= 
[A: P] 3 . Substituting in the above equation gives (12) in this case. 
Finally, let A/P be arbitrary. Let E/P be the maximal separable 
subfield of A/P, so A/E is purely inseparable. Then, on consider¬ 
ing E ^ P 3 $ where E/P is separable, we see that [E：^>] a = 
[E ： P] 8 [P:$] a . Since A/E is purely inseparable, the first case ap¬ 
plied to A 2 E 2 $ gives [A：$] a = [A ： E] a [E：$] a . Similarly, con¬ 
sidering A 2 E 2 Pj we obtain [A ： P] s = [A: E] a [E: P] a . Com¬ 
bining, we obtain 

[△: 刮， =[A:E] a [E : 礼 

=[A ： E] a [E ： P] a [P：$] a 
=[A ： P] a [P：$] 8 , 

which is (12) in the general case. 
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We have seen that, if P/^> is Galois, then P/$ is separable (Cor. 
to Lemma 1, § 9). Also, since P/$ is a splitting field, this exten¬ 
sion is normal. Conversely, if P/$ is normal and separable, then 
P/$ is a splitting field of a polynomial which is separable. Hence 
P/$ is Galois. Thus the condition: P/$ Galois is equivalent to 
P/$ is separable and normal. We claim also that any purely in¬ 
separable extension P/$ is normal. To see this let g(x) e 中 [a:] 
be irreducible and suppose g(o) = 0 for cr e P. Then g(x) is the 
minimum polynomial of <r over so g(x) = x p * — ct. Since <r pt = 
a } we have the factorization g(x) = — a = ^ — <r pt = 

(x — <r) p *, so g(x) is a product of linear factors in P[a?]. Hence 
P/^> is normal. The following theorem gives a rather precise 
description of the structure of normal extensions. 

Theorem 13. IfV/^ is finite dimensional normal^ then p = S 
r where S/$ is Galois and r/$ is purely inseparable. Conversely ， 
if r/$ is a finite dimensional purely inseparable extension and 
is finite dimensional separable extension^ then the algebra P/$ = 
r S is a field and this is normal is Galois. 

Proof. Assume P/$ finite dimensional normal. Let r be the 
set of purely inseparable elements over so r is a subfield over 
$ (ex. 1, § 9). Let p e P and be the minimum polynomial 

of p over $ and write = h(x pt ) where h{x) is separable. Since 
g(x) is irreducible in ^[x] y it is clear that h(x) is irreducible in 
Since h{p pt ) = 0, the normality of P/$ implies that h(x)= 

r r 

U (at — in P[^c]. Also g(x) = ^(x^) = JJ (x pt — is a 

l l 

product of linear factors in P[^]. Hence — ^ has a root pi 
in P and consequently x pt — = x pt — pi pt = (x — pi) p \ Then 

r r 

g(x) = h(x pe ) = XI (x 1 ^ — 氏 ） = II (*v - piY*. Now set k(x)= 
r 1 1 

II ( 尤一 pi)* Since the 私 = pi pt are distinct, the pi are dis- 

l 

tinct. We have 々 ⑻ # = n(〆—p 产） =11(^ — ^ = ^(a'). If 
k{x) = x m <xix m ~ l + • • • + <r m , then the <Tj e P and k{x) pt = 
x mpt + + . . - + <r m p * = g(x) which shows that o •产 e 

hence the cry e r. Hence k{x) e r[jf]. Since p is a root of k(x) 
and k(x) has distinct roots, p is separable over r. Since p was any 
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element of P, this proves that P/r is separable. The factoriza¬ 
tion P = T where S is the maximal separable subfield of 

P/$ therefore follows from the lemma at the beginning of this 
section. If <r e S and f{x) is its minimum polynomial over 少 ， then 
f(x )= :n(x — <Tfc) in P[^]. Evidently the <7k are separable over $ 
so they are contained in 2 . Hence the factorization f(x) = 
11 (^ — <Xk) holds in S[x]. This proves that S / 少 is normal as well as 
separable. Hence it is Galois over This proves the first state¬ 
ment. Now let r/$ be finite dimensional purely inseparable, 
S/$ finite dimensional separable. We shall show first that, if 
(cn, <r 2 , … ， <r m ) is a basis for S/$, then the same is true for {(Xi pt y 
a 2 p \ " • ， <r m pe ), ^ > 1. Clearly it suffices to show that every ele¬ 
ment <r e S is a 中 -linear combination of the Now for any 

j > 0 , <r j is a linear combination of the <Ti ， Taking p e -th powers 
shows that (<r p *y is a 中 -linear combination of the for j = 
0, 1, 2, …. Since <r is separable, we know that <r e 中 [<r p *] (Lemma 
2 of § 9). Hence <r e ^ and < 7 2 p *, ... ， <r m p *) is a basis 

i 

for S/$. Now consider P = r D. This is a commutative al¬ 
gebra and any element of this algebra can be written in the form 
27 ^ ® <r iy eT, and (o^，• • <r m ) y the basis for S/$. Now if 
P = S 7 i ® <ri ¥ 0, then one of the y iy say, 71 5 ^ 0. Since r/$ is 
purely inseparable, we can choose ^ > 0 so that y l J>9 = 

1 < / < w. Then 〆 =Scti ® = 1 <E> Since 

(<ri pS , … ， <r m pe ) is a basis for S/$ and 〆 0 , is a non¬ 

zero element of S. Since this has an inverse in S, p has an in¬ 
verse in P. Thus P is a field. Now assume S/$ is Galois. Then 
is a splitting field of a polynomial e 中问 and r/$ is a 
splitting field of h{x) e $[x]. Since P is generated by subfields 
isomorphic to r and S, it follows that P/$ is a splitting field of 
g(x)h(x). Hence P/$ is normal* 

EXERCISES 

1. Let E/$ be finite dimensional, P/$ an arbitrary field extension. Show that 
the number of distinct isomorphisms of E/$ into P / 中 does not exceed [E: 中 ] •• 
Show that this number is attained if P/$ is the normal closure of E/$. 

2 . Let P/$ be finite dimensional normal, S/$ the maximal separable subfield, 
G the Galois group ofP/$. Show that G maps 2 into itself and that the mapping 
^ ~^ ^ tlie wi*icwioii of* s 0 G to is isomorpliisiTi of G onto tlie C^«1 gi3 轻 roup 
of 2/$. Show that 1(G) = r/$, the maximal purely inseparable subfield of P/$. 
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11. Primitive elements. In this section and the next we shall 
obtain some special generations of finite dimensional extensions 
P/$. The results are valid for arbitrary However, the proofs 
in these two sections will require 中 to be infinite; the validity of 
the results for finite $ will be established in § 13. 

If P = ^(B) y that is, P is generated over 中 by then we have 
called P a simple extension of $ (Vol. I, p. 101). We shall now 
say also that 0 is a primitive element of P/$. We shall prove two 
results on existence of primitive elements. 

Theorem 14. Let $ be an infinite field and let P = rf) be a 
field generated over ^ by a separable algebraic element ^ and an alge¬ 
braic element rj. Then P/$ has a primitive element. 

Proof. Let f{x) and be the minimum polynomial over 中 
of ^ and rj respectively and let A/P be a splitting field of f(x)g(x ). 
Then A/$ is a splitting field of /(x)g(x) containing P. Let = 

专，专 2 ， . * . ， 专 m be the distinct roots of f(x) y rj 2 , • • those of 

^ . 1 iicii liic ixic <tn liic jluuls ui j \i^} cuikx wc nitty assume rn >> 

1 since ， otherwise , 爸 e 中 and P = Consider one of the 

linear equations x^i + 771 = x^i + r}j, i = 2 ， *. .，= 1 ， .. • ， r. 
This has at most one solution in Hence, since 中 is infinite, we 
can avoid the finite set of solutions of these equations and choose 
•v = 7 e 屯 so that 7^1 + ”1 〆 y^i + rjjy i = 2 , * . . ， w;) = 1 ， ...， 
r. We assert that 沒 = 7^1 + is a primitive element of P. Thus 
consider the polynomial g(6 — yx) which evidently belongs to 
^>(^)[^]. We have 《(沒一 7 ^ 1 ) = 1 g ■(” 1 ) = 0 and, since $ — y^i 5 ^ t]j 
for i = 2, … y m and^ = 1 ， 2 ， *•*,;*, g(6 — y^i) 9 ^ 0 . Hence the 

m 

highest common factor of g($ — yx) and /(x) = II (^ — ^i) is 

1 

x — ^ = x — ^ 1 . Hence there exist A{x)^ B{x) e^>(^)[x] so that 
(<v — Q = A{x) f(x) + B{x)g{B — 7 ^), which implies that ^ 

Then rj = $ — e^(6) and ^ is a primitive element. 

The result just proved has an immediate extension, by induc¬ 
tion on k to show that, if P = .. 、务 “ w) where the ^ are 

separable algebraic and rj is algebraic, then P has a primitive ele¬ 
ment. In particular, we see that any finite dimensional separable 
extension has a primitive element. We note that the number of 
intermediate fields of such an extension is finite. This is clear 
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since P can be imbedded in an extension △/$ which is finite di¬ 
mensional Galois, and the set of intermediate fields between A 
and 中 are in 1—1 correspondence with the set of subgroups of a 
finite group — the Galois group of △/$. The theorem on primitive 
elements for finite dimensional separable extensions is therefore 
also a consequence of the following 

Theorem 15 (Artin). Let $ be an infinite field and P a finite di¬ 
mensional extension field of 龟 . Then P/$ is a simple extension if 
and only if there are only a finite number of intermediate fields be¬ 
tween P and 

Proof. Suppose first that P = 电 (0) and let E be an inter¬ 
mediate field. Let g(x) be the minimum polynomial of $ over E 
and let E'/$ be the field generated by the coefficients of g(x). 
Then E r Q E, but g(x) is also the minimum polynomial over E / 
of B. Hence [P ： E r ] = deg 欠 ⑻ = [P'.E\. Hence E = E' is 
generated by the coefficients of Now is a factor of the 

minirnum polynomial of $ over and both f{,^) e 
Since f(x) has only a finite number of distinct factors in P[<v] 
with leading coefficients 1, the number of E is finite. Next assume 
that there are only a finite number of intermediate fields between 
P and 中 . It suffices to show that, if 77 e P, then$(^ } rj) is simple. 
Now let a and consider the subfield P a = 伞(专 + arj). We 
have an infinite number of a e and a finite number of P a . Hence 
there exist ce，in 中 ， a ¥ 卢 ， such that P a = P^. Then 77=(0 ： — 
~ ^ ~ e ^ and hence $ = $ + a” 一 ct” e P a . 
Thus P a = 伞 ( 专， 77 ) and this is generated by ^ + arj. 

EXERCISES 

1. Let $0 be of characteristic p ^ 0 and let P = 中 o( 芒 ， ”）the field of fractions 
of 金 [ 右 , 77 ], 芒 ,indeterminates. Let 伞 =$o(P p ) the subfield over generated by 
all the p-th. powers. Show that [P:$] = p 2 and that P does not have a primitive 
element over 中 . 

2. Let P be the splitting field over the rationals of (^ 2 — 3)(^ — 2). Find a 
primitive element for P. 

3. Do the same for — 2. 

12. Normal bases. If P is finite dimensional Galois over 伞 
with Galois group G = {j 1} s 2} * * *, J n }, then p e P has a minimum 
polynomial of degree n over $ if and only if the elements p Si , i = 
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1 , • *.，》，are distinct. This is clear since, if p* 1 , …， />* r are the 

r 

distinct conjugates, then f{x) = II (^ — p 8 0 is the minimum 

J=*l 

polynomial of p over 屯 It is clear also that p is a primitive element 
of P/$ if and only if the degree of its minimum polynomial is 
n = (G: 1). Hence p is a primitive element if and only if the 
p Si y S = 1，…，《， are distinct. A stronger condition than this is 
evidently that these elements are linearly independent. Then we 
have the basis (p* 1 , p 32 , . " ， p* n ) of P over 中 . Such a basis, con¬ 
sisting of the conjugates of a single element, is called a normal 
basis for the Galois extension. We shall now show that such 
bases always exist if is infinite. Our proof of this fact will be 
based on the notion of algebraic independence of isomorphisms 
which is of considerable interest on its own. We define this as 
follows : 

Definition 2. Let ^ be a field over $ and 12 an extension field of 
E. Let s\ } . • 、 s m be isomorphisms of E/$ into S 2 /$. Then we shall 
call the Si algebraically independent over Q if the following is true： 
The only polynomial /(^i, .. . ， x m ) e * * *, Xm], Xi indetermi- 
nates, such that f{rf x y t?® 2 , . . . ， rj 8m ) =0 for all 77 e E b / = 0. 

We require the following 

Lemma. Let 12 be an extension field of an infinite field 电 and let 
/{Xu …， x m ) e S 2 [^i, - - •, Xni satisfy f(^ ly =0 for all 

8 $. Then / = 0. 

Proof. Let (co a ) be a basis for fi over 中 . Then we can write 

«* 

, x m ) = ^ /A x u '' 'y where {coj} is a finite sub- 

1 

set of (co a ) and the /； e^i, - - - , xj. Then 0 = /(^i, - - •, ^ m ) - 
2 * * , ^ m )coj for all ^ e 中 . Since the co ； are ^-independent and 
the.•.，&) this implies that every .. *，&) = 0 . 

Hence, by a result proved in Vol. I, p. 112,/j(^i, .. x m ) = 0 for 
all j and so/(<Vi，.. x m ) = 0. 

We can now prove the following theorem on algebraic independ¬ 
ence of isomorphisms. 

Theorem 16. Let P be finite dimensional Galois over an infinite 
field E subfield of P/5>, and Q an arbitrary extension field of 
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p. Let Si y s 2i • . 、 s m be the different isomorphisms of E over $ into 
P over ^>. Then the Si are algebraically independent over 12. 

Proof. We recall that the number m of isomorphisms is [E：$] 
(§ 7). We note next that, if (ei, e 2 , . . • ， e m ) is a basis for E /$， 
then the determinant det (e 々） of" the matrix whose (i ， j) entry 
is €i Si is not 0. Otherwise, the rows of this matrix are P-dependent, 
so there exist p ； not all 0 in $ such that = 0 , z = 1 ， 2 ，…， 

m. If € is any element in E, we can write e = ^ e 少 ， and 

we obtain ^ Pipj€i s i = 0. Since = jS*, we have ^ Pye 〜 = 0. 

itj J 

This states that the operator SjjPjje = 0 contrary to Dedekind’s 
independence theorem for isomorphisms. We have therefore 
established that det (e 广 ）？ ^ 0. Now suppose / e x 2y ... ， x m ] 
and /(e® 1 , e 32 , . . . ， e a "*) = 0 for all c e E. Then /(S 氏 e/ 1 ， S 氏 e/ 2 , 
… ，严 ）= 0 for all 卢 i in the infinite field 中 . Now let g(xi y 
.*•，〜）= /(Xx^i 81 , 2 心 82 ，…， 6 Q[x u • * x-J. This 
vanishes for all Xi = 氏 e 中 ， so by the lemma, ^(^i, .. . ， x m ) = 0 . 
Now det (e t 〜） 〆0, so the matrix (e/ 1 ) has an inverse Then 

f(x u 11 - y x m ) = gC^XiHiu .. . ， ^Xifiin) = 0. This proves 

that s u …， are algebraically independent over fi. 

We can use the result just proved to establish 

Theorem 17. Let P be finite dimensional Galois over an infinite 
少 . Then P/$ has a normal basis. 

Proof. Let G = {々 ，…， 〜} be the Galois group of P / 中 . We 
have just seen that, if (pi, ."，/>„) is a basis of P over 少 ， then 
det (pi 8i ) ^ 0. Conversely, this condition is sufficient for a basis; 
for, = 0 where the 私 e 中 ， then = 0，/ = 1， .. * ， w. 

This implies that the columns of (pi 8j ) are ^-dependent unless 
every ^ = 0. Our criterion shows that, for a particular p, (p Sl , 
p - y * * •, p ~) is ci nurmai oasis ii iinu umy u act \p m ') 7= v^. yt c 
now write SiSj = s if and we know that (lj, 2 } -, … ， n } ) is a permuta¬ 
tion of (1, 2, " . ， n). Consider the matrix whose (i,f) entry is the 
indeterminate x if (ij = 1, 2, 

* • * J n) in P[X!, • * •, x n ]. We assert 
that the polynomial d(x\ y .. . ， x n ) = det (x^) ^ 0. To see this 
we specialize X\ = 1, = … == 0. Since each row and 

column of contains exactly one it follows that det (x ^)= 
±1 if the Xi are specialized as indicated. Therefore, d(xi y • • • ， x n ) 
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7 ^ 0, and so by the algebraic independence of the we can 
find a p e P such that det = det (p s v) ^ 0. Then p de¬ 

termines a normal basis. 

There is another, more sophisticated, formulation of the normal 

Kacic ffipnrpm wfiirh wp shall nnw inrlirafp. T7nr fhiQ wp infrnHnrp. 

IW 丄 秦 A « ^秦 * 墓 T » * ^<砵 • v r r v A 4 4 免•息 vw 私 • 私 ■•應 息 • • -w ^ 

the group algebra 中 (G) of the group G : 电 {G) has the basis G = 
{s u * • •, J n } and multiplication is defined by (2a 山力 ） = 
XaSjSiSj = XaSjSif (cf_ Vol. I, ex. 2, p. 95). We consider two 
right modules for ^(G ) : The first of these is $(G) itself considered 
in the usual way: xa, x e^(G) f a e^(G) is the algebra product. 
Next we consider P as ^(G)-module by defining pa = Za{p 8i for 
a = XaiSi in 中 ⑹. It is immediate that the module axioms hold 
for this multiplication. The normal basis theorem is just the 
statement that these two modules are isomorphic. Thus, let 
(〆•■) be a normal basis and consider the linear mapping of <^(G) 
over 中 into P over 伞 sending into p H . This is a 中 -linear iso¬ 
morphism and, if ^ then xs 3 - = ^ ^ ^iP 8 v = 

S ^iP 8i8i = (2^ ； p a 0^i- Hence, if we denote the image of x by 

i 

x\ then x f Sj = (xsj) f . This implies that x r a = (xa) f for all a e 
#((?) so we have a 伞 (G)-isomorphism. It is easy to check that, 
conversely, if x — x f is a 中 (G)-isomorphism of #(G) onto P, then 
the image of (Ji = 1, s 2i … ， s n ) is a normal basis for P/$. 

EXERCISE 

1. Prove the following generalization of Theorem 16 ： Let /Cvi ⑴， . • . ，尤》»⑴， 
x^ 2 \ • • •, x m ^ 2 \ • • *, xi^y • • . ， x m ^ r) ) be a non-zero polynomial in indeterminates 
Xi (j) . Then there exist rji } .. .， r; r e E such that f(r}i 9l 3 .. .，"S •. . ， W* 1 ，• •.， 
O 〆 0_ 

13, Finite fields. The main results on finite fields are readily 
obtained as applications of Galois theory. We proceed to derive 
these. At the same time we shall establish the validity of the 
theorem on primitive elements and normal basis for finite base 
fields. 

We remark first that any finite field P is of characteristic p ^ 0 y 
since otherwise P contains a subfield isomorphic to the field of 
rational numbers. Hence the prime field 伞 o of P is isomorphic to 
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I P = If (p ), If 中 is any subfield 5 of course) [P:$] = m < oo s If 
(pi, .. p n ) is a basis for P over 中 ， every element p e P can be 

n 

written in one and only one way as ^ a ； e 中 . If the cardinal 

1 

number |# | = q y then it is clear from this that | P | = q n . In 
particular, if [P:$ 0 ] = iVj $ 0 the prime field, then | P| = p N . 
This shows that the number of elements in any finite field is a 
power of its characteristic. 

We show next that for any prime power p N there exists one 
and, in the sense of isomorphism, only one field with p N elements. 
We consider the uniqueness first. Let P be a field with | P | = p N . 
Then it is clear that the prime field of P is isomorphic to I p . 
If p is a non-zero element of P, then p pN ~ l = 1 since the order of 
the multiplicative group P* of non-zero elements of P h p N - 1. 
We have also that p pN = p, an equation which is valid for every 
p e P. Thus every element of P is a root of x pN — x = 0 and 
x pN — x e $oM> the prime field. Then 

piV 

(i3) >： pjv - ^ = n - pi) 

i 

where the pi are the elements of P. This shows that P/ 金 o is a 
splitting field of the polynomial x pN — x. Now suppose P' is a 
second field such that | P’| = p N ; then P' has characteristic p so 
its prime field 金 o'= 伞 o. Also P'/$o is a splitting field of x pN — x. 
Hence = P by the uniqueness theorem on splitting fields. 

The method just used also gives the existence of a field P with 
I PI = p N y p a prime. For this we begin with = Ip which has 
p elements and we let P be a splitting field over 中 0 of x pN — x. 
Let 2 be the set of roots of x pN — x = 0 contained in P. Since 
the derivative (x pN — x) f = — 1 , x pN — x = 0 has distinct roots 
so 1 2 ) I = p N . We note next that 2 is a subfield, since, if 匕 rj e 
2 ， then ^ pN = rj pN = tj so — n) pN = ^ pN — = 专 一 ”, 

(^rf) pN = ^P N rj pN = ^ and (? 7 —J ) pJV = 1 = rj -1 if ” ¥ 0 . It 

now follows that 2 2 中。 and, since P is a splitting field of x pN — 
V = $ 0 ( 2 ) = 2 . Thus we have | P| = | 2 1 = p N . 

We prove next the theorem on primitive elements: If 中 is a 
finite field and P is a finite dimensional extension of then P = 
电 (0). Clearly, under the given conditions P is finite. We now 
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show that the multiplicative group P* is cyclic. This is a con¬ 
sequence of the following useful general result. 

Lemma 1. Any finite subgroup A of the multiplicative group of 
a field is cyclic. 

Proof. Let m be the order of A and let m r be the highest order 
for the elements of A. It is known that, if a and b are two ele¬ 
ments of a finite commutative group, then there exists a f in the 
group whose order is the least common multiple of the orders of a 
and b (Vol. II, ex. 1, p. 69). It follows that, if m f is the highest 
order, then b m， = 1 for every b. On the other hand, we know 
that the equation x m, — 1=0 has at most m r roots in a field. 
Since m r \m y we have m! = m. Moreover, if a is an element of 
order m, then the order of the cyclic group [a] generated by a is m. 
Hence A = [a]. 

Now if P is a finite field and O is a subfield, then surely P = 
^(d) if 6 is chosen to be a generator of the cyclic group P*. 

We consider next the automorphisms of a finite field P. If the 
characteristic is then we know that the mapping 7 r: 备一 > is 
an isomorphism of P into P. Since P is finite, this is an auto- 

L/iiidiii* j.i I x [ 一 p y p 一 p i\ji wv u y p c x • 上 jviutaiu 》 

7T* is the automorphism ^ ^ pi y so we have t n = 1. On the 
other hand, if 0 is a geneiator of the group P*, then d pm 9^ 0 if 
m < N. This implies that 7 r m ^ 1. Hence the cyclic group G = 
[t] has the order N. Let 中 be the set of G-invariants of P. Then 
we know that $ is a subfield and [P ： 4>] = N. On the other hand, 
we know that [P: 中 0 ] = p N if is the prime field. Hence # = 
中 o. We now see that the field P is Galois over its prime field 中 o 
and the Galois group is G = [t\. The Galois correspondence now 
gives a correspondence between the collection of subfields of P 
and the collection of subgroups of G. Since G is cyclic of order 
for each divisor n of N there exists one and only one subgroup H 
of index n. We have H = [r] where r = tt\ The correspond¬ 
ing field of //-invariants (or of r-invariants) has dimension¬ 
ality n over 中 0 . Hence \^\ = p n and we have shown that the 
subfields $ of P have order p n where n | N and for each such order 
there is precisely one subfield of P of this order. The Galois 
group of P over 中 is the cyclic group H — [t] as before. In general, 
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we shall call an extension field P/ 中 cyclic 、 abelian^ or solvable if P/$ 
is finite dimensional Galois and its Galois group is respectively 
cyclic, commutative, or solvable. Hence we can say that any 
finite field is a cyclic extension of any of its subfields. We shall 
therefore have the normal basis theorem also for finite base 
fields by proving 

Lemma 2. Any cyclic extension P/4> has a normal basis over 

Proof. Let j be a generator of the Galois G group of P/ 中 . 
We consider ^ as a linear transformation in P over 金 and let n(x) e 
be its minimum polynomial. Now Dedekind’s independence 
theorem implies that the automorphisms 1, s y … ， j n_1 are P- 
independent if (Grl) = n. It follows that these are also ^-in¬ 
dependent and consequently deg mM > On the other hand, 
[P：$] = » so the degree of n(x) cannot exceed n (Vol. II, p. 69). 
Hence deg/x(*v) = ». Since s n = 1, we see that ijl(x) = — 1. 

Now we know that there exists a p e P whose order polynomial 
relative to the linear transformation s is the minimum polynomial 
(Vol. II, p. 67). Then p, p 8 , p* n 1 are ^-independent and so 
these elements form a normal basis for P/$. 


EXERCISES 

Note ： A set of exercises on finite fields is given in Vol. I, pp. 112-113. 

1. Let $ be a finite field of order of q{= 〆).Show that an irreducible poly¬ 
nomial f{x) e is a factor of x° n — x if and only if deg/(x) \n. (Hint: consider 
the field 中 M/(X»)).) Show that — ^ = II ji{x) where Ji{x) runs over the ir¬ 
reducible polynomials with leading coefficients 1 of degrees divisors of n. Let 
N(q y r) denote the number of these polynomials of degree r. Derive the formula 

N(q, n) = - 2 M q r 

W rjn \T/ 

where fji is the Mobius function (cf. Vol. I, ex. 5, p. 120). 

2. Let 肌 be an » dimensional vector space over a finite field $ of odd order q 
(characteristic 〆 2) and let g(x y y) be a non-d^enerate symmetric bilinear form 
on 99? over 中 . Show that if » > 2, then there exists a vector u \nWl such that 
g(uy u) = 1. Apply this and the reduction theory of Vol. II, pp. 152-154, to 
prove that ujc has an orthogonal basis (u\ y u 2) • • *, u n ) such that g{u\^ u\)= 
5 # 0, g(ui t Ui) = 1 if ； > 1. Use this to prove that any two non-singular sym¬ 
metric n X n matrices with entries in $ are cogredient if and only if their 
determinants differ by a multiplicative factor which is a square (8 = 6'p 2 ) in 
Hence show that there are just two cogredience classes of non-singular sym¬ 
metric matrices. 
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3. Let 4>, 9SK, g be as in ex. 2. If e 2y •••,<?«) is a basis, then S = 
det (g(eiy <?,)) is called a discriminant of g. For 3 e $ let N(g, B) be the number 
of vectors u efffl satisfying g(u y u) = b. Show that 


N(g, 0 )= 


N{g y b)= 


'q 2 * -1 一 / + q v ~ 1 i if n = 2 v and 
( 一 l) v 5 is not a square 

q 2v ~ x + / — f -1 ，n = 2 v and 
( 一 1)*8 is a square 
-g 2 " } if » = + 1 

-q 2 y-i _}_ q y ~^ > if i> 0 t n = 2 v y and 
(—l)^ is not a square 
„ 2 v-i _ /-I， if i ^ 0, « = 2y, and 
(一 1 广 5 is a square 
q 2y — g v y if i 9 ^ 0 y n = 2 v ~^r 1, and 
(—1 ) 似 is not a square 
y 2 * + y F j if v 7 ^ 0 y ft = Ip 1 } and 
.(—is a square 


4. Let 0(«, ^-) denote the orthogonal group determined by 欠： 0(» ，欠 ） is the 
group of linear transformations A oi M such that yA) = g(Xy y) for all 

x,y e M. If « is a non-iso tropic vector, let O u be the subgroup of 0 (n t g) leaving u 
fixed. Show that 0« is isomorphic to 0(» — 1, ^0 where g f is the restriction of g 
to ($«) 丄 . Use Witt’s theorem to show that the number of cosets O u A of O u in 
0(»,《）is the number of vectors v satisfying g(v y v) = g(u y u). Use this result and 
ex. 3 to establish the following formulas for the order (0(», g ) : 1) : 


( 0 (n >g ):l) 


(«-l)/2 

2.n (? 2i - 1), if n is odd 

t =1 

(«-2)/2 

2.^»(»-2)/4^«/2 _ e ) [[ (? 2i — 1), if » is even 


Here € = 1 if ( — 1)*' 6 is a square; otherwise e = —1. 


14. Regular representation, trace and norm. In this section 
we consider a finite dimensional extension field P/$ and we shall 
define certain mappings of P into 金 called the trace and the norm. 
These functions can be defined just as easily for arbitrary finite 
dimensional algebras and are of importance for these also. We 
shall therefore beffin bv considering a finite dimensional aleebra 
2l/$ with basis (u\ y « 2 > • ■ u n ) over 中 . We define a (finite di¬ 
mensional) representation of to be a homomorphism of 
into the algebra 2^(9)?) of linear transformations of a finite di¬ 
mensional vector space 肌 / 金 . If S is such a representation: a 
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a s y then the defining conditions are 

(a + l) 8 = a 8 + b 8 y (aa) s = aa s } 

(14) 

{ab) s = a 8 ^ 8 , I s = 1, 

a y be^i y a eIf (^i, x 2y •. . ， x^) is a basis for 肌 over then 
we can determine the matrix a s relative to this basis in the usual 
manner: We write 

(15) x { a 8 = X ⑷允 /, / = 1 ， 2, .. . ， TV. 

i=l 

This gives the matrix a(a) = (c ^ •⑷） and the mapping a a{a) 
of 2l/^» into the algebra of N X N matrices with entries in 
电 . Since the mapping A (a) of the linear transformation A 
into its matrix (a) relative to (^i, x 2i …， is an isomorphism, 
the mapping a a(a) is a homomorphism of 21/0 into 中 jv/ 中 . 
Such a homomorphism is called a matrix representation. We recall 
that, if we change the basis (^i, … ， x^) to another basis {y u …， 
yN) where then the matrix representation defined by 

S and this basis is ^ ^ (/x)a(a)(/x) 一 1 where (m) = (Mt/) (cf. Vol. 
TT r. 

The most important representation of 效 / 金 is the so-called 
regular representation R. Here a R = a R the right multiplication 
x — xa defined by a. One checks directly that an is a linear 
transformation in H over O and that a ^ aR\s an algebra homo¬ 
morphism (cf. Vol. I, p. 82). Since 效 has an identity, a — a R 
is 1-1 and so is an isomorphism of Sl/$ into S# ( 效 ) .Since xa R = 
xa y we obtain the matrix representation associated with the basis 
(uiy u 2y •. .， u n ) of 31 / 中 by writing the products U{a as ^-linear 
combinations of the •: 

(16) ma = Xpiji^Ujy ) = 1 ， 2, 

We write p(a) = (p" ⑷） and we have the matrix representation 
a p(a) which is 1-1. Also since 1^ = 1, p(l) = 1, the identity 
matrix. As in the general case, a change to the basis (t ； i, v 2) .. 
Vn), where = XmjUjy gives the new matrix representation a 
o ■⑷， where 

(17) a(a) = (/x)pO)(m) 一 S (M) = 0"). 
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As an example of this we consider an algebra 级 = <^[a] with a 
single generator. Since [3l：$] < qo, ^[a] ^ ^[x]/(J(x)) where/(jc) is 
a non-zero polynomial with leading coefficient 1. We have /(a)= 
0 and /(x) is the non-zero polynomial of least degree (leading 
coefficient 1) having a as a root. Thus the polynomial /(x) is the 
minimum polynomial of a (Introduction, p. 6). Also ^[a\ has 
the basis (l ， a, . • - , a n—1 ) where n = fH: 中 ] =deg f(x). Suppose 

(18) /(x) = x n - +- h (-l) n a n> ai e 

Then we have the relations 


(19) 


la = a y aa = a 2 y ''' y a n ~ 2 a — a n ~ l 

a n ~ l a = aia n ~ l — a 2 a n ~ 2 + … + ( — l) n_1 a n . 

These show that, if p(a) denotes the matrix of ar> relative to 
( 1 , a, … ， a 71-1 ), then we have 


( 20 ) 


pW = 


■01 0 _ 

n n i 

\J \J X 

攀 • 

* _ 

• • • • 

• • 拳拳 

* _ 

• 1 

—ai • 


which is called the companion matrix of the polynomial /(x). In 
theory, once we know this matrix, we know p{b) for any element b 
in <^[a] since ^ is a polynomial in a. 

We now consider the general case again and we define the charac¬ 
teristic polynomial of the element az% to be the characteristic 

yj\JL\ 1 曩 

(21) f a {x) = det (a;1 — p{a)) 

of the linear transformation a R in 31 or of the corresponding matrix 
p(a). By (17) we have 

xl — <r(a) = (n)(x\ — p(^))(m) _ 1 
which shows that 


det (xl — <7(a)) = det (ju)(,vl — p(<3))(/i) —1 

=det (ju) det Ovl — p(a)) det (m)— 1 
=det (atI — p ⑷）. 
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Thus we see that f a {x) is independent of the choice of the basis 
for $l/$. We can write the characteristic polynomial as 

(22) f a (x) = x n - T{a)x n ~ l + … + (-\) n N{a). 

n 

We have T{a) = trace p(^) = ^ p “•⑷，⑷ =det (p(a)) and we 

i 

a «■» 11 waI ‘1*% a r* a vi44 i vi Qlf 八 a 

S^CLLL i V A11U. fk^Ji //* \Jl 111 V f T 

shall find it necessary at times to specify the base field of the alge¬ 
bra and also the algebra itself. In these cases we shall write 
Tai*^) for T(a) t N%\^(a) for N(a). Since the trace is a linear 
function of matrices and since a p(a) is linear, it is clear that 
a — Tja\q,{a) is a linear mapping of 效 into 中 . Also since p(l)= 
1, we have Tai$(l) = n\ and Tai$(a^) = aT^\^(a). Thus we 
have the following relations : 

Tz\<^{a b) = T*ai * ⑷ + 7ai$(^) 

(23) Tfi\ib(oLa) = aTfi^ia)^ a e 电 

T(l) = n\. 

Since a —> p(a) is multiplicative and A —> det ^ is a multiplica¬ 
tive mapping of the set of matrices, we have TVal* ㈣） = 
A^ai*(<3)A^ai*(^). Also，it is clear that 7V*[|*( ⑽） = a n Nu\^(a) 
and 編 *(1) = 1. Thus we have: 

AT / _ AT . / A7 . / L\ 

(24) N^(aa) = a"Wsil*(a )，a e^ y 

N(l) = 1. 

We recall that according to the Hamilton-Cayley theorem p(a) 
is a root of f a {x) =0. If we apply the isomorphism p{b) — b, we 
see that / a ⑷ = 0. Thus we have 

(25) 以一 T{a)a n ~ l + ... + (-l) n N(a)l = 0. 

Let m a (x) be the minimum polynomial of p(a) (or of a^). Since 
b — p{b) is an isomorphism, it is clear that m a {^) is the minimum 
polynomial of a. We recall that the minimum polynomial of a 
matrix is a factor of its characteristic polynomial and these two 
have the same irreducible factors in i[x] y differing only in the 
multiplicities of these factors (Vol. II, p. 99, or p. 102). 
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The trace function can be used to define an important bilinear 
form on the algebra This is the regular trace form 

(26) (a, b) ^ T^{ab). 

Evidently, we have the following rules governing this function 
whose values are in 

(a y b Y + b 2 ) = (a y + {a y b 2 ) 

(a\ + a 2i b) = ⑷，彡 ） + (<32, 彡） 

(27) 

cx(a y b) = (cxa y F) = {a y ab) 

{ab y c) = (a y be) (= T^iabc)). 

Also we recall that, if M and N are matrices, then the tr MN = 
tr NM (Vol. II, p. 104). This implies that 

(28) (a y b) = {b, a), 

so {a y b) is a symmetric bilinear form. We shall define also the 
discriminant of H over 金 relative to the basis (u\ y u 2y • ■ u n ) to 
be 

(29) 8(ui) = det ((« i} u 3 )) = det (7^|*(« 的 ))_ 

It is immediate that, if we replace (u u • • •, u n ) by the basis 
» v n ) y v t - = XfXijUjy then the matrix u 3 )) is replaced by 
(( y ij v d) = M(Xu“ Uj))M\ M = (fiij) (Vol. II, p. 149). Hence the 
discriminant relative to (y t ) is 6(u{)fi 2 } /x = det M. 

We now suppose that E is a subfield of $ of finite co-dimension 
in Then 31 3 ^ 3 E and [H ： E] = [31 :$][$: E] is finite so, if we 
consider 31 as a vector space over E, this is finite dimensional. 
Hence 效 is a finite dimensional algebra over E. We can therefore 
carry out all of the above considerations for the algebra 效 /E. We 
can also consider $ as an algebra over E and we can define 7V Ie ， 
T^ie, A^aiE, A^ie as well as Tai^, N%、. We shall now proceed 
to develop the following fundamental transitivity relations con¬ 
necting these functions: If $ 3 E, 

(30) 7*aiE(a) = 

(31) = 7V*| E (iVai* ⑷). 
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L 入 (Pnl) X(p„2) … X(pnn)-> 

where X(py) is a.n /i X h matrix with entries in E and we have ab¬ 
breviated pij = pi 3 '(a) . It is clear from the form of (35) that 

?ViE(a) = tr A(^) (tr = trace) 

=tr X(pu) + tr \(p 22 ) +- h tr \(p nn ) 

=tr X(pn + p22 + . • • + Pnn) 

=tr 入 (r a i* ⑷） 

= 7^| E (Tai* ⑷). 

This establishes (30). 

For the proof of (31) we require a general transitivity property 
of determinants (Vol. II， ex. 2, p. 135) which we proceed to derive. 
We suppose we have an nh X nh matrix with entries in a field E 
and we assume that, if we partition this as an » X w matrix A = 
(\ij) where each is an A X ^ matrix, then the all commute. 
This is equivalent to assuming that the \ i} ' all belong to a com¬ 
mutative subalgebra 迅 of the matrix algebra 中 a. This is precisely 


As before, we let («i, • - •, u n ) be a basis for Sl/ 4 > and we suppose 
( 7 i, y 2y • • 7 a) is a basis for $/E. Then 

( 32 ) ( 7 l«l, 72 « 1 , … ， JhUl； 7 l« 2 , … ， 7 A« 2； - - - 7hU n ) 
is a basis for 21 /E. If p e we write 

( 33 ) TflP = ^\t(p)yty q ) f=ly-- ) h 

so we have the isomorphism p (X(p)) where X(p) is the matrix 
(\t(p)) with entries in E. Then 7 ^|e(p) = 2 X flfl (p) and A^|e(p) 
=det (X(p)). We now combine the relations ( 33 ) and ( 16 ) to 
write 

( 34 ) iriqUi)a = ^>Yq/>ij(a)Uj = ^\t{pij{a))y t u h 

i y j = 1 , •••,», q，t = 1 , ''' y h. This shows that if the basis 
(y g Ui) is ordered as in ( 32 ), then the matrix of 你 in 21 /E is 


\)/ \J/ 
n n 
1 2 

p p 
r\ rv 

X X 


••• 

••• 

\ 1 / \ 1 / 

2 2 
1 2 • 
p p 
/l«\ r\ 

X X 


1 2 
p p 
/l\ /f\ 


⑷ 

M 


\ 1 / 

5 

3 
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the situation for the matrix K{a) and the blocks \(pij) of (35). 
Since the X»-,- e SB and SB is commutative, the usual definition and 
properties of determinants hold and we can consider 

(36) det n (A) = ^ €pX 1 ^X 212 - - - 

p 

where the summation is over the permutations (f’ 1 / 2 … in) of 
(12 . .. «) and «p = 1, — 1 according as P is even or odd. Now 
det n (A) as defined above is an element of 电 h. Hence we can take 
the usual determinant of this. We shall now establish the follow¬ 
ing formula: 

(37) det (det„ (A)) = det A 

where det A is the usual determinant of the nh X nh matrix. 

To prove this result we extend the base field E to a splitting 
field over E of the product of the characteristic polynomials of all 
the matrices Xy. It suffices to prove the result in this field. Hence 
without loss of generality we may assume that E contains the 
characteristic roots of all the X t j. The theory of sets of commuting 
linear transformations (Vol. II, pp. 133-134) shows that there 
exists a matrix /x e such that every /x -1 Xi//x is triangular: 


(38) = mi 

Hence if we set 

(39) M = 

then 

(40) M^AM = 


■Pin 本， 

Pij2 

* 

■0 Pijh- 




M- 


■”11 

V12 

1 •. 

Vln' 

V21 

_ 

V22 

• 

* * * 

_ _ _ 

V 2 n 

-Vnl 

Vn 2 

爭 * t 

Vnn- 
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We have detA = det M —1 AM and, since = ju 一 1 

det n M -1 AM = jLt -1 (det n A)ju. 

Hence det (det» M~ Y AM) = det (det n A); so it suffices to verify 
that 

(41) det (det„ M~ l AM) = det M 一 1 AM. 

Now it follows directly from the definition of det n and from the 
way triangular matrices are multiplied and added that 

'det pi * ' 

det p 2 

_ 

det pa- 

Pints' 

p2nk 

_ 

Pnnfc-* 

(44) det (det„ M -1 AM) = det pi det p 2 ••- det 

We need to calculate next det M 一 1 AM. For this we make the 
following permutations of rows and columns : 

column (/ — + j column (j — \)n + i 

row (/ — l)h + y ^ row () — 1)» + i 

for / = 1 , 2, • • •, » and y = 1 , 2, • • This gives the matrix 


(42) deU M _1 AM 


where 


(43) 


Hence 


Ph 




10 


'pllk 

Pl2k 

P21k 

• 

P22h 

Pnlk 

Pn2k 


( 45 ) 


fPi 


P2 


* 1 
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where pfc is as in (43). Hence, by Laplace’s expansion, det M 一 1 AM 
=det pi det p 2 • * * det ph = det (det n This proves (37), 

as required. 

We now apply this to norms. Here we have Nfa\^(a)= 
det (pij(a)) e# and 

N E \i>Nfi\^(a) = det (X(det p { /)). 

Since p X(p) is an isomorphism, we have 

(X(detptj)) = detn (X(pzj)) 
so 

det X(det pij) = det det„ (X(p t *j)) = det A(<a), 
by (37). Since det A(^) = N % \^{a) we have the norm formula (31). 

了 w, 4^1 ’ 1 ^Li SlC 

TT C ^Ilctll UUW SpCClitllZrC <111 UI Llll» UJ LI1C CitSC ； = J ： it X1C1U. 

We know that the minimum polynomial m a (x) of any a e P is ir¬ 
reducible. Hence the characteristic polynomial f a (x) = m a (x) r . 
We have [P: 到 =n = deg fjx) and [中 (々):$] = deg mJx )： there¬ 
fore r = dcg/ a (x)/degm a (x) = [P: 到 / 降⑷ : 到 = [P:$ ⑷]. Hence 
we have 

/ a / "\ r / \ / \ rp : 

j a \x) = m a {X)^ 

We shall now obtain some important formulas for the norm 
and trace of a field and we look first at the separable case. Thus 
let P/$ be finite dimensional separable, Q/^ the normal closure of 
P/$. Then is Galois and = (G： 1 ) for the Galois group 
G of Q/^. Let H be the subgroup of G corresponding to P/$ (the 
Galois group of 12/P). Since [P:$] = w, the index {G\H) = n 
and we have n distinct cosets Hsi y Hs 2 \ • • .， Hs n r . If denotes 
the restriction of s/ to P, then ^ 1,^25 . •.，are distinct isomor¬ 
phisms of P/4> into 0/4> and these are all the isomorphisms of P/ 中 
into Q./^ (§ 7). Next let p e P and let K be the subgroup of G 
corresponding to $(p). Then G ^ K ^ H. Let • • .，A/ be a 
complete set of representatives of the cosets Kt f in G and let 
Uiy '' 'yUr be a complete set of representatives of the cosets 
Hu’ in K, Then we have G = U Kt/ y K = UHuk so G = 

* A simplified version of the proof of the transitiidty formula for norms in this case will 
be indicated in ex. 2 below. 




FINITE DIMENSIONAL EXTENSION FIELDS 


71 


u Hu^tj and the mr elements form a complete set of rep¬ 
resentatives of the cosets of H in G. We may assume that these 
are the s/ which we indicated before. The restrictions of the t/ 
to 4>(p) give all the isomorphisms of 中 (p)/ 多 into 0/ 金 and these 
are distinct. Since p generates $(p), it follows that the elements 
p h， y p^y - - ' y p tm， are distinct and these include all the conjugates 
p 8， y s r e G. Hence the minimum polynomial of p over 中 is m p (x)= 

m 

XI (^ — pV). Also we have pW =〆，■’ for all 是 and j. Hence 

3 = 1 

n r m 

IJ (^ — p*0 = XI II ~ P Uh，ti， ) = w P W r _ On the other hand, 

{ = 1 ib = 1 J = 1 

r = [P:$(p)] } so by (46) (for a — p), we see that the charac¬ 
teristic polynomial 

(47) f p {x) = n (jv - 

1 

where s iy s 2) - - *, s n are the different isomorphisms of P/O into 
its normal closure 12/ 中. Comparison of this formula with (22) 
gives the following formulas for the trace and norm in the sepa¬ 
rable case: 

(48) 7Vi*(p) = 2 p\ N P \^(p) = II P Si - 

i i 

Next let P/0 be purely inseparable of characteristic p 9 ^ 0. 
Then [P：$] = p f . If p e P, the minimum polynomial m p (x) has 
the form x p6 — a = (x — p) v \ Since P/#(p) is purely insepa¬ 
rable, [P:^(p)] = p g and = [P:$] = [P ： $(p)][^(p):^>] = p g p e . 
Hence f = g By (46), the characteristic polynomial is 

(49) fp(x) = (x 1 ^ — a) p4 = (x — p) p/ . 

This shows that 

(50) 7pi#(p) = [P ： ^]p, iVp|$(p)= 

Now let P/^> be arbitrary, 2/ 伞 the maximal separable sub¬ 
field, the normal closure of P/$. Then S2/$ contains the 
normal closure A/$ of 2/$. Again we assume the characteristic 
is p 9 ^ 0. Then [P:2J] = p f y f > 0, and this is the degree of in- 
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separability [P：^]f (§ 10). If p e P we have, by (50) and (47), 
7Vpi*(p) = = NMp [T：qfU ) 

= 利 》•)«* . . . ( p [P ： *]v)»n 

where Si, S 2 y • • are the different isomorphisms of into 
△/$. Now it is easily seen that every j t - is the restriction of an 
isomorphism of P/$ into and distinct isomorphisms of P/4> 
in 12/ 中 have distinct restrictions to 2)/$ and map this field into 
A/$ (ex. 1, § 10). It follows that the foregoing formula can be re¬ 
written as 

(51) Np\^(p) = W* … p* tt ) [P： * li 

where Ji, S 2 , •••，<?» are now considered as the different isomor¬ 
phisms of P/$ into In exactly the same way we obtain 

(52) = [T ： mp Sl + P + … + 广). 

If P is not separable over $， then / > 0 and [P：$]j = p f is 
divisible by p. Hence we see that 7p| # (p) = 0 for inseparable 
P/$. 

We obtain next some formulas for the discriminant of P/ 中 
relative to a basis (p 1} p 2y •. .，p n ). This is 

(53) S = det (Tpi^(pipj)). 

If P/$ is inseparable, Tpi* = 0 so 5 = 0. Now assume P/O sepa¬ 
rable and, as before, let s ly s 2) …〆 „ be the isomorphisms of P/$ 
into Consider the matrix 

(54) A = (p/0 } h j = 2, 

We have shown in the proof of Theorem 16 that det A 9 ^ 0. We 
consider now the matrix AA\ A r the transpose of A y whose (/, j)~ 
entry is 

(55) Pi 8l Pj 81 + Pt* 2 Pi* 2 + … + Pi 8n Pj 9n = Tp\^(pipj). 

Hence 5 = det AA r and we have 

(56) 6 = (det A) 2 y A = (pf 8 0. 

Since det A this shows that S ¥ 0. We recall that this im¬ 
plies that the trace bilinear form (p, a) = 7p|#(po-) is non-de¬ 
generate (Vol. II, p. 140). We therefore have the following 



FINITE DIMENSIONAL EXTENSION FIELDS 


73 


Theorem 18. If P/$ is finite dimensional separable t then the 
trace form (p, <r) = 7p|$(p<r) is non-degenerate and the discriminants 
8 of are ^ 0. 

Let 0 be a primitive element of the finite dimensional separable 
extension. Then it is clear from (46) that the characteristic poly¬ 
nomial /(x) of Q is the same as the minimum polynomial. In 咖 ] 
we have f{x) = {x — &i)(x — 02 ) … （x — B n ) y Ot = 6, and the 
d{ are distinct. If f{x) is the derivative ofthen 

(57) /» = (P — 6 2 ){Q — h) … (fi — 

and this element is contained in P = 争 (0) since f r {x) e 争 [x】. The 
element f r {B) is called the different of d. We shall show that the 
discriminant B determined by the basis (1 ， d y d 2 y . • .， 0 n_1 ) is 

n(n—1) 

(58) 5 = 

We have 5 = det Now it is clear that we have an 

isomorphism of 牵 (0 )/ 金 into S2/* sending 6 into 〜， 1 < # < n. 
Hence the 6{ are the conjugates d 8i of 6 and (6 k ) 8i = &i k . The 
matrix A of (54) for the basis (1, d y d 2 y • • •, 0 n_1 ) now becomes 


A 


6i 


1 

e 2 


di 71 - 1 0 2 n_1 


Bn 


e n n ' 


It is well known that det A y a so-called Vandermonde determinant, 
has the value JI (0 t - — Bj). Consequently (56) gives the formula 

J>3 

(59) ^ = II - e i) 2 > h •/ = 1， 2 , • • •， 《， 

i<3 

for the discriminant. On the other hand, f f {B) = II (^i — B{). 

i^l 

Applying which sends 匕 intowe obtain : =H (〜— 〜). 

It follows that 

1) 

(60) N P ^(f(e)) = (—i)~^n (H) 2 _ 


i<j 


Comparison of (59) and (60) proves (58). 




A 
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EXERCISES 

1. Let 21 be the algebra ^[x]/{x n — 1), so that 21 has the basis (1, B y - - . ，炉 ― 1 ) 
where 9 is the coset x + (x n — 1). Show that, if a = a。+ aiO + • •. + 
a n -i^ n_1 , on e 牵 ， then the matrix of relative to the basis (1, $, • - • ，汉 n_1 ) is 
the circulant matrix 



_a 0 

^1 

* • 

, art—r 


一 1 

Oio 

Oil • 

• ^n—2 

A = 


甲 

* 

• 



* 


* 

* • 


^1 

Oi2 

OLz • 

• OiQ - 


Show that, if $ contains n distinct w-th roots J*,- of 1, then 

N(a) = det ^ = H f £ a 心 

—i \ o f 

2. Let P ^ $ 3 E be finite dimensional extension fields of the field E. Let 

a eP and let x n — a\x n ~ l -\ - h (—l) n a B be the minimum polynomial of a 

over 伞 so that (20) defines a matrix representation of $(<?)/$. Show that one ob¬ 
tains a matrix representation of $(a)/E by replacing the entries 0, 1 which 
appear by the h y, h zero and identity matrices respectively and the by the 
representing matrices X(ci£j) for a matrix representation of $/E. Use Laplace’s 
expansion to verify that the determinant of the resulting matrix is 

A/# ⑷ /eO*) = detX(a«). 

Since a« = N 龟⑷ f 电 {a\ this gives 

^*(o)/e(^) = _ 

Next show that N^\^(a) = A^( a )/E(a) r , r = [P :$(«)]. Use these results to prove 
(31) for 级 =P. 

3. Let 级 /$ be an algebra with the basis («i, « 2 , • * ««) and let 王 = 

伞 ( 右 1 ，专 2 , • • . ，专 》) the field of rational expressions in indeterminates Consider 
the algebra (91 3£) over 9£ which has the basis {u\ y « 2 , • • *，««) over Show 

n 

that, if JtT = then the characteristic polynomial fxi x ) of X is a homogene- 

l 

ous polynomial of degree n in 剩； v ， 右 1 ， ... ， ^«], indeterminates. Use this 
and the arithmetic theory of polynomial rings of Vol. I, pp. 124-127, to show that 
the minimum polynomial nx(x) of X has the form x m — /( 右 i, • • .，+.. * 
+ (-i)H … 丄） where the coefficient of x m ~ y is a homogeneous poly¬ 
nomial of degree i in the ^s. If a = So£{tt»- e 31, set n a (^) = x m — /(ati, • * •, 
a n )x m ~ l + .. . + ( —l) m »(ai, - - *,a«). Prove that ti a (a) = 0. 

4. Let the notations be as in 3 and assume 效 =P is a field. Show that fix{x) 
is irreducible (Hint: Use ex. 4, § 9 )； hence show that /x(x) is a power of fix(x). 
Show that « (右 1 ， • * ■ ， 右 rt ) is irreducible and that the norm form 

N(X) = 土 》 (U) r . 
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15. Galois cohomology. One is often interested in studying 
mappings of the Galois group G of a finite dimensional Galois 
extension P / 中 into P or into the multiplicative group P* of non¬ 
zero elements of P: More generally, one encounters mappings of 
the product sets G 乂 G、G X G X G } • - ■ (functions of several 
variables in G) into P or P*. A particularly important type of 
mapping of G into P*, s n 8 e P*, is one which satisfies Emmy 
Noether's equations 

(61) Mat = 

If the \i a e 多 ， then fij = and this reads : jjL si = which is just 
a character or multiplicative mapping of G into 中 . If G is cyclic 
with generator g: G : ={^ygy * * * J g n ~ l }yg n = 1 , then any element 
/u e P such that N{y) = /x〆.../x 产 =1 defines a mapping s — 
Us satisfying (61) if we define 

(62) Mi = 1, Mg = Mg® = - - - 

Then n g i+i = nn e • • - ix e * = (nn 8 --- 〆 x ) g /j, = n g i e n g holds for 
i = 1, •••,» — 2. Also (61) is clear for t = \ since mi = 1 and 
1 = ix g n = ix g n-i e ^ g = jj, 8 - • • ti gn = N{p). Hence (61) holds 
for all J f and t = g. It is easy to check by induction that it is 
valid for all s and all t = 

In the general case, if y is any element of P*, we can set n 8 = 
7 ( 7 *) 一 1 and we have 

= (WO 一 ” W) 一 1 
= 一 1 

= 7(，) 一 1 
= 

Thus fi 8 = 7 ( 7 *) _1 satisfies Noether’s equations for any non-zero 
7 in P. We proceed to show that this “trivial” solution of Noe¬ 
thers equations is the only possible one, for we have 

Theorem 19. Let s ii 8 be a mapping of G into P* such that 
ii 8 t = eG. Then there exists a non-zero element y in Y 

such that fi 8 = 7 ( 7 *) _1 . 

Proof. Since the fi 8 are ¥ 0 and the automorphisms are right 
linearly independent over P, we see that the operator Xsn 8 (= 
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Xsh 8 b) is 9 ^ 0. Thus we can find a e P such that 7 三卢 (2 印 8 )= 
^ 0. We now calculate 

7* = (Z = Z 

\*eG / 8 

=(S 

=( 2 “) M (- 1 

= 

since st ranges over G \{ s ranges over G. Hence we have 7 * = 
7 M « _1 and nt = W ) 一 1 as required. 

We have seen that, if G is cyclic with generator g and /x is an 
element of norm one in P (A^»|*(/a) = 1)，then Noether’s equations 
hold for pgi = — • •. 1 < i < n — 1,/ai = 1. The theorem 

now states that there exists a 7 e P* such that fi = ii g = W) 一 1 • 
This gives the following corollary which is referred to in the 
literature as “Hilbert’s Satz 90 ”： 

Corollary. Let P/$ be a finite dimensional cyclic extension field 
and let g be a generator of the Galois group of P over Then any 
element /x e P such that A^>i*(/i) = 1 has the form m = tCtO -1 J or 
a suitable 7 e P. 

The two results which we have just obtained have analogues 
for the additive group of the Galois extension P/ 中 . We consider 
a mapping s 8 S of G into P. The additive analogue of Noe¬ 
ther^ equation is: 

(63) B 8 t = 8^ -f- 5(, s y t e G. 

If 7 e P and we set 5* = 7 — 7 % then = 7 — y 8t and 5/ + 
5( = 7 * — 7 ®* + 7 — 7 * = so (63) holds. The direct analogue 
of Theorem 19 is valid: 

Theorem 20. Let 8 a) s eG t be elements of P satisfying (63). 
Then there exists a y e P such that = 7 — 7 ®. 
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Proof. We choose an element p e P such that Tp\^(p) = Zp a 9 ^ 
0 . This can be done since s 9 ^ 0 by the Dedekind inde- 

pen den ce theorem. Set 7 = L T{p)~ l h a p 8 . Then 
y — 7* = ^(p) _1 — Vp*”) 

=w - 1 (E(d，)) 

= TV ) -《 I ： 5，） 

= BtTip )- 1 ㈣ 

= = 8 t> 
which is what we want. 

In the cyclic case, G generated by g y the analogue of the condi¬ 
tion A^i # (/a) = 1 is r P |$(/i) = 0 . If m is such an element, then 
we set 5i = 0 , h g < = 〆 + + ... + fi g% and it is easy to check 

that (63) holds. We therefore have the following additive analogue 
of Hilbert’s Satz 90: 

Corollary. Let P/$ be finite dimensional cyclic^ g a generating 
automorphism of the Galois group of P/ 金 . Then any element /x e P 
such that Tp|$(ju) = 0 has the form y — y s for a suitable 7 e P. 

We recall that, if P/$ is finite dimensional Galois with G as the 
Galois group, then the set S#(P) of linear transformations of P 
as vector space over 中 coincides with the set 迓 of operators of the 
form 2 s PaR (Lemma of § 4). We know also that by 

the Dedekind independence theorem the group elements (』)， 
s e G % form a basis for as right vector space over P. We shall 
now show that Noether’s equations arise in considering the follow¬ 
ing question ： What are the automorphisms of the ring C$(P) which 
leave fixed every element of the subring (= IP) ? Let A be 
such an automorphism and set / = u 8i s eG. Then if we apply A 
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to the basic relation p R s = s{p 8 )r (eq. ( 2 )), we obtain 
(64) PrU 8 = u 8 (p s ) R . 

1-Tpnrp 

Pr{s~ 1 u 8 ) = = S~ l U 8 {p 8 ~ l8 ) R = (j -1 « s )p B . 

Thus we see that s~ l u 8 is an endomorphism of the additive group 
of P which commutes with every right multiplication p R . This 
implies that s~ l u 8 is itself a right multiplication (Vol. I, p. 83). 
Hence s~ l u a = h 8 r and u 8 = sn 8y s eG. We now use the fact that 
s s A = u a is a. homomorphism of G. This implies that u 8 t = 
u 8 Uty Sy t eG and so we have stjjL at = 卜 Hence 

the e P* (since 〆 0) satisfy Noether’s equations. Con¬ 
versely, it is easy to see by reversing the steps that, if the 0 
satisfy Noether’s equations, then the mapping 

/ : £ 印 8 — £ U 8 p 8 y U S = SfJLg 
8 8 

is an automorphism of S$(P) which is the identity on P^. We now 
recall that any automorphism of S«.(P) which is the identity on 电 r 
(acting in P) is an inner automorphism (Vol. II, ex. 5, p. 237). 
Hence there exists an element C e ?$(P) such that X A = C 一 1 XC 
holds for all X e ?$(P). In particular, we have pr = p R A = 
C 一 1 prC for all p e P, that is, C commutes with every p R . This 
implies that C = 7 ^, 7 a non-zero element of P. Then 

Sfi 8 = u 9 — s A = C^sC = 7 r 一 1 sy R 

== ^(( 7 _ 1 )* 7 )^ s eG 

which implies that ii 8 = 7 ( 7 *) -1 . This gives another proof of 
Theorem 19. Of course, this is considerably less elementary than 
the first proof. However, the method is useful in related con¬ 
texts in which the first method is not applicable. 

The representation of S$(P) as H = suggests a construc¬ 

tion of a more general kind of ring, called a crossed product of 
the field P and its Galois group G. For this purpose we consider 
a right vector space 33 over P with basis (u 8 ) in 1—1 correspondence 
s ^ u 8 with the group G. Thus the elements of SB can be written 

■m M A M A M AJ A a r\ 1-^ ^ ^ ^ I * |jl 一 

里 里 u 里上 ^ 里 u w <xy 里 liiw ivji in f „ Hs ex, ov ciial • ±. jjg 
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= (G ： 1). We now suppose we have a mapping of G X G into 
P* so that for each ordered pair (s } t) of group elements we have a 
corresponding jjL 8tt e P*. We use these to define a multiplication 
in 迅 according to the formula 


〉 : U 8 p8 

$tG 

It is easy to verify that the multiplication is both ways distribu¬ 
tive relative to addition. Hence S3 will be a ring if and only if the 
associative law of multiplication holds. Also because of the dis¬ 
tributive laws it suffices to have {ab)c = a{bc) for a = u 8 p y b = 
Utcr, c = u v T y SytyVe G. Now 


AS 




(65) 


(ab)c = (ustp^fis^iu^) 

= ^8tVp Tfl 8f t V ^8t,V 

a{bc) = (u 8 p)(utvO- v T^ t ,v) 

= “ 8 tvP 〜 V T/JL 8 ， tvgt，v 

Hence associativity holds if and only if 

(66) “， v = M* , t vl^t, vy S y V B G. 

A set of non-zero fi 8fty / e G, satisfying these conditions is 
called a (G y P*) factor set. Our argument shows that such a set 
defines a ring 迅 by means of (65)，the associativity conditions cor¬ 
responding precisely to the conditions (66). The ring SB is called 
the crossed product of G and P with respect to the factor set 
We shall write SB = (G, P, n) to indicate the ingredients G y P and 
the factor set n = 

If we consider again the representation of S$(P) as 级 ={2)jp # }, 
we see that $1 is isomorphic to the crossed product (G, P, 1) where 
1 is the factor set /x 3)t = s y t e G y 1 the identity of P. This is 
clear if we compare (65) with the multiplication of elements of $1. 
We now replace the right basis (s) of % over P by (u s ) where u 8 = 
s l8i T* a non-zero element of P. Then we have 

u 9 Ut = (sy 8 )(^y t ) = sty^yt 
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Thus we see that 21 is also isomorphic with the crossed product 
(G y P, n) where 

(67) = T** _1 T**7*- 

It is easy to check that these satisfy the factor set conditions but 
this is unnecessary since these are equivalent to the associative 
law. A factor set ju which is obtained from a function s ^ y s e P* 
by means of (67) is said to be equivalent 勿 1 (ju 〜 1). The result 
we have established is that, if m 〜 1， then (G y P, n) is isomorphic 
to 8$(P). One might be tempted to guess that the analogue to 
Theorem 18 is valid for factor sets. However, this is not the case 
and we shall indicate this by considering the special case of a 
cyclic group. 

Let G be cyclic with g as generator and let (G ： 1 ) = n. We set 
for 0 <i y j <n - \y 


( 68 ) 


MW = 


1 if i + j < n 
a 9 ^ 0 in ^ if i j > n. 

We have to check the factor set conditions (66). Since 1, a e 中 
these 'simplify to 

(69) = /W+*/V,g*. 


There are three cases ： i j k < n < i j k < 2n y and 
t -I- i k h Tn fhp flrftf hnfh rpHnrp tr\ 1 Tn 

, I a j ■ ， m w m ^ • • ^« 德 • m A m ^ W- ^* 

the second, both are a; and in the third, both are a 2 . A crossed 
product (G f P, n) where G is cyclic and fi is of the type just de¬ 
fined is called a cyclic algebra or cyclic crossed product. The condi¬ 
tion that 〆 〜 1 is that there exist non-zero elements 7 g f such that 
= Tg i+ 1 _ 1 7 g <g 7 g- This gives for 7 = y gy TV = TX g ，」..， 

y g n-i = yy e - - - a = 71 — 1 Tg n ~ lg T = Ti ~' ' * y &n 1 = 

7 i _ 1 Ap|$( 7 ). Also I = Mi,i = gives 71 = 1 so we must 

have a = N-p\<t>{y). It is easily seen also that this condition implies 
that / i 〜 1 • Thus we see that we can get a factor set /x 9 ^ 1 
simply by choosing an a e # which is not the norm of any element 
7 of P. For example, let 伞 be the field of real numbers and P 
the field of complex numbers, P = $(/), i 2 = —1. Then if 7 = 

7 i + h 2 y 7 i> 72 in 7 g = 7 = 7 i — h 2 and N(y) = ji 2 + 
y 2 ' J > 0. Hence if a < 0, then a is not a norm. We remark that 
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it is easy to see that the cyclic crossed product constructed with 
such an a is isomorphic to Hamilton’s quaternion algebra over 屯 
The notions with which we have been dealing are all special 
cases of notions in the cohomology theory of groups. We shall 
now indicate briefly the general situation. We begin with an 
arbitrary group G and the group ring 1(G) of G over the integers. 
The elements of 1(G) are the elements ^ m 8 s where the m 8 are 

srQ 

integers tutu rn % ?= \j iui <1 unite suuset ui \j ^ci. v ui. i, ca. p. yj). 

We consider Xm 8 s = ^n 8 s if and only if m 8 = n 8 for all s. Addi¬ 
tion in 1(G) is by components: Xm 8 s + ^n 8 s = X(m 8 + n^)s. 

/ \ / \ 

Multiplication is defined by ( m 8 s ) ( 2 »〆 )=Z) m 8 n t st. 

\ «eG / \ teO / s 9 teO 

Since G is associative, 1(G) is an associative ring. Let 肌 be a 
right /(G)-module so that 职 is a commutative group under addi¬ 
tion and a product xa y x a ^ 7(G), ^ e 99? is defined so that 
(x + y) a = xa ya y x{a + b) = xa xb y x{ab)= ( 似 ) 々 ， xl = 
1 . 

Let C r (G y 肌 ） denote the set of mappings of the r-fold product 
G X G X • • • X into Tl. The elements of C r (G, 肌 ） will be 
called r~cochains of G relative to the module 肌 . These are the 
mappings (^i, s 2y • • ' y s r ) f(s u s 2) • • J r ) e SW, Si e G. We 
make a commutative group out of C r (G y 肌 ） by defining / g 
in the usual way by (/+ s 2y - - •, s r ) = f{s ly - - •, j r ) + 

. ■, s r ). We shall now define a homomorphism d y the co¬ 
boundary operator of C r (G } 肌 ） into C r+1 (G y 9W). We do this by 
defining df iot fin C r = C r (G } SD?) by 

s 2y ■ * 'y ^r + l) = f{^2y * * *> ^r + l) 

r 

(70) + E (― 1)*/( 』1， s i-l> s i s i+ly ' ' *j J r+l) 

<=1 

+ ( — l) r+1 /( J i ， … ， s r )s r+ i ， 

It is clear that d{J + g) — df dg y so J is a homomorphism of 
C r into C r+1 . Strictly speaking we should denote the d we de¬ 
fined by (70) by d T \ however, it is convenient to use the same nota¬ 
tion for all of these hofnomorphisms which are defined on C r , r — 
I, 2, • • •. It is convenient to indude aiso the group C° of Q- 
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cochains which we take to be the module SO? itself. Then if 
x zC° = ^flydx is the element of C 1 such that {dx) (j) = x — xs. 

The kernel of d (acting on C r ) is denoted as Z r and its elements 
are called r-cocycles of G relative to the module 肌 The image 
in C T of C p_1 under d is denoted as B r and its elements are cailed 
r-coboundaries. Both Z r and B r are subgroups of C r and it can 
be shown that Z r 3 B r . This is equivalent to showing that d 2 = 
0 for the coboundary operator d. We shall leave the verification 
as an exercise (ex. 1 below). The factor group H r {G y 肌 ） = 
Z r /B r is called the r-th cohomology group of G relative to the module 
肌 Here we take r = 0, 1, 2, • • •, and we adopt the convention 
that 5° = 0 , so = Z°y the group of 0-cocycles. The elements 
of this group are just the elements ^ of 99 ? such that x = 0 
for all s eG. Evidently these are just the set of invariants of 99? 
relative to G. 

We shall now show that the notions we have been considering 
in this section fit into this general picture. We take G to be the 
Galois group of the field P/^ where P / 中 is finite dimensional 
Galois. For the module 肌 we take either the multiplicative 
group P* of P or the additive group (P, +) of P. In the first 

race WP malrp P* ；! for T(n\ Kv <T n/7 n f> V* n = 

^ m«s to be the element XI (fl s ) m 、Since G is a finite group 

seG 地 G 

there is no difficulty in defining this product. It is trivial to 
check the module axioms and we leave this to the reader. A 1- 
cochain j ^ ju s = ju(j) e P* is a cocycle if and only if (dn) (s f /)= 
MtMst'Vs* = 1 (the 0 of P*). This is equivalent to n 8t = 
which are Emmy Noether’s equations (61). If 7 e P* } then 7 is 
a 0 -cochain and its coboundary is the 1 -cochain /(s) = 7 ( 7 *) -1 . 
Theorem 19 can now be re-interpreted as the statement that 
every 1-cocycle of G relative to P* is a coboundary. In other 
words, Z l /B l = 1 , or the first cohomology group of G relative io 
P* is the identity. 

If (s, t) — ju s>( is a 2 -cochain, then the coboundary definition 
gives 

(d^)(Sy ty u) = _1 - 

It follows that Ms.* is a 2 -cocycle if and only if 〜 uM *，《 = 
^8t,uti 8 ,t u , s y t y uzG and these are just the conditions ( 66 ) defin- 
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ing a factor set. Thus the 2-cocycles are just the factor sets. If 
s 7 * is a 1 -cochain, its coboundary dy is given by (dy) (s y t) = 

Hence 2-coboundaries are just the factor sets 
equivalent to 1. The general considerations imply that the set of 
factor sets form a group under multiplication: = Ms, 

The factor sets equivalent to 1 form a subgroup and the second co¬ 
homology group H 2 {G y P*) is the factor group of the first of these 
groups relative to the second. As we have seen, in general the co¬ 
homology group i/°(G, P*) is the set of G-invariants of P*. Thus 
this is the multiplicative group of the subfield 

An entirely analogous discussion can be made for the additive 
group (P, +) considered as an 7(G)-module by means of the 
definition pa = ^ m 8 p 8 . It is easily seen that Theorem 20 states 

seG 

that the first cohomology group of G relative to (P, +) is 0 . It can be 
shown that if the characteristic of P is either 0 or not a divisor of 
the order n of G y then all the cohomology groups H r {G y P) = 0, 
r > 1. This is an immediate consequence of ex. 2 below. 

EXERCISES 

1 . Prove = 0. 

2. Let G be a finite group of order n and let 99? be a module for 1(G) which is 
uniquely n-divisible in the sense that for any jy e SO? there exists a unique x 

(written as —J) such that nx = y. Prove that the groups H r {G t 3D?) = 0 for 

r > 1. 

3. Let P/$ be a cyclic field extension, [P:$] = », r a divisor of «， 7 a non-zero 
element of $ such that y r = iVp|$(p), p e P. Prove that 7 = N 咖 (if) where 
E/$ is the (unique) subfield of P/$ such that [P:EJ = r and 矽 e E. (Hint: Set 
n = mr and consider the element jS = pp* ... p e . Show that Np\e(0) — y r 
and apply Hilbert’s Satz 90 to 

16. Composites of fields. In this section we consider a prob¬ 
lem which can be formulated roughly in the following manner. 
Given two extension fields E and P over to determine the ways 
these can be put together to form another extension field of 
More precisely we seek to determine the composite fields of E and 
P over 伞 in the following precise sense. 

Definition 3. Let E and P be two fields over 电 . Then a composite 
field of E/4> and P/^> is a triple (r, s } t) where V is a field over 电 and 
s and t are isomorphisms of E/$ and P/$ respectively into r/O such 
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that T is generated as a field by the images E* and P f . The com¬ 
posites (r, s } t) and (r 7 , s f y t f ) o/B/^ and P/$ are equivalent if there 
exists an isomorphism u ofY/^ onto T f such that su = s f and tu = 

The problem is to determine the equivalence classes of com¬ 
posites. We shall consider this question now under the assump¬ 
tion that one of the fields, say P, is finite dimensional over 中 . In 
Chapter IV (§ 10) we shall investigate the problem for infinite 
dimensional extensions. 

Suppose (r, s, f) is a field composite of E/$ and P / 中 where 
[P：$] = » < qo. We consider the subset 

E s P f = jE^WI^-eE, Piepj- 

Clearly this is the subalgebra of r/$ generated by the two sub¬ 
algebras E s /$ and P f / 中 . Also it is immediate that, if (p 1} p 2 , …， 
p n ) is a basis for P/ 中 ， then E s P f = E s p/ + E*p 2 / + … + EV 二 
the set of E*-linear combinations of the p/y \ < i < n. Since V 
and hence E s P f is commutative, E s P f is an algebra over E s and 
[E s P f : E s ] < » < oo. Since E*P f is contained in a field, it has no 
zero divisors; hence by VII of the Introduction, E s P f is a field. 
Since r is the sub field of V generated by E® and P ( , we see that 
r = E s P f . This important relation leads us to look at the tensor 
product algebra E 0$ P whose dements we indicate in the 
original notation: 2)6^ ® pi ， The basic property of the tensor 
product is that the mapping ® p t - —>■ Se/p/ is a homomor¬ 
phism of E 0$ P onto r = E*P f . If 3 is the kernel of this homo¬ 
morphism, then r ^ (E 0^ P)/3f. Since r is a field, this implies 
that 3 is a maximal ideal: 3 is a proper subset of E <S> P and there 
exists no ideal ^ such that E ® P ] ] 3. Conversely, if ^ 

is a maximal ideal in E ® P, then r = (E ® # 0 and this 

has no ideals 〆0, E ® P. Hence r is a field (Vol. I, p. 77). We 
can now state the following result. 

Theorem 21. Let E/$ and P/$ be fields such that [P：$] < oo 
and let ^ be a maximal ideal in E P. Let s be the mapping « —> 
€ ® 1 + 3 of E into r = (E <S> P)/3f and let t be the mapping 

into T. Then (r, s y t) is a field composite 
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of E/ 中 and P/$. Distinct maximal ideals 3, 3f r E ® P give 
rise in this way to inequivalent composites. Moreover^ every field 
composite of E/$ and P/$ is equivalent to one of the (r, s y t) given by 
a maximal ideal E <S> P. 

Proof. If 3 is a maximal ideal in E ® P, then e e <g> 1 is a 
homomorphism into E 0 P so j:€ — €®l+3 is a homo¬ 
morphism into r = (E ® P)/3f. Since 1 — 1+3? and E is a 
field, s is an isomorphism. Similarly t'p — 1 <S> p + ^ is an iso¬ 
morphism of P/$ into T. Any element of T has the form ® 
Pi + and €i ® = (€»■ <S> 1 + 3)(1 <S> pi + 3) = h.W; 

hence r is generated by E s and P f . Also r is a field since 3 is 
maximal. Hence (r, s y t) is a composite. Next let 3 and ^ be 
two maximal ideals, (r, s y /), (r, / ， 〆）the associated composites 
and assume that there exists an isomorphism u of r/ 金 onto ry$ 
such that s f = su y t ! = tu. Let ® pi e 3. Then the defini¬ 
tions of s y t give the relation 2 W = 0 in T. Applying u we ob¬ 
tain pi l> = 0 which means that <S> Pi e Thus we see 
that 3 G 3?'. Since 3 is maximal we have 3 = We have 
therefore proved that, if the composites (r, s t t) y (r, s f t t r ) are 
equivalent, then ^ = 3?’. Finally, let (r’ ， / ， 〆 ） be a composite of 
E/$ and P/ 中 constructed in any way. We have seen that the 
mapping ® p { —>■ is a homomorphism of E ® P onto 

r r whose kernel 3 is a maximal ideal in E <8> P. We have the in¬ 
duced isomorphism u \ S€ t - ® /^ + 3 — ^U S P% ofr = (E ® P)/3f 
onto r’. One checks that this is an equivalence of the composite 
(r, s } t) defined by with (r' ， / ， 〆). This completes the proof. 

We have now established a bijection of the collection of equiva¬ 
lence classes of composites with the collection {3?} of maximal 
ideals in the tensor product E 0* P. Since E P can be con¬ 
sidered as a finite dimensional ale-ebra over E (Introduction')* the 

-• - o - - - \ - f ， 

following result implies that there are only a finite number of 
equivalence classes of composites of E / 中 and P/^>. 

Theorem 22, A finite dimensional algebra with an identity ele¬ 
ment has only a finite number of distinct maximal ideals. If these 

h 

^T€ 3^2, '' - y 3h and 9? = fl then ! = Sl/SR 兰 h ㊉ ㊉ 

1 

…㊉ where Yj = 沉 /3 六 
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Proof. The direct sum ㊉ r 2 ㊉..'㊉ is just the set of h- 
tuples (Ti, 72 , • • - } 7h)y 7* e where equality is defined by 
equality of components and addition and multiplication are also 
by components. Evidently the dimensionality of the direct sum 
is the sum of the dimensionalities of the Vj. Now let 3fi, 〜 
be any distinct maximal ideals and let SB = 巧 ㊉ 匕 ㊉...㊉ 

We define a homomorphism of SI into SB by mapping 
a (a - 3 1} a + .'•，《 + ^ h ). The fact that this map¬ 

ping is a homomorphism is immediate. The kernel 況 of this 
homomorphism is the set of elements a such that a + ①① 

h 

for every j. Hence 況 = 门 We shall now show that the 

i 

homomorphism is surjective. We show first that + ^ 2^3 • • • 3a 
= 21. Since the are distinct maximal ideals, 21 = + 3?2 

and 级 = Multiplication gives 21 ~ SI 2 = 3i 2 +3fi^3 + 

+ 3f2^3. Now suppose we already have 21 = 
3 ?i + 3^2 * * * Since 21 = 十 i a similar multiplication 

gives 21 = + ^2^3 - - - 3 ffc+i. Hence we have S 5 = ^i + 

义 .•. 3a and this implies that SI = 3fi + (32 门… H Sh) since 
3?2… 3 a G 32 门…门 3 a. If a is any element of then our 
relation shows that a = b -{■ c where b e c e 门… A 
Hence the image of c in our homomorphism is (c + 3i, c + 3 ?2, 
…〆 + 3 a) = + 3i, 3^2, • * &h), which shows that, if 71 is 

any element of 1\， then the element (7i, 0 ， …， 0 ) is in the image 
of the homomorphism, ki a similar fashion, if is any element 
of r*, then (0, • • • 0, 7^, 0, • • • 0) is in the image. Addition shows 
that any element (71, y 2i …， 7^) is in the image so the homo¬ 
morphism is surjective. It is now clear that, if 3 a 

are distinct maximal ideals, then the dimensionality [?[：$] > 

h 

2 [Fy : 到 where Tj = 级 /①. Since every [r : •:到 > 0， this of* 
1 

course puts a bound on the number of Also we have seen 
that，if 3 ^ 1 , 3 i 2 > ■ • are distinct maximal ideals and 況 = 门 

uien «i/ m d 丄 i 1 

We shall now obtain more precise information on composites 
under the assumption that P = 中 (0) is a simple algebraic exten¬ 
sion of Let /(x) be the minimal polynomial of 9 over 金 . Then 
(1, d, 6 2 y . . .， 0 n_1 ) is a basis for P/$ and $ n = a 0 ol^B + • • • + 
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a n _i^ n_1 } if /(x) = x n ~ an-iX 71-1 — ... — a。. Now consider 
E P. The elements of this algebra can be written in one 

n 一 1 

and only one way as € » ^ ^ € » e E. We consider E 0$ P 

o 

as an algebra over E by defining <S> 6 { ) = <8> 0*, r ； e E (cf. 

In trod.)* Then it is clear that 1 ® 0 is a generator of E P 
over E and the minimum polynomial over E of this element is /(x). 
Thus we see that E <8>$ P = E[jf]/(/(^)). The ideals of this alge¬ 
bra have the form (p(x))/(/(x)) where p{x) is a divisor of f{x) 
and such an ideal is maximal if and only if p{x) is irreducible. 
Then the difference algebra {^[x]/{f{x))/{{p{x)/{f{x))) is iso¬ 
morphic to the field E[,v]/(p(^)). 

Suppose finally that P is a finite dimensional separable exten¬ 
sion of Then we know that P = 0(0) where the minimum poly¬ 
nomial f{x) of B is irreducible and separable. The derivative 
criterion shows that in E[^] we have the factorization /(x)= 
pi(x)p 2 (x) ■ • - ph{x) where pj(x) is irreducible of positive degree 
and pi{x) 9 ^ pj{x) if i ^ j- Thus we see that we have h inequiva¬ 
lent field composites of P and E over 中 . These have the form 
(r^, Sj } tj) where ■兰 Also by ex. 1, § 2 of Introd” 

h 

E <S>$ P = ㊉ 『 2 ㊉.. ‘㊉ and [rE]= 

i 

[P: 利 . We state this result as 

Theorem 23. Let P/$ be finite dimensional separable and let 
E/$ be an arbitrary extension field. If B is a primitive dement of P 
and f{x) its minimum polynomial over then the field composites 

y / MY C X —X CU/ / CJ f//C f J U J 

of f{x) in E[*v]. If (r^, Sjy t 3 ) y y = 1, • • •, A are the inequivalent 

h 

composites of P / 中 and E/ 中， then [P：$] = [r ， :E]. 

3 = 1 

EXERCISES 

1. Show that, if P/$ is finite dimensional Galois, then there are n — [P：$l m- 
equivalent composites of P with itself and, if (r, s, t) is one of these, then F = 
P* = P ( . Use this to prove that P <S>* P= P (1) @ P ⑵ ㊉…㊉ P ⑷ where 
P “)兰 P. 

2, Let P be finite dimensional Galois over $ and let E be a subfield of P over 
Show that P <S><p E p“） ㊉ p( 2 ) ㊉ .. ‘㊉ p ( 供 ） where P'^ P and tn — 
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3. Let P/$ be finite dimensional separable. Show that P/$ and E/$ have 
only one (in the sense of equivalence) composite if either 1 ) E/$ is purely in¬ 
separable, or 2) E = 中 ( 忘 1 ，在 2 ， * * .， 专 n) the field of rational expressions in indeter- 
minates 

4. Define a composite (I\ Ji ， J 2 ，* *', ^r) of r extension fields m 1 < / < r, as 

a field F/$ and isomorphisms of P t - into F such that F is generated by the sub¬ 
fields Call two such composites (r ， Ji’ * • J r ), (T f y si y • • *, s/) of P» 

equivalent if there exists an isomorphism u of r/$ into F ’/ 电 such that j/ — SiU, 
1 < ; < r. Assume every P T -/$ is finite dimensional and prove that Theorem 21 
generalizes to composites (r, si t … ， s r ) and the tensor product Pi 0 P 2 <S> * * * 

P r . 

5. Let P/$ be finite dimensional Galois and let (ji, S 2 y … ， 4 ) be an ordered 

y-tuple of automorphisms of P/$, Then (P，is an ” -fold composite 
of P/$. Show that (^i, " • ， s r ), Ui y " ，， s/) determine equivalent composites if 
and only if s/ — SiU is an automorphism of P/$. Let 、 *0 be the ideal 

in P (g) P (g) * • * (g) P (r factors) associated with (P, Ji, … ， j r ). Use the fact 
that there are [P ：$] r—1 distinct ideals 3( J i，'' and that 

(P ® * • • ( 8 > P)/3(Ji, … ， h ) 兰 P 

to prove that the * * *, Jr) are the only maximal ideals in P ⑺ =P(S) * * > (S>P 
and that every r-fold composite of P/$ is equivalent to one of the composites 
(P, J], J 2 , *' •, s r ). Note that '' ' ， Jr) is the kernel of the homomorphism 
of into P/$ such that 

/?1 <S> P2 <S> • ' • <S> Pr —> Pl 3l p2 32 1 1 ' Pr r > 
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In this chapter we shall consider the classical application of 
Galois theory: Galois’ criterion for solvability by radicals of a 
polynomial equation /(x) = 0. To say that an equation is solv¬ 
able by radicals means roughly that its roots can be obtained 
from the coefficients by rational operations and root extractions. 
A criterion for this was given by Galois after Abel and Ruffini had 
proved that the general equation of the fifth degree is not solvable 
by radicals. Galois was led to the development of his theory in 
order to give the criterion for solvability by radicals. Besides the 
fundamental group-field correspondence which we gave in the last 
chapter and whose scope goes far beyond the theory of equations, 
some results of a more special nature are needed. These concern 
cyclotomic fields, that is, fields of the roots of 1, and “pure” ex¬ 
tensions P = $(0), B n = a in The study of these fields is 
interesting also beyond the theory of equations and we shall under¬ 
take a detailed study of such fields in the next chapter. In the 
present one we confine ourselves to the minimum which is needed 
for the theory of equations. 

1. The Galois group of an equation. Let ^ be a field, /(^) a poly¬ 
nomial of positive degree in 中 [*v] having leading coefficient 1. Let 
P/$ be a splitting field of /(x) y so P = $(pi, • • *, p m ) and /(x)= 
(x — pi) ei (x — p 2 ) ez - 1 - (x — p m ) em in PM where the pi are dis¬ 
tinct and the are positive integers. Since the pi are generators 
of P/#, any automorphism j of P/$ is completely determined by 
its action on the finite set of roots R = {pi, p 2 > * 1 •, p m }• Also 
each pi s is again a root of f(x) y so p/ e R and the restriction Sf of s 
to i? is a permutation of this finite set. Thus we see that every s 
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of the Galois group G of P/$ defines a permutation Sf of R. The 
mapping j —> is a homomorphism of G into the symmetric 

group S(R) of 1-1 mappings of R. Moreover, if j e G has the 
property that = p t -, 1 < / < w, then j = 1 in P = 
pm). Consequently, j " is an isomorphism of G with a sub¬ 
group G f = {^/} of the symmetric group S(R). In view of this 
isomorphism we are led, in studying the equation /(x) = 0, to 
shift our attention from the group G to the permutation group 
Gf. Accordingly, we give the following 

Definition 1. If 龟 is a field and /(x) is a non-zero polynomial in 
中 [at], then the Galois group of the equation f{x) = 0 over is the 
group Gf induced by the Galois group G of a splitting field P/$ in the 
set of roots o//(x) = 0 in P. 

Since any two splitting fields are isomorphic, G f is essentially 
uniquely determined by ^ and f{x). 

It is convenient to identify the permutation p< p/ of R with 
the permutation i i ! of {1, 2, • • •, w}. In this way we can 
consider G f as a subgroup of the symmetric group of per¬ 
mutations of {1, 2, • • •, w}. We shall do this from now on. 
jMoreoverj we assume in the sequel that/(x) has simple roots, that 
is, the ei = 1. This implies that P/$ is Galois. Hence we have 
the fundamental correspondence between the collection of sub¬ 
groups of the Galois group G and the collection of subfields E/$ of 
P/ 伞 . Combining this with the isomorphism of G onto G, we ob¬ 
tain a 1—1 correspondence between the collection of subgroups of 
Gf with the collection of subfields E/ 中 . We shall refer to the sub¬ 
field E/ 中 corresponding to a subgroup Hf of Gf as the “field of in¬ 
variants of Hf.” In reality, of course, E/ 伞 is the field of invariants 
of the subgroup H of G corresponding to Hf. In the other direc¬ 
tion, Hf is the Galois group of f(x) = 0 over the subfield E. 

We recall that the symmetric group contains the alternating 
group A m as an invariant subgroup of index 2. A m is the set of 
even permutations, that is, the set of permutations which can be 
written as products of an even number of transpositions (ij) (Vol. 
I ， pp. 35-36). If Gy is the Galois group of the equation /(x) = 0 
over then G f D A m is a subgroup of index 1 or 2 in G f . We shall 
now give an identification of the corresponding subfield of P/$ } 
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assuming the characteristic is not two (see ex. 1 below for the 
characteristic 2 case). The result is the following 

Theorem 1. Let be a field oj characteristic 9 ^ 2 and f{x) a non¬ 
zero polynomial e 中 [x] without multiple roots. Let P/$ be a splitting 
field o//(x)y pi, p 2i ''' y Pm its roots’ G f the Galois group oj the equa¬ 
tion /(x) = 0 considered as a permutation group of {1, 2, • • - y mj. 
Then the subfield of invariants of G f A m is $(A), where 

⑴ A = , II (Pi — Pj). 

i<J , 1 

A A rt ^ rt •■j - ! m «*■ 八 ^ 4* V% a «*■ 1 4* a4 *n 4m 

X~A 11^1 CL d LAIl\O.Cli U. VilCti 1 LlV^ll V^i LiiC ； LCI 丄里 Lli 恩 g 

group. For this one considers the ring 中 [Xi ， x 2) • • . ， x m ] y Xi in- 
determinates. If i i a is a permutation of 1, 2, … ， w, then we 
have the automorphism A{<j) of • • •, x m ] over 中 such that 

x M<t) = (Vol. I, p. 107, and Introd.). Let JT = p (^< — x/). 

Then X A< - ff) = x(o)X where x(<r) = 1 or —1 according as <r is even 
or odd (cf. Vol. I, ex. 2, p. 110). Now let tt be the homomorphism 
of ^[x ly x 2> • • •, x m ] over 中 into P/ 金 such that = pi, 1 < / < 
m. Let s be in the Galois group of P/$, s f the corresponding per¬ 
mutation of the pi， Then if we apply tt to the relation X A(a/) = 
x(j/)X we obtain A* = x(J/)A where A is given by (1). Since 
A # 0 we see that A 8 = A if and only if Sf eG f D A m . Thus the 
Galois group of the equation f{x) = 0 over $(A) is G f D A m , 
Consequently, by the Galois correspondence, 4»(A) is the set of 
invariants of G f D A m , 

We have seen that for any s e G t A 8 = 士 A; hence if 5 = A 2 , 
then 8 s = 8 for all s and so 5 e 中 . We have seen also that the 
statement of the theorem is equivalent to the assertion that the 
Galois group of the equation f(x) = 0 over 中 (A) is A m D G, 
This implies the 

Corollary. The Galois group off{x) = 0 over $ is a subgroup of 
the alternating group if and only if 8 is the square oj an element of 

Proof. Clearly the condition G f c A m or Gy = G, fl 為 ^ is 
that 伞 (A) = $. If this holds, then A e 中 and 5 = A 2 is a square 
of an element of Conversely, if 5 = a 2 y a e then 5 = A 2 
gives A = 士 a e Hence $(△) = $. 
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We recall that, if 0 is a separable algebraic element over 中 and 
$i = 6y d 2y . . 、 0 n are the distinct images of Q under the isomor¬ 
phisms of 电 {&) into its normal closure, then 5 = JJ — dj) 2 

i<3 

is a discriminant of the field ^(8)/^ (cf. § 1.14). If f(x) = 
— pi) — p 2 ) . . • (x — p m ) } as before, then we shall call 5 = A 2 
=(pi — pj) 2 the discriminant of the polynomial f{x) or of the 

i<j 

equation/(x) = 0. It follows from the main theorem on symmetric 
polynomials (Vol. I, p. 109) that S can be expressed as a poly¬ 
nomial with coefficients in the prime field in the coefficients of 

(2) f(x) = X m - a^- 1 + a 2 x m ~ 2 - + 

We shall now indicate how this can be done. We begin with the 
Vandermonde formula: 


⑶ 


Pi P2 

攀 * 

m — 1 m 

Pl P2 


Squaring we get 



⑷ 


m 

(T\ 

<t 2 

•… <T m — i 

a 

<T2 

_ 

… <Tm 

• • a * 

一 1 


^m + 1 

._ , <T2m—2 


where <ii = pi 1 + P 2 l + • • ■ + f> m l . Since the power-sums can be 
expressed as polynomials in the a{ with coefficients in the prime 
field, (4) will give the same kind of expression for 8.* 

We shall now carry this out for the cases m = 2, 3. 
m = 2, We have/(,v) = x 2 ~ o： 1( v + a 2 = (^ — Pi)(x — P 2 ) so 
= Pi + P 2 = and pip 2 = A. Then <r 2 = pi 2 + p 2 2 = 
(pi 4 - P 2 ) 2 — 2p!p 2 = ai 2 — 2a 2 . The formula (4) gives 

(5) 5 = 2<r 2 — <T\ 2 = ai 2 — 4a 2 . 

* That this can be done follows from the fundamental theorem on symmetric poly* 
nomials (Vol* I, p. 109). Explicit recursion forniulas，the so-called Newton’s identities 
can be used to express the q in terms of ay (Vol. I, ex* 4, p. 110), 
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w = 3. Here /(x) = x 3 — aix 2 + a 2 x — 0:3 = (a: — pi)(x — 
P 2 )(x — p3) SO 0-1 = Pi + P2 + p 3 = «1, P1P2 + P2P3 4 - P1P3 = «2, 
P1P2P3 = a 3* Then <r 2 = Pi 2 + p2 2 4 * P3 2 = (pi + P2 + P3) 2 — 
2 (pip 2 + pip3 + p2pz) = «i 2 — 2 a 2 . To calculate <r 3 and <r 4 we 
use the relations p ^ 3 = ^pk 2 — a 2 pk + a 3) p k 4 = otip k 3 — a 2 Pk 2 + 
o ； 3pfc. Then 

0-3 = pi 3 + P 2 3 + P3 3 

=«l(pl 2 4 " p2 2 + P 3 2 ) ~ «2(pl + p2 + P3) 3 a 3 

=ai(«i 2 — 2a 2 ) — «2«i + 3a 3 
=«i 3 — 30^2 + 3«3 

<7"4 = ai(Ts — Q ： 2<T2 + 0 : 30"1 

=«i(«i 3 — 3«1«2 + 3a 3 ) — a 2 (a 1 2 — 2a 2 ) + «3«i 

= o；! 4 — 4ai 2 a 2 + 4aia3 + 2« 2 2 < 

Using (4) and these formulas we obtain 
(6) 5 = 3<72<T4 + 2<TI<T2<TZ — — 3<T3 2 — 

= _ 4ori 3 Q：3 + < Xi 2 a 2 2 4" 180:10:20:3 — 4q ： 2 3 — 27q ：3 2 . 

W,e obtain next a criterion on G f as permutation group of 
{1, 2, ''' y m\ that f(x) be irreducible in This is the following 

Theorem 2. Letf(x) e 中 [at] have no multiple roots in its splitting 
field P. Then f{x) is irreducible in $[.v] if and only if the Galois 
group Gf of f{x) — 0 over ^ is a transitive permutation group. 

Proof. We recall that a transformation group of a set M is 
called transitive if given any pair (x 3 y) y x y y e M there exists a <r 
in the group such that xf = y. Suppose first that f(x) is irreduci¬ 
ble in 伞 M and let pi, P 2 be two of its roots in P. Since /(x) is ir¬ 
reducible and /(pi) = 0 = /(p 2 ), there exists an isomorphism of 
$(pi)/0 onto $(p 2 ) / mapping pi on p 2 * This isomorphism can 
be extended to an automorphism s of P/^. Then s e G and 
Pi 8 = p 2 . This implies that Gy is transitive. Conversely, suppose 
Gf is transitive. Let fi(x) be an irreducible factor of /(x) of 
Dositive deeree and let oi be one of its roots. Let Do be anv root of 
f{x). Then there exists an j e G such that pi 8 = p 2 . Then 
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/i(p 2 ) = fi(pi 8 ) = fi(pi) 8 = 0. This shows that every root of 
/(x) is a root ofHence /(x) = fi(x) is irreducible. 

The two results which we have derived make it trivial to calcu¬ 
late the Galois groups of quadratic and cubic equations. Similar 
ideas can be applied to quartics. We shall look at the first two 
cases now and will indicate how quartics can be handled in the ex¬ 
ercises which follow. We assume that the characteristic of 中 is 
not 2 and that f(x) has distinct roots. If f(x) is a quadratic: 
f{x) = x 2 ~ a\X + a 2 y then the group is the symmetric group ^2 
or 為 =1 according as 5 = a.^ 2 — 4a 2 is not or is a square in 
Next let /(x) = x 3 — aix + a. 2 x — a 3 . If f{x) = {x — p)g{x) in 
then the Galois group of /(x) = 0 is the same as that of the 
quadratic g(x). Hence we may assume /(x) irreducible in 
Since the only transitive subgroups of A are 6*3 and 為 ， the Galois 
group Gf is one of these. The corollary to Theorem 1 shows that 
Gf = Az if 5 = —4ai 3 as + «i 2 o ： 2 2 + 180 ^ 0 : 20:3 — 4a 2 3 — 27a^ 2 is 
a square in Otherwise, G, = 

EXERCISES 

1. Assume $ has characteristic 2 and /(x) e has distinct roots pi, p 2 , • • % pm 

in its splitting field P. Let A f = 2 * ■ * P(»— 2 ) T . Show that the 

subfield of invariants of Gf fl A m is $(△). 

2. Let $ be a finite field, f{x) an irreducible polynomial of »-th degree with co¬ 
efficients in Show that Gf consists of the powers of an »-cycle which may be 
taken to be (123 •••«). 

In the remainder of the exercises we assume the characteristic of the base field 
中 is # 2, /(x) = x A — a\x 9 + a 2 X 2 — a^x + «4 has distinct roots pi, pa, ps, p 4 in 
the splitting field P/$, G the Galois group of P/$. 

3. Show that the subgroup V (Klein’s Vierergruppe) = {1, (12)(34), (13)(24), 
(14)(23)} is invariant in S 4 , 

4. Show that the subfield of invariants relative to G/O F is ^(ri, 72 , rg) where 
r l = P 1 P 2 + Psp4, T 2 = pips + P2P4, T 3 = plp4 + p2p3* 

5. Let g(x) = (x — ri)(jf — T 2 )(x — T 3 ) (the resolvent cubic of /(x)). Verify 


that 



⑺ 

g(x)= 

= — j8i^ 2 + — jSj 

where 

卢 1 = 

= OL2 

⑻ 

卢2 = 

- Q ： lQ：3 — 4«4 


|8» = Q ： l 2 0£4 + «3 2 — 4d£2a4 

and that g(x) and f{x) have the same discriminant. 
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6 . Prove that the transitive subgroups of are (i) Sa^ (ii) (iiO V, (iv) C = 
{1, (1234), (13)(24), (1432)} and its"conjugates, (v) D =V U {( 12 ); (34), (1423)， 
(1324)} a Sylow 2 -group (subgroup of order 8 ) and its conjugates. 

7. Show that the Galois group G g of g(x) = 0 is isomorphic to G//(Gf fl V). 
Assume J{x) is irreducible and verify that, if (i) Gf = Si, then G e is of order 6 , （ii) 
G/ = G g is of order 3, （iii) G/ ~ V^G g = 1, (iv) G/ = C or one of the con¬ 
jugates (that is, any cyclic subgroup of order 4 of then G g is of order 2, (v) 
Gf = D or one of its conjugates (any Sylow subgroup of order 8 in ^ 4 ), then G g is 
of order 2. Note that these results identify Gf if we know G g unless Gf is either as 
in (iv) or (v). 

8 . Prove that, if G g is of order 2, then Gf 芒 D or G/= C according as /(x) is or 
is not irreducible in #(\/^ where 5 is the discriminant of/(x). 

9. Determine the Galois group of x 4 + 3 ^ 8 — — 2 = 0 over the field of 

rational numbers. 

2 . Pure equations. In this section we shall derive the special 
results which are needed for Galois’ criterion. We shall formulate 
these in the invariant fashion in terms of splitting fields rather 
than, as in the last section, of the groups of equations. The re¬ 
sults we need concern equations of the form — a = 0 (or x n = 
a) which are called pure (or binomial) equations. Occasionally, 
we use the notation p = ^fa. or p = a lln to indicate that p is a 
root of x n = a. We consider first the case a = 1 . The roots of 
= 1 are called the »-th roots of 1 and a splitting field P of this 
equation is called a cyclotomic field of order n over 金 . The 
derivative (^ n — 1 )’ = nx n ~ l is not relatively prime to — 1 if 
and only if the characteristic is _ 0 and |Then we can write 
n = p e n\ {n\ p) = \ and we have x n — \ = {x n， — \) p \ Hence 
the cyclotomic field of order n coincides with that of order n'. 
We shall therefore assume from now on that p X n ^ the char¬ 
acteristic p 7 ^ 0 case. 

Let P/ 金 be a cyclotomic field of order n over 中 . Because of 
our assumption on the characteristic, the set Z(n) = jf t -} of »-th 
roots of 1 contains n elements. If m | w, then rj m = 1 implies 
j] n = \; hence the cyclotomic field of order n contains that of 
order m for every divisor m of». We observe next that Z{n) is a 
subgroup of the multiplicative semigroup of P. This is clear since 
fi n = 1 = f 2 n imply (广心广 = 1， (ri -1 ) n = 1* Since 2 ⑻ is 
finite, this is a cyclic group (Lemma 1, § 1.13). Hence there 
exists a f e Z{n) such that Z{n) = {厂|/ = 0, 1， 1}. 
Such a f is called a primitive n~th root of 1. Since P/$ is generated 
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by the f,- } we have P = 金 (f) so f is a primitive element of the field 

r / ^. yy c »naii nuw pruvc 

Theorem 3. If the characteristic of 龟 is not a divisor of n (0 in¬ 
cluded) y then the Galois group G of the cyclotomic field P/$ of order 
n is isomorphic to a subgroup of the multiplicative group U{n) of 
units in //(»)，/ the ring of integers. 

Proof. As in § 1 let G f denote the group of permutations of the 
set Z(n) of roots induced by G. Since the elements of G f are 
restrictions of automorphisms, it is clear that they are automor¬ 
phisms of the multiplicative group of Z(n). Hence Gf (= G) is 
isomorphic to a subgroup of the group of automorphisms of Z(n). 
Now Z(n) is a cyclic group of order n and it is well known that the 
group of automorphisms of such a group is isomorphic to U{n) 
(Vol. I, ex. 3, p. 47, and ex. 1， p. 82). Hence the Galois group G 
is isomorphic to a subgroup of U{n). 

It is important to note that Q is commutative since U(n) is 
commutative. Moreover, we observe that, if / is a prime, then 
U(f) is just the multiplicative group (of order / — 1) of the field 
1/(1) and this is a cyclic group. Hence G which is isomorphic to a 
subgroup of U{1) is cyclic. We therefore have the 

Corollary. If the notation is as in Theorem 3 y then G is a com¬ 
mutative group and G is cyclic if n is a prime. 

Next we consider the Galois group of any pure equation x n = a 
under the assumption that the base field 中 contains n distinct 
»-th roots of 1. We have seen that this implies that the charac¬ 
teristic is not a divisor of n. Then « is prime to its deriva¬ 
tive nx n ~ l if a 9 ^ 0 (the case a = 0 is trivial) and so >: n — a has n 
distinct roots. We have the following 

Theorem 4. If 电 contains n distinct n~th roots of 1 then the 
Galois group of the equation x n = a over 龟 is cyclic of order a divisor 
of n. 

Proof. Let P/$ be a splitting field over ^ oi x n ~ ct y G its 
Galois group. We have to show that G is cyclic. If a = 0, we 
have P = G = 1. Hence we assume a 0. Let p be one of 
the roots of x n ~ a in P. If Z{n) = {h = 1， …， “} is the 
set of »-th roots of 1 contained in 中， then we know that Z{n) is a 
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cyclic group under multiplication and, since p ¥ 0, it is clear that 
{pfi, p^ 2 j • • •, pf n } is the set of roots of x n — a. Evidently P = 
$(p); so an automorphism j e G is completely determined by its 
effect on p. We have p s = Uu)P where “•(《) is one of the e Z(n) 
and is uniquely determined by s. If / e G and p l — then 

This shows that the mapping s —> 厂 “） is a homomorphism of G 
into Z(w). If “）= 1，we have p 8 = p so s = l. Hence s —> 
“(j) is an isomorphism. Thus G is isomorphic to a subgroup of 
the cyclic group Z{n) and the result is clear. 

We shall need one more special result for the proof of Galois’ 
criterion. This is the following converse of Theorem 4. 

Theorem 5. Assume ^ has n distinct n-th roots of 1 and let P / 伞 
be a cyclic n dimensional extension field* Then P = 中 ( 专 ) where 

= a e 

Proof. The hypothesis on P is that P/ 金 is Galois with Galois 
group G which is cyclic of order n. Since P is separable over 牵 it 
has a primitive element so P = ^(9). Let j be a generator of G 
and let 专 be the “Lagrange resolvent ”： 

(9) ^ = 0 + 一 1 + 0 s Y -2 + • • • + 0 sn 'Y -(n-1) 

where f is a primitive »-th root of 1. Then 

p H - h 叱一 ( n_1 ) 

=r(^ + ” 一 1 + … + P n —Y 一 (n _ 1 J )= 炫 . 

Then ^ sk = d so 专 has n distinct conjugates and hence its mini¬ 
mum polynomial is of degree n. Consequently P = 中 (0. Set 
^ = a. Then (^ n ) s = (r0 n = implies that a 8 = aso a e ^ and 
the proof is complete. 

EXERCISES 

1. Let 夕 be a prime not equal to the characteristic of the field Show that, if 
o: e then ^ — a is irreducible in $[-»! or it has a root in this field. 

2 . Let 牵 be the field of rational numbers, p a prime, and let x p — a be ir¬ 
reducible in $[^]. Show that the Galois group of the equation x p = a over $ is 
isomorphic to the group of transformations in 7/ (j>) which have the form y — > 
yy S 3 y 9^0. 
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3. Let $ be a field of characteristic 〆 0. Show that x p — x — a is ir¬ 
reducible in unless a = 8 13 — B. 8 \n Show also that, if >v p — x — ot is 

一 - ■ - - - I r v I -■ 

irreducible, then the group of the equation x p ~ x a is cyclic of order p. 
(Hint: Show that, if p is a root of x p — x — a = 0 y then p, p + 1,/> + 2, • • •, 
p (p — l)are roots. Hence show that the Galois group of the equation is iso¬ 
morphic to a subgroup of the additive group of I/(p).) 

4. Let $ be of characteristic p 9 ^ 0, P/$ cyclic andp dimensional. Show that 
P can be generated over $ by an element ^ such that p — 专 =a e 中 . 

3. Galois’ criterion for solvability by radicals. It is essential 
first to have a precise formulation of the statement that an equa¬ 
tion /(x) = 0 is solvable by radicals over a field 中 . We give this in 
the following 

Definition 2. Let ^ be a field and let/(x) e be oj positive de¬ 
cree. Then the equation/(x) = 0 is said to be solvable by radicals 
over if the splitting field P /中 can be imbedded in a field 2) which 
possesses a tower of subfields: 

(10) $ = $! C $ 2 C C • • • C $ r+1 = S 

where each 0 < + i = 伞 i(D and ^i ni = ot{ e A chain of fields such 
as (2) is called a root tower Jor S / 中 . 

For the sake of simplicity we restrict our attention to fields of 
characteristic 0, This will avoid the complications of insepara¬ 
bility and some difficulties with roots of 1 in the characteristic 
p 9 ^ 0 case. Our objective is to establish the following criterion 
of Galois : 

An equation /(x) = 0 is solvable by radicals over a field $ of 
characteristic 0 if and only if its Galois group is solvable. 

We recall that a group G is defined to be solvable if it has a 
chain of subgroups G = Gi 3 G 2 3 <j 3 3 • • * 3 G r+1 = 1 such 
that each G i+1 is invariant in G{ and Gi/G i+1 is commutative. 
Every subgroup and homomorphic image of a solvable group is 
solvable. Moreover, if G contains an invariant subgroup H 
such that H and G/H are solvable, then G is solvable. A finite 
group G is solvable if and only if it has a composition series G = 
G 1 ID G 2 •. . ] = 1 whose composition factors G{/G i+ i 

are cyclic of prime order. We recall also that the alternating 
group A ni » > 5, is simple and this implies that the symmetric 
group S n on n letters is not solvable if » > 5. A proof of the 
statement about A n is given in Vol. I, p. 139. All of the other 
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results which we have stated are easy consequences of the theory 
of normal series and most of these have been given as exercises in 
Vol. I, pp. 139, 143. At any rate we shall assume all of these 
results. 

In order to prove the necessity of Galois’ criterion we shall need 
the following 

Lemma. If S has a root tower over 龟 of characteristic 0, then 
S has an extension field 12 which is finite dimensional Galois over 电 
and also has a root tower over 


Proof. We are given $ = $i C ^ C $ r+1 = S where 
$< + i = ^i ni — e We shall show that there exists a 

field 3 S which also contains a subfield such that 1) 3 

2) is Galois over 歩， 3) has a root tower over 中： 

A*_ 

I 

电 

Now for / = 1 we take Ax = S, S2i = and we suppose we are 
given A,- and for a certain /. Let G{ be the Galois group of 
over 中 and let a,® 1 , • ■ •, be the conjugates of the element 

under the automorphisms e G it Set= XJ (x 11 * — a^ 8 /). 

i=i 

Then gi(x) e $[ 尤 ]. Let A i+i be a splitting field over A t . of gi(x) and 
let ^ . . . be the roots of ^(.v) in A i+1 . Note that one of 

these is the ^ such that 屯' +1 = 金 t 仏） since gi(^i) = 0 and 
A t -+i 3 3 S. Set 0 <+1 = Since is a 

splitting field of a polynomial /,>(^) e $[,v] } Q t+1 /$ is a splitting 
field of/iOvhOv) and (since the characteristic is 0) is Galois 
over 中 . Since 仏 + i 2 and ^ e 12* 认 +i 2 b+i = 中 t'&). Let 
be any one of the elements 匕_"，•…； then = 0 

and g{(x) = n(<v n * — a t ,s 0 show that (专 i W ) ni is one of the 
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Hence 仏十 1 = * * *) has a root tower over 中 . This 

shows that A； + i and 12 l+ i satisfies the conditions 1), 2), 3). We 
now take = Q r+i and this satisfies the conditions stated in the 
lemma. 

Remark. Note that the integers for the root tower for 12/ 中 
are the same as those for the given tower for 2/ 中. 

We can now prove the necessity of Galois’ condition. Thus let 
/(x) = 0 be solvable by radicals over 否 (of characteristic 0) so the 
splitting field P/ 伞 of f{x) can be imbedded in a field S which has a 
root tower over By the lemma we may assume that S/O is 
Galois. Let n be the least common multiple of the exponents «»• 
occurring in a root tower for S and let A be a splitting field over S 
of x n -- 1 so A = S ⑺ where f is a primitive n-th root of 1 and A 
is Galois over 中 and has a root tower over 中. Moreover, it is 
clear that we can obtain a root tower for A which has the form: 

(11) c = $ x (r) c 

= 中 2(h) c • • • C $ r+ i(^ r ) = A 

where ^ e $ l+1 . If H is the Galois group of A over 中， then the 
chain of subfields (11) gives rise to a decreasing chain of sub¬ 
groups 

(12) H = Hi 3 H 2 ^ • * * ^ // r +2 = 1 

where Hi is the Galois group of A over 伞 By Theorem 3, $2 is 
Galois over with commutative Galois group and since 金 2 con¬ 
tains the necessary roots of 1, $ t > +1 is cyclic over if i > 2. This 
implies that is an invariant subgroup of Hj for j > l. The 
factor group Hi/H 2 is isomorphic to the Galois group of $ 2 over 
中 1 and so is commutative while the factor group Hi/H i+ i y 
i > 2, is isomorphic to the Galois group of 伞 l+1 over and so is 
cyclic. Thus the sequence of groups (12) shows that H is solvable. 
Now we have A 3 P 3 O where P/ 中 is the splitting field of /(x). 
Hence if K is the subgroup corresponding to P, then K is invariant 
in H and H/K ^ G 3 the Galois group of P/$. Since is solvable, 
this shows that G is solvable; hence the Galois group G f of the 
equation /(x) = 0 is a solvable group. 

In order to prove the sufficiency of Galois’ condition we require 
the following result which is of independent interest. 
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Theorem 6. Let P/ # be finite dimensional Galois over 电 and let 
be an extension field of P such that is generated by P and a 
second subfield ^ Then V r /<^ r is finite dimensional Galois 

and its Galois group G r is isomorphic to a subgroup of the Galois 
group G of V/<^. 


P' 



Proof. We know that P = 牵(专 1， " .， ^) where the ^ are the 
roots of a separable polynomial f(x) e Since P' is generated 

by Q $ and P, we have P’ = 中 ’( 专 i, • • ^ n ). Hence P' is a 

splitting field over of f(x). Since separability is invariant under 
extension of the base field,/( j:) is separable over 金 ' and conse¬ 
quently is Galois over 中 Let / belong to the Galois group G' 
of P'/ 金 ' Then s r is the identity mapping in $ C and / maps 
the set R = {U2，. . h} into itself. Hence / maps P = ^(R) 
into itself and so the restriction of s f to P is an element s of the 
Galois group of P over 金 . The mapping / —> j is a homomor¬ 
phism-of G r into G. Since j = 1 implies that 1 < / < n } 

and this implies that s f = 1, we see that 〆 —> ^ is an isomorphism, 
so G r is isomorphic to a subgroup of G. 

We can now give the proof of the sufficiency of Galois’ condi¬ 
tion. We assume that /(x) = 0 has a solvable Galois group G f ； 
hence the Galois group G of the splitting field P/ 金 of /(x) is 
solvable. We are assuming also that 中 is of characteristic 0. Let 
n = (G： 1) and let P' = P(f) where f is a primitive »-th root of 1. 
Then F' is generated by P and the subfield <p r ， = 中 (r). Hence, by 
Theorem 6, T f is Galois over ^ and its Galois group G’ over 伞 'is 
isomorphic to a subgroup of G. Hence G f is solvable and has a 
composition series G r = G/ 3 G 2 r ID ... z> G s+ / = 1 whose com¬ 
position factors Gi/G i+ i are cyclic of prime order. Evidently 
these orders are divisors of n = (G： 1). Let #' = c: 中 2’ c;... 
c 中 s+ i' = P' be the chain of subfields corresponding to the com¬ 
position series for G f . Since G t+1 ' is invariant in G/ and Gi /G i+ i 
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is cyclic, 中 is Galois over 中 / with cyclic Galois group whose 
order is a divisor of n. Now 中 / contains a primitive » t -th root 
of 1 since $/ 2 $' = $(f). Hence, by Theorem 5, = 

where e Thus c: <^ 2 f [ 中 a +i' = P’ 

is a root tower for P' over Since $'= 中 (f)，p = 1 } $ C cz 
伞 2 ' cz • • • cz 金 a+ i' = P' is a root tower for P' over Since 
V r 3 P, this shows that f(x) = 0 is solvable by radicals over 中 . 

EXERCISES 

1 . Let P/$ be a splitting field over 牵 of characteristic 0 for x v — p a. prime. 
Prove that P/$ can be imbedded in a field 2/$ which has a root tower (10) for 
which the m are primes and [$f+i：$4 = tii. Call such a root tower normalized. 
(Hint: Use induction on p and ex. 1 of § 2.) 

2. Obtain normalized root tower fields over the cyclotomic fields of 5th and 7th 
roots of 1 over the field Ro of rational numbers. 

3. Prove that, = 0 has a solvable Galois group over a field of charac¬ 

teristic 0, then its splitting field can be imbedded in an extension which has a 
normalized root tower. 

4. Let $ be of characteristic p 9 ^ 0. Call an equation y(^) = 0 im ^x) e 

solvable by equations x v — x = a\i its splitting field P/$ can be imbedded in a 
field S which Has a tower of fields C $2 ^ ... ^ = 2 where 

$ 1+1 = ^ — = otf e 牵 i. Show that, if /(x) has distinct roots, then 

/(x) = 0 is solvable by equations x p — x = a \f and only if its Galois group is of 
order p e . (Hint: Use ex, 3, 4 of § 2 and the fact that a finite group of prime 
power order is solvable.) 

4. The general equation of n-th degree. The formula x = 
(a ±V^ 2 — 4^)/2 for the solutions of the quadratic equation 
x 2 — ax b = 0 (characteristic ^ 2) is valid if a y b are con¬ 
sidered as indeterminates. When this is done one has a “general 
quadratic equation.” Particular quadratic equations are obtained 

FX €> A «-i 1 « rm n Vm a, 八 l 八 'H a, «*«* a 八 i 1 « 

^y 厶 liic 丄 lie; au an 11 

for the solutions gives the solutions of the particular equations. 
Similar solutions for general cubic and quartic equations by radi¬ 
cals are known (ex. 3, 4 below). We shall now consider the ques ， 
tion of solvability by radicals of the general equation of »-th de¬ 
gree for any n. 

Let 伞 be a field and let S = $(/ 1} / 2 > • * • ， /n) be the field of 
rational expressions in indeterminates ti over Then the equa¬ 
tion 

(13) f{x) = x n — txx n ~ l + t 2 x n ~ 2 - - + ( —l) n /„ = 0 
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is called the general equation of the n-th degree over 龟 . We wish to 
determine the Galois group Gf over S of this equation. Let P = 
S(^i, ^ 2 , ' x n ) be a splitting field over S of /(x) such that 
f(x) = (*v — ^i)(^ — x 2 ) ... (*v — x n ) in P[.v]. Then 

(14) t\ = 【2 = XiXjy ’ . = X\X2 * * * X n \ 

i<i 

hence 

(15) P = S(^ 1 , X 2y • • •, Xn) = 中 (，1 ,' '-yU'yXiy • • Xn) 

=H X ly X 2y … ， ^n). 

In order to determine G f we consider first a simpler problem. 
We introduce new in determinates 专 i， 芒 2 ， . • •，over 伞 and the 
field P = 中(专 1 ，专 2 ， .. .，W of rational expressions in the 匕 . Con¬ 
sider the polynomial 

(16) f(x) = (x - 6)0 — 专 2) … 0 — 专„) 
in P[^]. We have 

(17) J(x) = x n — TiX 11-1 + T 2 *v n ~ 2 — * ••+ ( — l) n r n 
where 

(18) ri = r 2 = S …， t„ = 匕匕…专 《• 

i<3 

We now consider the sub field S = ^(ri, T 2 , •. r„) of P/$ and 

we note that the relation P = S (专 1 ，备 2 ， ...， 专 n) and (16) show 
that P is a splitting field over S of /(at). We assert that the Galois 
group Gj of the equation /(x) = 0 over S is the symmetric group. 
Thus we have to show that, if ^ ^ is any permutation of the 

^iy then there exists an s 7 e G 7 such that ^ = 匕' Now we know 
that we have an automorphism s of the polynomial algebra 
中[专 1 ，在 2 ， ... ，右 》] over ^ such that I < i < n. We know 

also that s has an extension to an automorphism s of the field 
P = 中(专 1 ，专 2 ， • • •, ^ n ) over 4>. Finally s can be extended to an 
automorphism s of P[*v] so that x s = x. Then we have /*Cv)= 
(x — 专 (*v — 专 2 ，）... (-v — = /(at) which, by (17)，implies 

5 1 -x" .* -x" -- /hpl ? . _ _ t . _ .一 _ i 1 」 一 _ _ _ _ _ 

T{ = L ^ z 2 ^ (1 ms can oe seen aisu oy using tac cxprcs- 

sion (18) for the T{.) Now t/ = n implies that the elements of 
S = ^(ri, t 2 , ..r n ) are fixed under s. Hence s is in the Galois 
eroun of P/S and the induced maDDine J? satisfies ^ = 匕、 
1 < / < », as required. 
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We shall now carry over the result we have just obtained on the 
pair of fields P, S to the pair P, S by establishing an isomorphism 
of P onto P which maps S onto S. We consider first the algebra 
homomorphism t\ over 中 of 

hi ' ■ '> U ] ^[ti, t 2j • • •, t„] 

such that ti 1 = Tiy 1 < i < n. The existence of rj is clear since 
the ti are in determinates. We assert that rj is an isomorphism. To 
see this we note that we have the homomorphism f over $ of 

吨 1 ， 专 2 ,…， 匕 ] x 2) • • •, x n ] 

so that^ = Again this is clear since the ^ are indeterminates. 
Note also that 中[专 i， 专 2 , .. •，专 n] 2 ^[ri, t 2} • • •, t„] so ^ is de¬ 
fined. Now the formulas (18) and (14) show that 
Hence 4 and consequently = g for every g in 

中 [，i,• • •>，n]- This implies that our first mapping 77 is an iso¬ 
morphism since ^ = 0 gives ^ = 0 for g in 0 [/i, • • •，/„]. 

We are now in a position to extend rj to an isomorphism 77 of 
S = $(^ 1 , t 2y ...，，《) onto 2 = ^(n, r 2} . • .，r„) and this extends 
to an isomorphism tj of S[*v] onto S[*v] so that x v = Then 

f(x) v = {x n — tiX n ~ l +...)” = A： n — TiAT n_1 + * * • = /(*v). 

On the other hand, P is a splitting field over S of f{x) and P is a 
splitting field over S of f{x). Hence the general uniqueness 
theorem for splitting fields (Th. 1.7) provides an isomorphism ri of 
P onto P which coincides with the given ri on S. It is immediate 
from the existence of such an isomorphism that the Galois group 
G of P/S is isomorphic to the Galois group G of P/S. In fact, it is 
clear that the mapping j — 7 ； 一 1 is an isomorphism of G onto G. 
The fact that G 7 = S n now implies that the Galois group G f of 
f{x) = 0 over S is S n . It is clear also that the roots of /(x) are 
distinct and Theorem 2 shows that /(x) is irreducible in S[.v]. The 
results we have obtained can be stated as 

Theorem 7. The general equation of the n-th degree (13) is ir¬ 
reducible in S = (2, ••*,/«) and has distinct roots. The 

Galois group off{x) = 0 is the symmetric group S n . 

Since *S*„ is not solvable if » > 4 this implies the 

Theorem of Abel-Ruffini. The general equation of the n-th degree 
is not solvable by radicals if n > 4 {characteristic 0). 
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EXERCISES 


1. Use the fact that every finite group is isomorphic to a subgroup of to con¬ 
struct a field P whose Galois group ovct a suitable field $ is isomorphic to a given 
finite group G. (The construction of P for a given $ and G is an open problem. 
In fact, for $ the field of rational numbers this is a classical problem which is still 
unsolved.) 

2. Use the Galois theory to prove that, if r (尤 i, • *. ， x n ) e 牵 (*vi， X 2 f .. • ， x n ) 

the field of rational expressions in indeterminates Xi over the field $ and r is 
symmetric in the sense that r(Xi ，，. • .， x n >) = r(xi y x^ y .. .， x n ) for every per¬ 
mutation Xi —> xv of the x f s, then r is a rational expression with coefficients in $ 
in the elementary symmetric polynomials h = 2的 ， h = ^2 XiXj, = 

XiX 2 • • • x n > (Compare the fundamental theorem on symmetric polynomials, 
Vol. I, p. 109.) 

3. Assume the characteristic of 屯 is not two or three and consider the general 

cubic x 3 — t\X 2 + hx — = (x ~ xi)(x — X 2 )(x — Here the 々 are in¬ 

determinates and the Xi are in a splitting field P over 2 = $( 4 , / 2) /s). Nothing is 
lost in replacing Xi by yi = Xi — 皆(尤 1 + A + ^ 3 ) = Xi — |/i. Then the 
given equation is replaced by v® 4- pv 4- o = 0 whose roots are v 1} yo y v« where 
^1 + ^2 + ^3 = 0. Then the formula (6) for the discriminant gives S = —4p 3 — 
llq 2 . The group of P over 2(\/5) is the alternating group A% which is cyclic of 
order 3. Let f be a primitive cube root of 1 (e.g., f = 一| + /一 3) and set 
Zi = Vi 4- 1 V9 4- = vi 4 - t 2 v<> 4 - fvs ‘ z<> = vi 4- 2 V9 4 - = Vi 4 - 

— 墨 af 垂 ^ ^ J *■ A ■ 47 ^ v 墨 

+ f 2 力 ， 23 = y\ + 力 +^3 = 0 . Verify that = -^-q — f \/—3 \/5 
if f = 一 2 "h \^s/ 一 3 and 22® = 一 + 普 \/ 一 3 \ZS y Z1Z2 — 一 3 p, Hence 


(19) Zl = 々 H ㈣ 

22 = + 2 


where the determination of -\/—35 is the same in both formulas and that of 
is such that Z 1 Z 2 = — 3p. Solve the equations zi = _yi + ^ 2 }>2 + ^ 3 > Z 2 = 
yi 4 - f >2 + z s = jyi + J 2 + J 3 for 夕 1 ， y 2i ya to obtain Cardan’s solution of 
the equation py q = 0. 

4. Assume the characteristic is not two or three and consider the general 

quartic x i — t\x z 4 - hx 2 — t^c 4 - 4 = (^ — — xi){x — xz){x — xi). Re¬ 

placing Xi by yi = X{ — 士 /1 gives an equation J{y) = y A py 2 -{- gy -{- r = 0 
whose roots are 九 力， y^. Show that the resolvent cubic of /(y) = 0 is 
g(z) = z 3 — 2pz 2 + (p 2 — 4r)z + j 2 = 0 (cf. the exercises in § 1 ). Show that the 
Galois group of F = ^(x 1} x 2) x 3) X 4 )= 中(力，力， ） 3 , J 4 ) over $(zi, z 2 , zs), Zi the 
roots of g(z) = 0 is the Vierei^ruppe. Obtain formulas for_yi, ^ 3 , yi in terms 
of zi，z 2 , Z 3 and square roots of elements of 中 (Zi， 22 , Z 3 ). 

5. Consider a splitting field P over S = $(/i, . •/ n ), h indeterminates, of the 

general equation (13) and let x\ y X 2 y . •*v n be the roots. Assume 中 contains n 
distinct elements ci，C 2 , Prove that B = c\X\ 4 - C 2 X 2 + •. • + CnX n is a 

primitive element of P/2. 


5. Equations with rational coefficients and symmetric group as 
Galois group. The theorem of Abel-Ruffini shows that equations 
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of degree >5 with indeterminate coefficients are not solvable by 
radicals. On the other hand, it is clear that for certain fields 少， 
e.g., the field of real numbers or the field of complex numbers, 
every equation with coefficients in $ is solvable by radicals. We 
shall now show that there exist equations with rational coeffi¬ 
cients which are not solvable by radicals. We shall do this by 
showing that there exist rational equations of any prime degree p 
with Galois group the symmetric group S p . We prove first the 
following result on permutation groups. 

Lemma. If G is a permutation group on p elements where p is a 
prime and G contains an element of order p and a transposition^ then 
G = S p . 

Proof. We recall that any permutation can be written as a 
product of disjoint cycles (Vol. I, p. 35). Moreover, the order of a 
cycle is the number of letters it contains. This implies that, if 
a e G has order p y then a- is a cycle containing all the letters 1, 
2 , … t p. By re-ordering the elements 1, 2, ... suitably, we may 
assume that G contains the transposition (12). Since a suitable 
power of the p-cycle <r has the form (12 • •. ) further re-ordering 
of the elements 12, if necessary, permits us to assume that 

G contains (12) and a = (123 •••/>). We recall that, if r is any 
element of S p (or 6 * n ), then T~ l {ij)r = (i T /) where i T y j T are the 
images of /, j respectively under r. This shows that o- -1 (12)a-= 
(23), <r— 2 (12)<r 2 = (34), …， （p — 1， />) and (pi) are contained in 
G. Since 

(13) = (12)(23)(12) 

(14) = (13)(34)(13) 


(1/0 = (1 p - \)(p - 1 p)(i p — I) 

all of these elements are contained in G. Since (//) = (1/)( 1^)(1/) 
if 1， i y j are different, this shows that every transposition is con¬ 
tained in G. Since every element of S p is a product of transposi¬ 
tions, we have G = S p . 

We shall now prove the following 
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Theorem 8. Let f{x) be a polynomial of prime degree with ra¬ 
tional coefficients which is irreducible in the rational field. Suppose 
f{x) = 0 has exactly two non-real roots in the field C of complex 
numbers. Then the group G f of f{x) = 0 over the rationals is the 
symmetric group. 

Proof. The fundamental theorem of algebra asserts that 
/(x) = (x — pi)(^ — p 2 ) … （*v — p p ) in C[x]. Then the subfield 
P = Ro(pu P 2 j . . Pp)i Ro the rationals, of C is a splitting field of 
f{x) over R 0 . Since P ^ ^ 0 (pi) and [i? 0 (pi)*^o] = deg/(^) = p y 
[Pii^o] is divisible by p. Hence 多 is a divisor of (G'A), G the 
Galois group of P over R 0 . It follows from Sylow’s theorem that G 
contains an element of order p. Now consider the automorphism 
a = a - — 1 ― > a — ^ /— 1 = a y <x y ^ real, of C over the 
field of real numbers. This maps f{x) into itself since the co¬ 
efficients o(f{x) are real. Hence it maps the set {pi, p 2 , • * •, p p } of 
the roots off{x) belonging to C into itself. Let p l5 P 2 be the non- 
real roots of f(x). Then a ^ a interchanges pi and P 2 and leaves 
fixed all the pi, i > 2. Thus the restriction of the automorphism 
a ^ a of C to the set of roots is an element of G/ which is a 
transposition. Hence G f contains an element of order p and a 

tituiia \jf 一 uy tuc iciiiiiift* 

We shall now indicate how one can construct polynomials 
satisfying the conditions of the theorem.* Let w be a positive 
intee-er. Wi <»**<••• < n r —<> be r — 2 even inteeers where r 

■ mm l _j 

is odd and >3. Consider the polynomial 

(20) g(x) = (x 2 - m){x — rii){x — n 2 ) ", (at — n r _ 2 ), 

丄 lie 1 Cell 1 WULS U1 itl C fl\y n2y . • "r 一 2 LHC KJi y — 

g(x) has the form: 



* The construction we give is due to R. Brauer. 
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This has (r — 3)/2 relative maxima and，since | g(k) | > 2 for any 
odd integer k y it is clear that the values of these relative maxima 
are >2. This implies that /(x) = g(x) — 2 has (r — 3)/2 posi¬ 
tive relative maxima between n x and » r _ 2 . It follows that f{x) 
has r — 3 real roots in the interval {n u » r _ 2 ). Since /(» r _ 2 )= 
—2 andy(oo) = oo, there is also a real root >n r _ 2 - This gives 
r 一 2 real roots for /(x). Let a u a 2} …， be the complex roots 
of /(x). Then f{x) = 11(^ — aj = (x 2 m)(x — n{) - - - (x — 
w r — 2 ) — 2， and equating coefficients of x r_1 and x r ~ 2 y we obtain 

r r—2 


( 21 ) 

Hence 


S = £ = £ n k^i + 

1 1 A<I 


( 22 ) 


W = (E ai ) 2 — 2 E 





OtiOtj 


If we choose m sufficiently large, (22) shows that Sa t * 2 < 0 and 
this implies that not every a，i is real. If is a non-real root，then 
ai ^ ai is another such root so we have at least two non-real roots. 
Since in any case we have r — 2 real roots，we see that /(x) has 
exactly r — 2 real roots. We now write /(x) = x r - a\X r ~ x 
+ ••*+〜• Clearly the ai are even integers. Moreover, since 
the constant term of g(x) is divisible by 4, that of f(x) = g(x) — 2 
is not divisible by 4. It follows by Eisenstein’s criterion applied 
to the prime q = 2 that /(x) is irredi^ible in the rational field. 
We therefore see that we can satisfy the conditions of the theorem 
for every prime p = r ^ 5, It is easy to see that this holds also 
for / > = 2, 3. Hence the conditions hold for every prime, so we see 
that there exist rational equations of every prime degree p with 
Galois group the symmetric group S p . 


EXERCISES 

1. Let /(x) e 牵 [*vl have distinct roots pi, p 2 , •. .，p» in a splitting field P/$ and 
let G/ ^ S n be the Galois group of the equation /. Let yuy% • • be in- 
determinates and set 

F(x) = II (*V — (filtyi + p2ty 2 + … + Pntyn)) 

teSn 

=n (X 一 (plJVl* + p2y2* + … + pn^nO)* 

相这 n 
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Show that F(x) e 剩力 ，力 ， .*•，）《，■»]. Let F(x) = Fi(x)F 2 (x) • - - F r (x) be the 
factorization of F(x) into irreducible factors with leading coefficient 1 in $(^i, y% 

*. Show that, if — $ pi*yt is a factor of Fi(^), then 

i 

Fi(x) = n (a ： — £ pits) 

«eG, * 

Hence show that F^x) = (G/:l). 

2. Same notations as 1. Assume ， moreover，that 电 =Ro the field of rational 
numbers and that /(x) has Integer coefficients and leading coefficient 1. Assume 
p is a prime such that the polynomial f(x) obtained by replaci 呢 the_coefficients 
of J{x) by their residues modulop has distinct roots in a splitting field P/7 p . Show 
that F(x) = II (x — POi 1 ) i n P[*v,^i, • • • Jn] where pi, J 02 , … ， p n are the roots 

teSn 

of /(x) in P. Use this and ex. 1 to prove that, if the pi are suitably ordered, then 
碎 is a subgroup of G/. 

3. Show that any transitive subgroup of S n which contains an (« — l)-cycle 
and a transposition coincides with S n * 

4. Show that the equation 

/ + 22x 6 - 9x l + \2x s - 37x 2 - 29x - 15 
over Rq has the group Se. (Hint: Apply ex. 2 using the primes p = 2, 3, 5.) 
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In this chapter we shall investigate several types of abelian ex¬ 
tension fields. First, we shall consider cyclotomic fields over the 
field of rational numbers and we shall determine their dimen¬ 
sionalities and Galois groups. Next we shall consider Kummer 
extensions, which are obtained by adjoining the roots of a finite 
number of pure equations x m = a to ^ field containing m distinct 
m-th. roots of 1. Finally, we shall study the so-called abelian p- 
extensions, which are defined to be abelian extensions of p f 
dimensions of a field of characteristic p 9 ^ 0 . The theory of 
characters of finite commutative groups is a basic tool for the in- 
vestieation of Kummer extensions and abelian ^-extensions. Be- 
sides this, our study of abelian extensions will be based on a cer¬ 
tain type of ring, a ring of Witt vectors which can be constructed 
from any commutative algebra 51 over a field of characteristic 
p ^ 0. For any such St and integer m = 1, 2, — •, we have a ring 
of Witt vectors of characteristic p m . In the theory of 

valuations it is useful to pass to the limit as w — 00 and to con¬ 
sider also rings SS ㈤ of* infinite Witt vectors. This will be con¬ 
sidered in Chapter V. A number of the results of this chapter will 
be needed for an application to the theory of formally real fields 
which we shall take up. in Chapter VI. 

1. Cyclotomic fields over the rationals. We have defined the 
cyclotomic field of order m over a field 争 to be the splitting field 
over $ of the polynomial — 1 (§ 2.2). We have shown that, if 
the characteristic of # is not a divisor of m y then the Galois group 
of the cyclotomic field is isomorphic to a subgroup of the group 
JJ{m) of units in the ring I/im) (Th. 2.3). We now assume that 
the base field $ = R 0j the field of rational numbers, and we let 

no 
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P (m) denote the cyclotomic field of the w-th roots of 1 over R 0 . 
Let Z{m) be the multiplicative group of the m-th. roots of 1. We 
recall that Z(m) is cyclic and its generators are called primitive 
m-t\i roots of 1. Also p( m ) = R 0 {f) y where f is any primitive w-th 
root of 1; hence the dimensionality the degree of the 

minimum polynomial of f over R 0 . If f is a primitive m-th root of 
1, then any other primitive m-th. root of 1 has the form where 
{k y m) = 1. Hence the number of primitive w-th roots of 1 is 
<p{m) the number of positive integers not exceeding m which are 
relatively prime to m. This is also the order of the group U(m). 
Now let 

⑴ XmW = n k — r). 

f primitive 

This is a polynomial of degree <p(m) with coefficients in P (m ). If s 
is in the Galois group G of P (m) over R 0) then clearly s maps the 
set of primitive w-th roots of 1 into itself. Hence we have the 
relation X m *(*v) = X m (^) for every s eG, Since P (m) is Galois over 
R 0y we see that e that is, has rational coeffi¬ 

cients. We can see this also in a more elementary way which, at 
the same time, gives an inductive procedure for calculating 
Since the order of any w-th root of 1 is a divisor of m and 
since every d~t\i root of 1 for d\ m is an w-tK root of 1, we clearly 
have the formula 

/^\ ,.nt 1 一 TT X /.A 

\ jL ) X 一 1 = 丄丄 

d\m 

l<d<m 

Evidently we have 入 i(*v) = — 1 and, assuming that Xd(x) e 

for all d such that 1 < d < then the formula (2) gives 

(3) \ m (x) = (x m — 1)/ II UW 

d\m 

which shows that X m (^) e i? 0 M- This gives a practical way of 
calculating For example, we have Xi(^) = ^ — 1, 

X2W = (^ 2 — i)AiM = + 1 ， 

入 3 (*v) = (<v 3 — 1)/Xi(^)= 欠 2 + + 1， 

X4W = (x 4 — l)/Xl(*v)X2(*v) = x 2 + ly 

= (^ 6 — 1)/入1(欠)入2(欠)入3(欠） = x 2 — X + 1 
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and 

X 12 W = Cv 12 — l)Ai(^)X 2 WX 3 ( l v)X4(^)X6W = *v 4 — -v 2 + 1. 

If p is a prime, we have 

(4) X p (x) = (x p — l)/(x — 1) = x v ~ l + x p ~ 2 + … + 1 

and it is easy to see, using Eisenstein’s criterion, that X p (^) is ir¬ 
reducible in i?oM (Vol. I, ex. 2, p. 127). We shall now prove the 
following general result 

Theorem 1. X m (^) is irreducible in the rational field、 

HI 施盡 a ^ ^ an ^ f A A n ■* ^ 孀 

X^iUUX. TT c UUSCI VC ill tllftt ) liAS 111 teg Cl CUCUlClCil ts. 

For, assuming this holds for every \d(x) y d < m y and setting 
p(x) = JJ \d(x) y we obtain by the usual division algorithm 

d\m 

l<d<m 

that x m — 1 = p{x)q{x) + r{x) where q{x) and r{x) e I[x] and 
deg r(x) < deg p(x). On the other hand, we have — 1 = 
p(x)\Jx) s so by the uniqueness of the quotient and remainder, 
\ m (x) = q(x) has integer coefficients. Now suppose that X m (^)= 
h{x)k{x) where h{x) is irreducible in and dcgh{x) > 1. By 
Gauss 5 lemma (Vol. I, p. 125) we may assume that h{x) and k(x) 
have integer coefficients and leading coefficients 1. Let p be a 
prime integer such that p X m and let f be a root of h{x). We 
shall show that is a root of h{x). Since {p y m) = 1, is a 
primitive m~t\i root of 1 and, if is not a root of h{x) y is a root 
of k{x)\ consequently r is a root of k(x p ). Since h{x) is irre¬ 
ducible in i?oM and has f as a root, h(x)\k(x p ). It follows (as 
above) that k(x p ) = h(x)/(x), where /(x) has integer coefficients 
and leading coefficient 1. Also we have x m — l = \ m (x)p(x )= 
h(x)k(x)p(x) and all of these polynomials have integer coefficients 
and leading coefficients 1. We now pass to congruences modulo p 
or, what is the same thing, to relations in the polynomial ring 
/ p [v]. Then we obtain 

(5) x m — l = Jt{x)"k{x)p{x) 

where in general, if f{x) = a 0 x n 4 - a 1 x tt ~ 1 + . • • + e I[x] y then 
J{x) = a 0 x n + dix^ 1-1 + • • • + ^n, = ai + (p) in / p . Similarly, 

we have k(x p ) = ^(^)7(^). On the other hand, using a p = a for 
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every integer a y we see that 

y \ aH fl fl \ jn 

/ {xr = {a 0 x' r -\ - h a n r = i - h 

= a 0 x pn + • • * + in = 7(x p ) 

for any polynomial /(x). Hence "k{x) v = 是 (at p ) = Jt{x)l{x) which 
implies that (石 (*v)， 是⑻） # 1. Then (5) shows that *v m — I has 
multiple roots in its splitting field over / p . Since p Jf m this is 
impossible and so we have proved that is a root of h(x) for every 
prime p satisfying p X A repetition of this process shows that 

is a root of h{x) for every integer r prime to m. Since any primi¬ 
tive m-th. root of 1 has the form f r , (r, m) = 1 we see that every 
primitive m-th root of 1 is a root of h{x). Hence h{x) = and 

\ m (^) is irreducible in i? 0 M- 

We now see that X m (.v) is the minimum polynomial over Ro of 
any primitive w-th root of 1. Since P( m ) = i?o(r)> T primitive 
we have established the formula 

⑹ [P ⑽ : 及 0 ] = 

This implies that (G：l) = <p(m) for the Galois group G of P (m )/ 穴 0 . 
Since (U(m) : 1) = <p(m) and G is isomorphic to a subgroup of 
U{m) y this proves 

Theorem 2. Let P (mJ be the cyclotomic field of order m over the 
rationals R 0 . Then the Galois group of jR。is isomorphic to 

U(m) y the multiplicative group of units in the ring I/{m). 

We shall now proceed to determine the structure of the Galois 
group G or, what is the same thing, that of U(m). It is easy to see 
that, if m = pi ei p 2 ei … pr^ where the pi are distinct primes, then 
U(m) is isomorphic to the direct product of the U(pi ei ). For this 
reason we shall confine Our attention to the case m = p e a. prime 
power. Then U(p e ) is a commutative group of order <p(p e )= 
p e — p e—1 = p e ~~ l {p — 1)- We prove first 

Theorem 3. If p is an odd prime y then the multiplicative group 
U(p e ) of units in I/{j> e ) is cyclic. 

Proof. Since the order of this group is p e ~ 1 {p — 1), U{p e ) is a 
direct product of its subgroup H of order p e ~ l consisting of the 
elements which satisfy x v *~ l = 1 and the subgroup K of order 
p — l of the elements satisfying x p ~ 1 = 1. It suffices to show 
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that both H and K are cyclic since the direct product of cyclic 
groups having relatively prime orders is cyclic. If e = l y then 
U(p )= : K is the multiplicative group of the field I/(p) and this is 
cyclic. Hence we can choose an integer a such that a + (p) y a 2 + 
(p), • • .， a v ~ x 4 - (p) are distinct in I/{p). Set b = a pU ~\ Since 
(a y p) = 1, {byp e ) = 1 and b + (p e ) and a + (p e ) e U(p e ). Also 
奸一 1 = (^ pe_1 ) p_1 = = 1 (mod p e ) so ^ + (p e ) e K. Since 

b = a pe ~ l = a (mod p) y b 4 - Cp) } b 2 + (p), • • •, -1 + {p) are 

distinct. Hence also b + (p e ), b 2 + {p e ) y * • *, b v ~ x + {p e ) are 
distinct. This implies that the order of 彡 + (p e ) is precisely 
p — 1. Since (K: 1) = /> — 1, it follows that K is cyclic with 
generator b + (p e ). It remains to prove that H is cyclic, and we 
may assume that e >2 y since, otherwise, H = (1) and the result 
is clear. Assuming e >2 y we can conclude that i/ is a direct 
product of ^ > 1 cyclic groups of order p ei ， ^ > 1. Then the 
number of solutions of the equation x p = l, x e H is p k . Hence it 
will be enough to show that the number of integers n y 0 < n < p 、 
satisfying n v = \ (mod p e ) does not exceed p. Now if n satisfies 
these conditions, then, since n v = n (mod p), we have n = \ 
(mod p). Then if » ^ 1, we may write n = \ + + zp f+1 

where 1 < / < e — l y 0 < y < and 2 is a non-negative 
integer. Then 

) Cv + zp)p f + ) 0" + z P) 2 P 2f 

+ •**+ ty + zp) v p vf 
=1 + yp f+l (mod》 /+2 ). 

If n p = \ (mod p e ) and / < ^ — 1, this gives yp f+i = 0 (mod 
p f+2 ) so y = 0 (mod p) contrary to 0 < y < p. Hence we see 
that, \ < n < p e satisfies n v = \ (mod p e ) y then » = 1 + 

j]j y \j ^ y v. p. 丄 uis gives tiitugciiicr at must p suiuuuns in¬ 
cluding 1 and completes the proof of the theorem. 

We consider next the case of the prime 2 in the following 

Theorem 4. U(2) and ?7(4) are cyclic and ， ^ ^ > 3, then U{2 e ) 
is a direct product of a cyclic group of order 2 and one of order 2 e ~ 2 . 

Proof. The order of U(2 e ) \s<p{2 e ) = 2 e ~K lie = 1, (C/(2):l) 
=1 and if e = 2, U(2 e ) = ?7(4) has only two elements and so is 
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cyclic. Suppose e > 3. We show first that there are four distinct 
elements e U(2 e ) satisfying^ 2 = 1. This will imply that U(2 e ) 
is a direct product of at least two distinct cyclic groups 〆 1. Set 
A = 1， = — 1， = 1 + 2 e_1 , a 4 = — 1 + 2 e ~\ Xi = H- 
(2 e ). Then the Xi are distinct and satisfy x/ = 1, which proves 
our assertion. Also since U(2 e ) is a direct product of at least two 
cyclic groups ^ 1 and the order of U(2 e ) is 2 e_1 , we see that, if 
x e U(2 e )， then x 2tHl = 1 or, what is the same thing, if a is an odd 
integer, then a 2 *^ = 1 (mod 2 e ). The proof will be completed by 
displaying an x such that x 2 "~ 9 ^ 1. Then we shall have a cyclic 
subgroup of order 2 e ~ 2 and this can happen only if U(2 e ) is a 
direct product of a cyclic group of this order and one of order 2. 
We proceed to show that we may take = 5 + (2 e ). Note first 
that, if e = 3 y then 5 2 *~* =5^1 (mod 2 e ) but 5 2 *~ 8 = 1 (mod 
2* -1 ). Now let/ > 3 and let k(/) be the largest integer k such 
that S 2f ~* = 1 (mod 2*). Then we have ^(3) = 2. Also for any 
y > 3 we have 5 2/_， = 1 + y2 k ^ where j is odd. This gives 

52V+O-S _ (f_ s )2 = 1 _J_ y2Hf')+i _J_ 

which shows first that k (/ + 1) ^ ^(/), so k(f) > 2 if / > 3. 
Then the relation shows that 5 2</+1) ~* = 1 + z2* (/)+1 where 
z = y + 2 k(f) ~ 1 y 2 is odd. Hence ^(/ + 1) = k(f) + 1. This and 
是 (3) = 2 imply that k(f) = / — 1 for all / > 3. Thus 5 2# ~* ^ 1 
(mod 2*) if e > 3 which is what we needed. This completes the 
proof. 

Theorems 2, 3, and 4 give a description of the Galois group of 
the field of the p e ~th. roots of 1 over the rationals. The result is 

Uic lUAIUWUlg 

Theorem 5. Let m — p e 3 p a prime y and let be the field of the 

m~th roots of 1 over the field R。of rational numbers. Then the Galois 
group G of V^ m) /R Q is cyclic unless p = 2 and e > 3 y in which case 
G is a direct product of a cyclic group of order 2 and one of order 
2 e ~ 2 . 

EXERCISES 

1. Use the Mobius inversion formula (Vol. I， ex. 5, p. 120) to prove that 

、 /.A _ TT t.A 

AmW = 丄丄 V® - • 

dim 
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2 . Let be a prime and let P( p ) be the cyclotomic field of p-th roots of 1 over 

the field Ro of rational numbers. Let g 4 - ip) be a generator of the cyclic group 
U(p) and let s be the automorphism of /Rq such that f a fixed 

primitive p-th root of 1. Show that (f ， f* ， f* 2 , * * *, f* P-2 ) form a basis (normal 
basis) forP (p) /7?o* Suppose 多 —1 = e/ y <?,/ positive integers and let E/i?o be the 
subfield of e dimensions of P ⑻ /i?。，Show that, if t = s e and 17 = f + T (2 
+ * ‘ * + then (rj. v g . * • *. rj®* -1 ) is a basis for E/i?n. Show that the multioli- 

4 / t •s • y • y j • t I v .1 

cation table for this basis has integer coefficients. 

3. Let P be the field of the 17-th roots of 1 over i? 0 . Determine the subfields 
R i} i = 1, 2, 3 such that Rq CL R x CL R 2 CL R z CL = P and [ 及私 _i] = 2, 
Find an element to,' in i?; so that Ri = Ri-iitai}, to t >2 e Ri—i’ 1 < ; < 4. 

4. (O. Todd) Let P be the field of p-th roots of 1 over Ro where p is a prime of 
the form 4» + 3. Show that P is a tensor product of a quadratic subfield and a 
subfield of odd dimensionality. Show that the quadratic subfield is not real (if P 
is considered as a subfield of the field of complex numbers). 

5. Let E (wl ) be the cyclotomic field of degree m over $ 0 = Ip 、Write m = 
m’p 、 {m\ ^>) = 1. Show that [E ⑽： $ 0 ] is the order of the element p + (otO in 
the group U{m r ) t 

2. Characters of finite commutative groups. In the remainder 
of this chapter we shall study two classes of abelian extension 
fields: Kummer extensions and abelian extensions of p e dimen¬ 
sions over a field of characteristic p. For both of these the theory 
of characters of finite commutative groups is basic, so we shall 
develop this first. 

Let A and B be two commutative groups (written multipli- 
catively) and let x and ^ be homomorphisms of A into B. We de¬ 
fine the product by a x ^ = a 乂 aK One checks that this is again a 
homomorphism and that the set Horn {A y B) of all the homo¬ 
morphisms of A into 5 is a commutative group under the prod¬ 
uct xP (cf. Vol. I, p. 78). We shall be interested particularly in 
the case A finite and B = Z a. finite cyclic group whose order is 
divisible by the orders of all the elements of A. We shall call the 
maximum order of the elements of A the exponent of A. We recall 
that the order of every element is a divisor of the exponent (Vol. 
II, ex. 1, p. 69), so the condition we have imposed on Z is equiva¬ 
lent to: the order of Z is divisible by the exponent of A. 

We wish to determine Horn {A y Z) from a particular decom¬ 
position of J a.sJ = A x X A 2 X * * * X A f where the Ai are cyclic 
subgroups. Thus we are assuming that A = 、 … A r and 

Ax V[ A\ ''' ''' A r = \. Let 心 =1) and let 

Ci be the subgroup of Z of elements z satisfying z ni = 1. Since ri{ 
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is a divisor of the order of 2, Ci is the subgroup of order rii of Z. 
Let C be the group of r-tuples (fi, C 2 y * * *, f r ) where d e Ci and 
multiplication is defined componentwise. Hence C is the (ex¬ 
ternal) direct product of the .groups Ci, C 2 , * * *, C r and C 兰 A 
(cf. Vol. I, p. 144). We shall now obtain an isomorphism of 
Horn {A y Z) onto C. For this purpose we choose a generator ai 
of t = 1, 2, * * *, r. If x e Horn Z), then = Ci satisfies 
Ci ni = 1, since — 1. Thus Ci e Ci ， We now map x into the 
element (fi, f 2 , * * *,fr) = (^i x ,^ 2 x > * * *, a r x ) eC If x,^eHom (^,Z), 

then 

* ， a〆 ） =(W ， … ， a r W) 

= … ， a r x )(a^ y … ， a /)， 

so x — ( a i x > * * *, a r x ) is a homomorphism of Horn (A y Z) into C. 
If ai x = 1, / = 1, * * *, r, then a x = 1 for every a z since the 心 
are generators of A. Thus — 1 for all i implies x = 1， which 
shows that x (^i x , … ， a r x ) is an isomorphism into C, It re¬ 
mains to show that this mapping is surjective. Let Ci be any ele¬ 
ment of Then Ci ni = 1 and it is clear that we have a homo¬ 
morphism Xi of Ai onto Ci such that — a. Since A — 

為 X … X the mapping X\X 2 ''' x r x^- l X 2 Xz * * * x r Xr ，Xi e 
Ai y is a homomorphism xo( A into Z. Clearly x (^i x , … ， a r x ) 
=(^ 1 , C 2 > … ， c r ). This shows that the mapping of Horn {A y Z) in¬ 
to C is 3U-ijcctivc» TTHus we have sJio^vn that A C Horn 、 Zj . 

Theorem 6. Let A be a finite commutative group and let Z be a 
finite cyclic group whose order is divisible by the exponent of A. 
Then the group Horn (A y Z) is isomorphic to A. 

If 2 satisfies the condition of the theorem, then we shall call the 
group Horn {A y Z) a character group of the group A and we shall 
call the elements of this group characters of A. 

We are now in a position to derive in quick succession the results 
on characters which we need. We note first the following 

Corollary 1. If a # \ in A y then there exists a character x e 
Horn Z) such that a x ^ \. 

Proof. Let B be the subgroup of A of elements b such that = 
1 for all x e Hom {A 、 Z). Then we see immediately that our 
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assertion will follow if we can show that B = l. Now let x b 
H orn {Ay Z). Since = \ y b ^ B y B \s in the kernel of x and 
so we have an induced homomorphism x oi A/B into Z defined by 
{aBY = aX - If x> ^ e Horn {A y Z) and x = 少， then the definition 
shows that x = Hence the mapping x — X of Horn Z) 
into Horn {A/B y Z) is 1-1. Since {A\ 1) = (Horn Z) : 1) and 
{A/B：\) = (Horn Z):l), by Theorem 6, we must have 

equality of all of these numbers. This implies that 5=1, which 
is what we needed. 

If a is a fixed element of A y then we can define a mapping t) a of 
Horn Z) into Z by = a x . If Xj ^ e Horn Z) we have 
= : a x ^ = a x a^ = x Va 'P Va ) which shows that rj a is a homo¬ 
morphism of Horn Z) in to Z. Thus 7\ a is a character of the 
group Horn (A y Z), Then we have the basic 

Corollary 2. For az A define a mapping rj a of Horn {A y Z) into 
Z by x Va = Then rj a e Horn (Horn {A y Z), Z) and the mapping 
a ^ rj a is an isomorphism of A onto Horn (Horn {A > Z), Z). 

Proof. Observe first that a rj a [s a homomorphism since 
X Vab = {al>) x — a^b x = = x Va1,i (the last equation by the 

A 亡 4m . 表孀 C a ， A 表 .A A ^ 丁 ^ All A A. 

UCllill UUil tlic UI wuuct 111 £L CllCLi fLCtCi gl UUUy • 丄 、 CAL aUUUUaC 

r] a = 1. Then a x = 1 for all x so, by Cor. l y a = L This 
shows that the kernel of the homomorphism ^ ^ ?； 0 is the iden¬ 
tity. Hence the mapping is an isomorphism. Since {A:\)= 
(Horn {A y Z) ： 1) = (Horn (Horn (A t Z) y Z):l), by Theorem 6, 
a ^ rj a is surjective and the proof is complete. 

Corollary 2 permits us to identify A with the character group 
(relative to Z) of Horn {A y Z). By virtue of this result we have a 
perfect duality between A and Horn {A t Z), We use this in the 
proof of 

Corollary 3. A set {xi } X 2 j * * *> Xr} of characters generate the 
character group Horn {A y Z) if and only if the only a z A satisfying 
a Xi = 1, / = 1, 2, * y r is a = 1. 

Proof. This is equivalent to the dual statement [a^ a 2 , * * *, a r j 
generate A if and only if a t x = 1, for / = 1, 2, * • •, r holds only 
for the character 1. This is easy; for, if a u * * *, generate A and 
a t x = 1 holds for the character x> then a x = 1 holds since x is a 
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homomorphism. This implies that x = 1* On the other hand, if 
the subgroup B generated by ^ 1 , * * *, is a proper subgroup, 
then there exists a character x ^ 1 for A/B. IfaeA the mapping 
defined by a aB — (aB)^ is an element ^ 1 of Horn Z) 
satisfying a/ = 1， / = 1 ， … ， r. 

3. Kummer extensions. It is generally a difficult problem to 
obtain a survey of the abelian extensions of a given field 牵 . For 
example, if 伞 is the field of rational numbers, this requires deep 
arithmetic considerations. However, there are two types of 
abelian extensions which can be quite exhaustively studied by 
comparatively elementary algebraic means. One of these, which 
we shall call abelian extensions, are the abelian extensions of p e 
dimensions over a field of characteristic p ^ 0, We shall con¬ 
sider these in § 5. In the present section we shall develop the 
theory of Kummer extensions, which are defined as follows. 

Definition 1. Let P be an abelian extension of a field Then 

P/$ is called a Kummer w-extension if the Galois group ofT/^ is of 
exponent m and 电 contains m distinct m~th roots of 1. 

We shall now suppose that 中 is a ^ven field which contains m 
distinct m-th roots of 1. The field 电 and the integer m will be fixed 
throughout our discussion. We are interested in obtaining a sur¬ 
vey of the Kummer m'-extensions P/$ where m f \m. We recall 
that the condition that 中 contain m distinct w-th roots of 1 im¬ 
plies that the characteristic is not a divisor of w (§ 2.2). If P / 中 
is a Kummer ex ten si on where rri | w, then [P:$] = (G ： 1) and, 
since the exponent and order of a finite commutative group are 
divisible by the same primes, we see that the characteristic is not 
a divisor of [P: 到 . 

Let O and m be as indicated and let P/$ be a Kummer w'-ex- 
tension, m r \m. Let P* and 中 * be the multiplicative groups of 
non-zero elements of P and 金 respectively. For p e P*, the 
mapping p p m is an endomorphism of P* which maps into 
itself. The kernel of p ^ p m is Z(m) the group of order m of m~th 
roots of 1 and Z(m) c Let 

(7) M(P) = {peP*|p m e$*} 

⑻ A^(P) = {p m lpeM(P)j. 
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Thus M(P) consists of the w-th roots in P of the elements of 中 * 
and A^(P) is the set of elements of which are m-th powers of 
elements of P. It is clear that M(P) is a subgroup of P* con¬ 
taining and A^(P) is a subgroup of containing ^* m = 

Let p e Af(P) and set Xp( s ) = P s P —1 y J e <7. Since p m = o ： e 中， 
(p*) m = a so pV - 1 e Z(m). Moreover, since Z(m) c 

Xp(^) = p 8 *p _1 = (pV-D V〆 ） =XpWXpW- 

Thus we see that x P e Hom (G, Z), Z = Z(m) y which is a character 
group of the finite commutative group G since the exponent of G 
is a divisor of m. Conversely, let x be any element of Horn (G y Z). 
Then we have x(^) = x( s )x(0 ~ x( s ) t x(,^)i so Noether’s equa¬ 
tions are satisfied. Consequently, by Noether’s theorem (Th. 
1.19), there exists a non-zero element p e P such that x( J )= 
pV - 1 * Since pV - 1 e Z we have (p s ) m = p m or (p m ) 5 = p m for every 
s eG. This implies that p m e ^ and so p e M(P). We have there¬ 
fore shown that every element of the character group Hom (G, Z) 
is of the form xW = pV"" 1 , p i n M(P). If p 1} p 2 e M(P) and 
Xpn Xpz are the corresponding characters of G, then x P1P2 C0 = 
(PiP 2 ) s (PiP 2 ) -1 = PiVi 一 1 P 2 V 2 一 1 = X P1 Wx P2 W* Hence the map¬ 
ping p x P ( s ) is a homomorphism of M(P) onto Hom (G, Z). 
The kernel of this homomorphism is the set of elements p e M(P) 
such that p s p 一 1 = 1， J e G. This is just the set of elements satis¬ 
fying p a = p } s eG } p 9 ^ 0 and so it is $*• 

It is convenient to state the result which we have just obtained 
on the homomorphism of M(P) onto Hom (G, Z) as a result on 
exact sequences of group homomorphisms. If G 1} G 2 , …， G* are 
groups and rji is a homomorphism of Gi into G t+1 , then we say 
that the sequence 

Gi G 2 • • * — Gk~i ~~~> Gk 

is exact if for each i = 1, 2, • • ^ — 2 the image of Gi under % 

coincides with the kernel of If 1 denotes the group consisting 
of 1 alone then the only homomorphism of 1 into any group G is 
1^1. It follows from this and the definition of exactness that 
1 ^ Gi G 2 is exact if and only if rj is 1-1 and Gi G 2 ^ l 
is exact if and only if rj is surjective. 
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Using this terminology we can state the following theorem. 

Theorem 7. Let ^ be a field containing m distinct m-th roots of 1 
and let P/$ be a Kummer m'-extension where m' \ m. Let M(P) be 
defined by (7) where P* is the multiplicative group ofY and is the 
multiplicative group of 龟 . Then we have the exact sequence of 
multiplicative groups 

1 — — M(P) ^ Horn (G y Z) 1 

where the homomorphism of is the inclusion mapping and that of 
M(P) is p x P y X P ( S ) = pV 一 1 . The factor group M(P)/P* is 
finite and isomorphic to G. We have P = 中 (M(P)) and P = 
^(pij P 2 > •. . ， Pr), pi irt M(P), if and only if the cosets p t 4>* generate 
M(P)/$* 

Proof. The first statement on the exactness of the displayed 
sequence means that is the kernel of the mapping p 乂 /> and 
this mapping is surjective on Hom (G, Z). Both of these facts 
were established above. Consequently, we have Hom (G, Z)= 
M(P)/$*. Since Hom (G, Z) ^ G, by Theorem 6, we have 
M(P)/$* = G. This proves the second statement. Now let 
Pi，*. *,Pr be elements ofM(P) such that the cosets generate the 

finite group M( P)/#*. Clearly the homomorphism p^x P of M(P) 
gives the isomorphism of M( P)/$* onto Hom (G, Z ). 

Hence we see that the characters generate Hom (G, Z). Now let 
P' = ^(pi, p 2 y * • *, p r ) and let H be the subgroup of G corre¬ 
sponding to (the Galois group of P/P'). If / e we have 
P % 1 = P%y 1 < / < r y so XpiW = 1* This implies that xW = 1 for 
every x e Hom (G y Z). It follows from Corollary 1 to Theorem 6 
that t = \. Thus H — \ which implies that P r = #(p 1} • • •, p r ) 
=P and P = 中 (M(P)). Conversely, let pi, • • p r e M(P) 
satisfy 中 (Pi, • * •, p r ) = P and let s eG. Then p { s = p iy 1 < i < r y 
will imply that p* = p, p e P. Hence we see that x Pi U) = 1> 
1 < i < r, implies ^ = 1. Then Corollary 3 to Theorem 6 im¬ 
plies that the % Pi generate Hom (G, Z). In particular, if p e M(P), 
then x P = X Pl kl X Pi ki * * * X Pr kr - Thus for every s eG we, have 

p*p 一 1 = (PiViHVr 1 卢 … (prVr -1 )^. 

Hence Oi_% 2 一 * 2 … Pr~ kr ) a = ppi 一 * 如 _ * 2 • •. p r 一 \ s e G. It 
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follows that p = ppi* 1 - * * p r kr y p e 蚤气 Since p was any element of 
M(P), this shows that the cosets p»4>* generate M(P)/^>*. This 
completes the proof. 

Next we consider the mapping p of M{V) onto the 

factor group N{V)/^* m . This is a homomorphism whose kernel 
is the set of elements of M(P) such that p m = a m where a e $*. 
Then p = fa where 广 =1. Since Z c these are just the ele¬ 
ments of $*. Hence we have the isomorphism of 

onto A^(P)/$* m . Since M(P)/$* is isomorphic to the 
Galois group of P/$ } it is clear that N(P)/^* m is a finite subgroup 
of and we have 

(9) A^(P )/^* m ^ M(P)/$* ^ G. 

We shall now shift our attention to the subgroup N(F) of 牵气 
This satisfies the two conditions: A^(P) 3 and is 

finite. We shall see that these subgroups, which are defined by $ 
and m y can be used to give a survey of the Kummer extensions 
P/O. We observe first that, if a ly a 2y • • •, a r are elements of 
N{P) such that the cosets ai^* m generate A^(P)/$* m , then P/$ 
is the splitting field of 

(10) /(x) = (x m - ai )(，- a 2 ) .•- (x m - a r ). 

For, we have pi m = where p t - e M(P) and the isomorphism 
p$* of M(P)/^* with N(P)/<^* m implies that the cosets 

p t 4>* generate M(P)/^*. Hence, by Theorem 7, P = 中 (Pi, • • 
p r ). If Z = jf-,}, then the roots of /(x) are so we see that 
P = is a splitting field over 中 of /(x). 

We proceed to show next that any subgroup N of satisfying 
the stated conditions arises from a Kummer extension. The pre¬ 
cise result is the following 

Theorem 8. Let $ be a field containing m distinct m-th roots of 1 
and let N be a subgroup of containing such that N/^* m is 
finite. Then there exists a Kummer m!-extension P/$ with 
such that N(V) = N where N(V) and M(P) are defined by (8) and 

⑺. 

Proof. The foregoing analysis of Kummer extensions gives the 
clue to the definition of P/O. In view of this, we are led to choose 
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a u a 2) * * *, a r in the given group N so that the cosets 
generate N/^* m . Let P/$ be a splitting field of the polynomial 
f(x) given in (10). Since x m — oti has m distinct roots, fix) is 
separable and P / 中 is finite dimensional Galois. Let G be the 
Galois group. If p t ‘ is a root of x m — a iy then all the roots of this 
polynomial are the elements p t • 匕 ， in the group Z of w-th 
roots of 1. Hence if s e G y then f t -(j) e Z. If s, t e G, 

we have = (r»Wpv)* = Kii,^)Px = Hence p t ‘“ = 

pi ta y i = 1, 2, • • r, and since it is clear that P = $(pi, p 2 , • • •， 
p r )y st = ts for all s y t eG. This shows that G is a commutative 
group. Also we have = ^i{s) k pi y k = 1, 2, . • •，and conse¬ 
quently pi $m = Pi which implies that s m = l y s eG. Thus the ex¬ 
ponent of G is a divisor of m and P/$ is a Kummer w^extension 
since 2 c It remains to show that, if A^(P) is defined by (8), 
then A^(P) = N. Since pi m — a t - e pi e M(P) defined by (7). 
Since P = 中 (p 1} .. *, p r ). Theorem 7 shows that the cosets 
generate M(P)/4»*. Applying the isomorphism of M(P)/$* with 
N(F)/^* m we see that the cosets generate On 

the other hand, we know that the cosets generate 

This implies that N{V) = N 

We now consider two Kummer w t -extensions P t '/ 中 ， i = 1, 2, 
where m t | m. It is clear from the definitions of A^(P t -) that, 

if Pi/O = P 2 / 中 > then the subgroups A^(Pi) and A^(P 2 ) of coin¬ 
cide. Conversely, suppose we have A^(Pi) = A^(P 2 ). We have 
seen that, if a u a 2) • • •, a r are elements of iV(P t ‘）such that the 
cosets ai^* m generate then P t - is a splitting field over $ 

of /(x) = (x m — ai)(x m — a 2 ) - - - (x m — a r ). The uniqueness of 
splitting fields implies that Pi / 牵 =P 2 / 中 if A^(Pi) = A^(P 2 ). 
Next we look at the Kummer w’-extensions, P/ 中 , m y which 
are contained in one extension field 12/ 中 (e.g. } the algebraic closure 
of 伞 in the sense of § 4.1). We have seen that, if P t / 金 is one of our 
extensions, then P t - = $(M(P t *)). Hence it is clear that Pi 3 P 2 
if and only if M(Pi) 3 M(P 2 ). Also it is clear that M(Pi) 3 
M(P 2 ) if and only if A^(Pi) 3 A^(P 2 ). Hence Pi 3 P 2 if and 
only if the A^(Pi) 3 A^(P 2 ). It is apparent that our results give a 
completely satisfactory internal description of the Kummer ex¬ 
tensions P/$ by means of the subgroups N of satisfying the two 
conditions: N 3 N/^* m is finite. 
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EXERCISES 

1. Show that there exist an infinite number of non-isomorphic quadratic ex¬ 
tensions of the field of rational numbers. 

2. Assume 中 contains m distinct m-th roots of 1 and let P/$ be cyclic of m 
dimensions over 中 ， j a generator of the Galois group of P/$. Show that P = 
$(p) where p m = ot e 中 andp* = fp where f is a primitive m-th. root of 1. Show 
that, if o- e P satisfies a m e then <r = 0p k where e $ and 1 < 走 < w. 

3. (Albert). Let P be cyclic of n = l e dimensions over $ where / is a prime and 
牵 contains / distinct /-th roots of 1. Let j be a generator of the Galois group G of 
P/$, H the subgroup of order / of G generated by / = s m ，m = 产 —\ E the sub¬ 
field of ^/-invariants, so E/$ is the unique subfield of m dimensions in P/$. By 
2, P = E(p) where p l = a e E and p t = i* a primitive /-th root of 1. Show 
that p 8 = )3p fc where jS e E and 1 < 走 < /• Show that p l = yp k，n = where 
7 e E and hence that k m = \ (mod /) and 々 =1. Show that 々 eI* 03) = f and 

= jS*. 

4. (Albert). Assume 中 has I distinct /-th roots of 1, / a prime, and that E / 中 Is 
cyclic of m = l e ~ l dimensions over ^ > 1. Suppose E contains an element 
)3 such that N-& I$(j3) = i* a primitive /-th root of 1. Show that there exists an 
a e E such that a 8 a 一 1 = where j is a generator of the Galois group of E / 屯 
Show that a is not an /-th power in E so that, if P = E(p) with p l = a y then 
[P:E] = /. Show that P is cyclic of l 6 dimensions over 

5. Note that ex. 3 and 4 imply the following: If $ contains / distinct /-th roots 
of 1 , / a prime, and E/$ is cyclic oi V > \ dimensions, then E/$ can be im¬ 
bedded in an extension P/$ which is cyclic of l f+l dimensions if and only if 
the primitive /-th root of 1， f is a norm of an element of E. Use this to prove 
that, if 中 is of characteristic -A 2, the quadratic extension E = $(e), e 2 = 7 e 
can be imbedded in a quartic cyclic extension of $ if and only if 7 is a sum of two 
squares of elements of In particular, show that, if Rq is the field of rational 
numbers, then an imaginary quadratic extension i? 0 ( € ) > € 2 = 7 < 0 in cannot 
be imbedded in a cyclic quartic extension. 

6 . (0. Todd). Let P be the field of p-th roots of 1 over Rq where p is a prime 
of the form 4» + 1. Show that P contains a real quadratic subfield. 

7. Assume $ contains four distinct fourth roots of 1. Show that any quadratic 
extension E/$ can be imbedded in a cyclic quartic extension P/$. 

4. Witt vectors. We have defined abelian ^-extensions of a field 
中 of characteristic ^ 0 to be abelian extensions of p e dimen¬ 
sions of Cyclic p-extensions of dimensionality p and p 2 were 
encountered first by Artin and Schreier in connection with a prob¬ 
lem on real fields (see § 6.9). Their construction was generalized by 
Albert to give an inductive construction of cyclic ^-extensions of 
p e dimensions. Slightly later Witt gave a direct construction 
and survey of abelian ^-extensions along the lines of the theory of 
Kummer extensions which we have just considered. Witt’s 
method is based on an ingenious definition of a ring of vectors 
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defined by a given field of characteristic p. This construction has 
important application in other connections (e.g.，valuation theory) 
and we shall consider it now in its general form. 

TX7_ - 1 11 1_ !£1 , ^ t it- 1_! ^ 1 _ -v* Ti T. . _ 1 

vvc snan ucgin nrsu wiui me polynomial ring % = Jjy z fcJ 

in indeterminates X{ y yj, z ky i i j t k = O y l i --- y m — 1, over the 
field R 0 of rational numbers. Let 王 (m ) be set of tuples (a 0i ai, 
- - *. a .： e with the usual definition of equality and with 

addition and multiplication by components. If a = (a 0 , …， 
a m -\) y b = ( 彡 o ， … ， b m -i) y then we denote the sum and product 
by a ㊉ 》， a O b y so that 0 ㊉ 彡 = (別 + 彡 0 , . . .， + 彡 m_i )， 
a O b = (a 0 彡 o, . . •, Let p be a fixed prime number. 

We use this to define a mapping <p in 3£ (m) by the rule that, if a = 
(^0> ^ly ' ' ' > 一 1) ， th.Cn ^ - =(a ⑼， a ⑴， ...，where 

(11) = a^ v + pa\ pV ~ x + • . . + p v a” v = 0, 1, • • •, m — 1. 

Thus a (0 ) = a 0 , a (1 ) = a 0 p + pa\’ • • • . We introduce also the 
mapping P'.a a p = ai p , • * *, a m _i v ). Then the defini¬ 
tion (11) gives 

(12) a (0 ) = a 0 , = (a p ) 〜一 D + p v a vy v > 1. 

Next let A = (a (0) y a (1) , - - •, be arbitrary and define a 

mapping ^ by ^ = (a 0y a u • . • ， where 


(13) 


從 0 




a 


( 0 ) 


p 


(a ⑻ 一 一 pd\^ v 1 一 


• • • 


办 _1)，^ ^ l. 


One checks directly that = a y = A y which shows that <p is 
1-1 surjective with 少 as its inverse. 

We shall now use the mapping <p and \[ / = 中 ― 1 to define a new 
addition and multiplication composition in 3£ (m) . These are re¬ 
spectively 

,a + b = (# ㊉ 妒 )’ 

(14) 

ab = {if O 卿 . 

These provide another ring structure in (Vol. I, ex. 6, p. 71). 
We denote the new ring as 3£ m so and X (m) coincide as sets and 
a cC^ is an isomorphism of H m onto X (m K Hence X mf like X (m) , is 
commutative. 
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We now examine the formulas for x -j~ y, xy y and x — y for the 
“generic” vectors ^ = Uo, xi，•. •，= (y 0i yi, - - - 
Xiy yj the given indeterminates. For example, we have 

1 p- 1 /p\ • 

0 + _y)o = + yo> (x -hy)i = — 23 ( . }xo i yo p ~ i y 

p i=i W 

(^y)o = xoyo, (^y)i = ^o p yi + xiy 0 p + pxiyi. 

In general, if o denotes any one of the compositions +, •, —, then 
it is clear from the definitions that the r-th component (x o y) v 
of x o y is a polynomial with rational coefficients in x 0y y 0> Xi y yi, 
… ， x vy y v . Also one sees easily that 

(15) (x + y) v = x v -\- y v +/ v {x 0> yoy … ， x v _ u y v _ x ) 

where /„ is a polynomial in the indicated indeterminates. The 
basic result which we shall now establish is that o y) v is a poly¬ 
nomial in Xoyjoy • ■ •, x vy y v with integer coefficients. 

Throughout our discussion we write ^ = (a ⑼， a ⑴， ..•， 
a(m-i)) if a = (a 0 , ai, . • • ， a m -\) etc. Let I[xi y yj] be the ring of 
polynomials in x Q) yo, • . .，with coefficients in the ring 
of integers I. If jn is a non-negative integer we denote the ideal 
p^Ilx^yj] by (p M ) and we write c = d (p^) for c — d & (jf). Then 
we have 

Lemma 1. Let 只 >1 ， 0 < k < m — \ y a — {a v ), b — (4), 
0 < y < w — 1, a Vi b v e Ilxiy jyy]. Write = {b {v) ). 

Then the system of congruences 

(16) a v = Kip*), 0 <v < k 
is equivalent to 

(17) a 00 = 0 < ^ < 

Proof. We have a (0) = a 0i 彡 (°) = 彡 。， so the result is clear for 
是 = 0. To prove the result by induction on k we may assume 

that hofh spfs (\f\\ anrl H 7、 hoM fnr C\ <1 v <1 b — 1 anrl nrove 

that under these conditions if and only if a ik) = 

(^* +A! ). It is clear that — ^kip 11 ) if and only if p k ak = p k bk 
(^+4. Hence, using (12), it is enough to show that = 

( 巧 ( 卜 1 )⑼ +*) holds under the induction hypothesis. We have 
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a v = Kip*), 0 < v < k - Using ^ = 0 (p), I < i < p - l y 

this gives a v p = 彡 /(^* +1 )， 0 < v < k — Hence the induction 
on k applies to a p and b p to give {a P Y k ~ 1 ^ = i) 

which is what is required. 

We can now prove the basic 

Theorem 9. If x o y denotes x + y y xy or x — y y then (x o y) v is a 
polynomial in xo y y 0> . • • ， x vy y v with integer coefficients. 

Proof. Since (x o y) v is a polynomial in x 0 ,yo, …， with 
rational coefficients, it suffices to prove that o _y) y e y/\. 
This is clear for o _y) 0 and we assume it for o y) ki 0 < k < 
y — 1. We have 

(18) 矿 k 。 力 v w 。 — 。 yrr~^y 

by (12) and (x 。 j) (v ) = x 00 i y v ) e /[ 心，力 ]. The induction 
hypothesis implies that ((x o jy)’)。-：!) e I[Xi, yj]. Hence, by (18), 
it suffices to show that 。 J) 00 三 （ (x 。 _y) 尸广一 ” (p v ). We have 
x iv) = (^ p ) <1，_1) (p v ) an d y^ v) = {y F Y v ~ l) {p v )y by (12). Hence 

(19) (xoy)^ = A： (y) ±y (v) = (A： p ) (y_1) ± C/ 广一 1} 

=W)— 1 ) (p v ). 

We are assuming that (x o e I[xi y yj\ y 0 < k < v — l. For any 
polynomial with integer coefficients one has /{xq, yo, • • - ) p = 
f{^o p ,yo p , • * *) O). It follows that (Zoy% 0 )， 

0 < ^ < ^ — 1. Hence, by Lemma 1, we have 

(20) (b 。 j)，- 1 ) = o ，广 - 1 ) ⑻ ■ 

By (19) and (20), («v 。 jy) (v ) e ((*v 0 JV ) P 广一 ” (p v ) y which is what 
was needed. 

It is convenient to write the result we have proved as follows : 

(x + y) v = - - y v ) e 取，力 ] 

(21) {xy) v = m p (x 0i yo, - - -, y v ) e I[x iy yj) 

{x — y)v = 4-(^0, ^ 0 , - - - , yv) e 取 • ，力 ]• 

We note also that, since (0, … ， 0) and (1，• - 1) are the zero and 

identity elements of 3£ (m) and (0 ， ■■■ ， 0) 史 =(0 ， … ， 0) ， (1, 0 , …， 
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0) 史 =(1，.•.，！■)，then (0, • * . ， 0) and (1, 0, • • •, 0) are the zero 
and identity of X m - Let rj be an algebra homomorphism of over 
R 0 into itself and assume that a” = a v , y v v = 0 < v < m — X. 

Then we have (x w ) v = a M y 0^))” = M v \ ((x + _y)(*"))” = a (I< ) + 
d iv) and ((^ + y) v ) n = (^z + b) v . Hence, by (21), {a + b) v = 
s v (a 0y ^oy ■ • * > ^v y K) and similar formulas hold for {ab) v and 
(a — b) v . Since there exists a homomorphism ?? of over R 0 such 
that x v v a.ndy v v are arbitrary elements of % these formulas hold for 
all a y b z H m . Evidently they imply that, if 58 is any subring of 
yjy z Jfc]i then the set of vectors ( 占 0 , b u . . • ， b m -\) with the 
^ e 53 is a subring of H m . In particular, this holds for 圯 =g ) 三 
I[Xiyyj^k] and for 迟 =g)’ = /[ 々， 力 ]. 

We are now ready to define the ring ( 级 ) of" Witt vectors. 
Here SI is any commutative algebra over the field I p of p elements, 
where p is the prime used above. The elements of ( 沉 ） are the 
“vectors” (a 0y a\ y • • •, a m —\) y a v with equality defined as 
usual. If a = (a 0t .. • ， a m ^i) y b = {b Qy .. . ， b m -\)y then we define 
addition and multiplication in by 

(a + 彡 )J» = S V {UQy b^y ' * ' i ^V) ^v) 

^ ) { 乃 1 \ — ^ ^ A . . . ^ A 、 

}v 一 /f *v\*^{)y ^Oy y ^vy 

Here we understand that a + 彡 =((a + b) Qi …， （a + ^) m —i) y 
ab = ((a^) 0y • . . ， {ab) m -\) and, if /(^ 0 >JVo, • • •) is a polynomial 
with integer coefficients, then /(« 0 , …） is the element of 21 

obtained by replacing the integer coefficients of/(^ 0 , y 0i …） by 
their cosets in l Pi x v by a vy y v by b vy 0 < v < m — \. These re¬ 
placements amount to applying the homomorphism of I\xu vA 
into SI such that n ^ n = n {p) y n zl y x v a vy y v b v . 

Now suppose a = {a v )y b = {b v ) y c = {c v ) are any three elements 
of We have a homomorphism of I[x iy yj y into SI such 

that n n, n e I y x v a vy yv b vy z y c v . Consider the sub¬ 
ring of t m of vectors (w 0> w u • • •，0 where w v e I[x iy 
zjJ. We have seen that, if / = (/。， . • e 3m, then (w + t) v 

=hi . • • ，奶， 4 )，= m v (w 0i A) ， ... ， 奶， 4). It follows 
that the mapping (w 0> … •，^ (wq 11 , ...，is a 
homomorphism of into the system +， .) where + 

and • are defined by (22). Note that our homomorphism maps x 
into a, y into b, z into c. We remark also that any element w = 
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(«; y ) such that the w v e {p) is in the kernel of the homomorphism 
of into 21. 

We can now prove 

Theorem 10. is a commutative ring. 

Proof. Let a = (a v ), b = {b v ) y c = (g) be any three elements 
of SJ3S m (SI). Then we have just seen that we have a homomorphism 
of into ( 级 ） such that x = (x v ) y = (y v ) b t z = 

(zy) —> c. Then the associative, commutative, and distributive 
laws of addition and multiplication in 3m give the same rules for 
the elements a y c (e.g., [ab)c = a(bc)). The image of 0 = (0, 
… ， 0) and 1 = (1 ， 0 ， ‘‘• ， 0) under our homomorphism are 0 = 
(0, •••，()）and 1 = (I, 0, • • •, 0) and the relations x + 0 = xl 

Vf m -V-rA V7 - I O 1 •« M OfO' (1 1 T TTT A ^ ^ A 

一 gl \ \^ LP -|— \J — U-y LPX 一 LP 111 } * x 11 W V W 1 1 n l\Jl til 。 

image of — ^ under the homomorphism, then we have a a f = 0. 
Since a y b y c are arbitrary in S5S m ( 逬 )， these remarks show that 
is a commutative ring with 0 = (0，. • 0)，1 =(1,0, •••, 

0) as 0 and identity elements. 

We shall call ( 沉 ) the ring of Witt vectors of length m over SI. 
We remark that 35^ ( 豇 ） can be identified with 豇 itself since we have 
the isomorphism a {a) of SI onto SBi(Sl). 

Now let 圯 be a subalgebra of SI over I v and form the ring 
迎 m ( 奶 ） of Witt vectors over ^3. Then it is clear that b = {b v ) b 
is an isomorphism of SB m (i8) into In this way we can 

identify ( 迅 ） with the subring of ( 级 ） of the Witt vectors b 
with b v e i8. In particular, if we take 圯 =/ p we obtain the sub¬ 
ring SS3 m (/ p ) of vectors with components in I p . This subring 
evidently consists of p m elements. 

We define the mapping P of 四 m (Sl) into itself by a p = (a 0 p , 
ai p y . . * ， a m -i p ) for a = (a 0y a iy .. • ， a m -i)> We have noted that, 
if A^yo, * • •) ^I[x iy y } ] y then f{a Q> 》。， … 疗 = /« ，々 /，…） • 
This and the definitions of addition and multiplication in ( 洱 ) 
imply that 

(23) {a + b) p = a p -j~ ^ p ; {ab) p = a p b p . 

We shall call P the Frobenius 'endomorphism in 迎 m ( 级 ) .We intro¬ 
duce the restriction mappingR of intoSEB m _i(^[) by (a 0y . • 
a m -i) R = (a 0 , - - - , a m - 2 ) and the shift mapping V of 2S m _i(Sl) 
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into S5U ( 级 ） by (a 0y - - . ， a w _ 2 ) v = (0, a 0i - - •, ^ m _ 2 ). It is im¬ 
mediate that i? is a ring homomorphism and we shall see that V 
is a homomorphism of the additive group of SGS m _i(H) into that of 
We have 

• • • ， 一 l) ^ = ^Qy ' * " > 一 2) = (^0> * * ' > 一 l)^ • 

Also it is clear that PV = VP y RP = PR ，and {VK) m = 0 hold 
in 怨 

We prove next the important 

Lemma 2. The following relations hold in Witt rings: 

' P 1 

(24) pi = 1 + 1 + 1 … + 1 = 1 叮 

(25) (a + b) v = a v + b v 

(26) a v b = (al^ R ) v y aem m W, h 职 m+1 ( 级） 

(27) pa = a PVR . 

Proof. Consider the subrings ^m-i, 3^ ， 3*^+1 of X m -i, 3£ m , 
of elements with components in I[xi y yj, z*] and define the 
mappings R and F for these in the same wav as for the Witt rings. 
Also we have the mapping P defined before. Consider the ele¬ 
ment 1 = (1, 0, .. . ， 0) of I. Set p = p\. We have 1^ = (1, 1, 

• • 1) and 

‘ - P - • 

P© P ㊉.••㊉ 1 穿 =(A . . -yp)- 

Hence p ⑻ = p, 0 < p < m — l. On the other hand, l rii = 
(0, 1, 0, • • •, 0), so the definition of <p gives (l rie ) (0) = 0, (l Vii ) (v) 
=p y \ < v < m — Then we have = p (l，) (p v+1 ), 0 < v 

— By Lemma 1, this implies that (1^),, = p y (p). We 
have seen that there is a homomorphism of into such 

that every w = (Wy), w v e {p) y is in the kernel. If we apply this 
to l VR and to p and use the foregoing relations on components, 
we obtain (24) in Next we note that x v = (0, x 0 , • • •, 

x m -i) y y v = (Ojo, • • for ^ = (^o, - - - y x m -i)y y = (^o, 

..in Then 

(x v ) (v) = pxo^ 1 + p 2 x 广 + • • . + p v x v -i, 1 <v<m y 
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by (11); hence 

(28) (>v r ) (v) = 1 < v < m. 

Since + jy) 00 = 户 ）+ y {v) y this and (^ r ) (0) = (y r ) (0) = ((^ + 
_y) ， (o) = 0 give ((x-i-y) v y v) = (x v ) iv) + {y v Y v \ 0 < v < m. 
Hence {x + y) v = x v y v holds in 3U +1 . If we apply the 
homomorphism of I[xi y yj, z fc ] into SI such that n n = n (p) } 
x v — a vy y v b vy z v c v to the components of + y) v and 
x v + y v y we obtain (25) for a y b e2B m (2l). To prove (26) we shall 
show that 

(29) {x v y) v = {{xy PR ) v ) v O), 0 < v < m 

if x = (^o, ^l, - - e and y = (yo y yi y - - - ,^m) e ^ m+ u 

Xiy yj indeterminates. Set x v y = (w 0> w ly • • •, w m ), (xy PR ) v = 
(to, * • •， / m ). Then we have to show that w v = t v (p) t 0 < p < 
m. By Lemma 1, this is equivalent to w (v) = & ) {p v+l ). This 
holds for ^ = 0 since 如 (0) = 0 = / (0) . For v > 1, we have, by (28), 
that = px^ v ~^y^ and /(**) = px^ v iy PR )^ —1J . Since = 
Qypyv-D p v y vi this gives the congruences 

w (v) = px iv ~ l) y {v) = ^ tI ， _1) ( 7 P ) (v-1) 

三 = t {v) (p v+1 ). 

Hence (29) holds. Applying a suitable homomorphism into 
we obtain (26). If we apply R to both sides of (26), we obtain 
a VR b R = Setting a = l and = c e2B m (8T), we ob¬ 

tain l VR c = c PVR . Since l VR = pi, by (24), this gives = c PVR . 
Since c = can be taken to be any element of 班 )， this is 
equivalent to (27). 

We can now derive the basic properties of which we shall 

need. We prove first 

Theorem 11. is a ring of characteristic p m . 

Proof. It suffices to show that the order of 1 in the additive 
group of ( 沉 ） is p m . We have seen that p\ = \ VR = (0, 1, 0, 
… ， 0) and by iterating (27) we obtain P 2 1 = (0,0, 1,0, •••） 
etc. This shows thatp m_1 l = (0, • • •, 0, 1) 〆 0 butp m l = 0, as 
required. 

We have seen that, if 58 is a sub algebra of 级 ， then we can con- 
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sider iGS m (58) as a subring of ( 沉 ) • In particular this holds if we 
take 53 = I v . Then Z = is the set of vectors with com¬ 

ponents in the field I p and so the number of elements in Z is p m . 
On the other hand, Theorem 11 shows that there are p m distinct 
elements of the form 是 1 ，是 an integer, in and these belong to 

Z. Hence it is clear that Z is just the set of integral multiples of 
the identity of 2S m (SI). Evidently Z is isomorphic to the ring 
I/{p m ) of residues modulo p m . The following result gives an in¬ 
sight into the structure of 

Theorem 12. The mapping a = (a 0y a iy • • • ， a m _i) ao is a 
homomorphism ( 逬 ) onto SI whose kernel 9^ is a nilpotent ideal. 

Proof. We have seen that is a homomorphism of onto 

S5S m _i(2t). Iteration of this shows that 1 is a homomorphism 
of onto 迎 1 ( 逬） = 逬 . Evidently is the mapping we 

have indicated. The kernel of our homomorphism is the ideal 汧 
of elements of the form (0, a 0 , ai ， • • •， a m _ 2 ). Hence 汧 = 
⑻ If we apply R to (26) we obtain a VR ^ = {ab PR ) VR . 
Since b R can be taken to be any element c in this gives the 

relation a VR c = {ac p ) VR in 3B m (SI). Then a VR c VR = (ac PVR ) VR = 
(a p c p ) iVR)i e^ m W VR) \ Thus 況 2 = {^ n (%) VR ) 2 e ^l VR . Now 
assume that for some ^ > 2, c c 況 ( VjR )* _1 . Then if 

d = a VR e 9^ and b e we have b = c (VR)k y c 沉 )， since b e 

Hence db — a VR c^ VR)k e and so 

c 況況 ⑽ ) 卜 1 . Moreover, if a, c eSJB m (ST)，then a VR c iVR)k = 
^ a PVR c (VR)^yR £ ^ ^VR^-y R = Hence 

饥饥 G 汧 ⑽)* and so c 況 This shows that 

9^* c 況 ⑽) * _1 holds for all k > 2. Since 9^ = ( 沉 and 
职 m(2D (rie)m = 0 this gives = 0. 

Corollary. An element a = (a 0y a iy ... ， a m 一 is a unit in 
2B m (2l) if and only if a 。 is a unit in 21. 

Proof. This follows from Theorem 12 and the remark that, if 9^ 
is a nilpotent ideal in a ring SB，then an element a e SB is a unit in SB 
if and only if the coset a + 汧 is a unit in SB / 犯 We leave the 
proof as an exercise. 

5. Abelian ^-extensions. It will be instructive to consider first 
briefly the abelian extensions of a field $ of characteristic p ^ Q 
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whose Galois groups G have exponent p (cf. ex. 3, 4, p. 98). In 
this case we let Z be the additive cyclic group generated by the 
element 1 of $ and we consider the character group Horn (G y Z) 
where G is the Galois group of an extension P of the type specified. 
The elements x e Horn (G, Z) are the mappings of G into Z 
satisfying x{st) = xW + xW. Since xW e Z c this can be 
written also in the form x(J/) = x{s) t + xW so that we have an 
instance of the additive analogue of Noether’s equations. Hence 
by Theorem 1.20, there exists a p e P such that xGO = p 8 — p. Since 
x(j) e Z, x(s) p = x(j) so (p 3 — p) p = p a — p. This gives the 
equation (p p — p) a = p p — p y s e G; hence p p — p = a e Con¬ 
versely, let p be any element of P such that p p — p = a e 中 and de¬ 
fine xW = p 8 — p- Then xW p — xW = (p p — p) s — {p v — p) 
=a 9 — a = 0. Hence = xW and this implies that xW is 
in the prime field, so e Z. Also we have x(j/) = p st — p = 

(p a — pY + (p ( — p) = (p s — p) + (p l — p) = xGO + xW ； hence 
X e Horn (G y Z). Following the pattern of the Kummer theory 
this leads us to consider the subset ^(P) of P of elements p such that 

— p e 中 . This is a subgroup of the additive group (P, +) con¬ 
taining ( 中 ， +) and we have the mapping p where XpW = 

p 8 一 n. of *S*(P) onto Hom {G 3 Z) s Since Z is an additive group the 
composition in Hom (G y Z) is fx + +)(s) = xW + lAGO. More¬ 
over, if p, <r e aS'(P), then x P +<r{s) = (p + <r) s — (p + <r) = Xp(^) + 
X<rC0; hence p is a homomorphism of ^(P) onto Hom (G, Z). 

It is clear that the kernel of this homomorphism is Hence 
S{F)/^ ^ Hom (G y Z) ^ G. 

The next step in the discussion is to consider the subset <2(P) of 
$ of elements of the form p p — p y p eS(P). This is a subgroup of 
the additive group ( 歪 ， +) containing the subgroup of elements of 
the form a p — a f a e One sees easily that the factor group of 
<2(P) relative to the last subgroup is isomorphic to S(P)/ 中 ， hence 
to Hom (G y Z) and to G. It can be shown that any subgroup of 
( 中 ， +) containing the subgroup of elements a p — a, ce e 中 ， and 
having a finite factor group relative to this subgroup is a group 
0(P) for an abelian ^-extension with Galois group of exponent 
< p. The groups Q give a survey of these extensions in the same 
manner that the group A^(P) gave a survey of the Kummer ex¬ 
tensions. We shall not work out the details here but instead we 
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shall proceed to the general case of arbitrary p-extensions. The 
idea here Is to work in the ring 3B m (P) of Witt vectors over the 
given extension P where m > e y p e the exponent of G. Then the 
subgroup Z of the additive group of 3B m (P) generated by 1 is 
cyclic of order p m ； hence, Horn (G, Z) is a character group of G. 
We shall need first of all the generalization of Theorem 1.20 to the 
ring of Witt vectors and we proceed to derive this result. 

Suppose first that P is a finite dimensional Galois extension field 
of the field ^ of characteristic p 0 with Galois group G. Let 
be the ring of Witt vectors of length m > 1 over P. We 
have seen that we can identify ( 中 ) with the subset ofiffi m (P) of 
vectors |3 = H ，.. ■，with the 氏 e 中 . If p = (p 0y . ■ 
Pm-i) eS5S m (P) and s eG, we define p a = (p 0 a ，...，It is 
clear that p —> p s is an automorphism of 2B m (P) and that the set 
of these automorphisms is a group isomorphic to G. We denote 
this group again as G. Evidently p a = p if and only if p v a =p vy 
0 < p < m — l. Hence ( 中 ) can be characterized as the sub¬ 
ring of G-invariants of the ring 2B m (P). 

If peSBm(P) we define its trace T(p) = P a * Evidently 

aeG 

T{pY = T(p), s E Gy so T{p) e 怨 m ($). If p = (p 0 , Pi, - - - 
then the first component of T(p) is T(p 0 ) (trace in P over 
since first components are added in forming a sum in S5S m (P). We 
recall that the automorphisms j e G in P are P-independent and 
this implies that there exists a p 0 e P such that T(p 0 ) ^ 0. If p 0 
is chosen in this way and p = (p 0 , …）， then T{p) = (T(p 0 ), 
• • •) has non-zero first component. It follows from the corollary 
to Theorem 12 that T(p) is a unit in ( 中 ) • Hence we have 
proved the following 

Lemma 1. There exist p e3B m (P) such that T(p ) —1 exists in 
迎 m (中) • 


We use this to prove the following key cohomology result. 

Theorem 13. Let s — ^ be a mapping of G into such 

that = jtia* + IJ't, J〆 e G. Then there exists an element a e 四 m (P) 
such that = <r a — <r. Conversely y if a eSGS m (P), then fx 8 = a a — <r 
satisfies the given equations. 
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Proof. The proof is identical with that of the special case of 
Galois extension fields treated in Theorem 1.20. We choose p in 
2B m (P) so that T(p ) _1 exists in 迎 m ($) and we let t = 

Tip)- 1 (j ： Then 

T — T l = T{p) _1 (13 (M “〆 - MaVO) 

= - 《 Xm 〆 ） 

= T{p)~ l yi t T{p) 

= 

Hence if we take cr = —r, then we have n a = <r 8 — cr a.s required. 
Conversely, if we take }i 8 = a s — a where a is any element of P, 
then we have fit = <^ at 一 <t 1 < 1 1 — <r = a 8t 一 a = n a t. 

We recall that the Frobenius mapping p ^ p p = (po p , p\ p y 
•…， Pm p ) is an endomorphism of the ring SGB m (P). We shall now 
introduce the mapping 屯 in 职 m (P) defined by 

(30) 屯 (p) = p p — p. 

It is clear that 氾 is an endomorphism of the additive group of 
S5B m (P) (but not of the ring 2S m (P)). The kernel of **)3 is the set of 
vectors (p 0 . Pi, - - - , p m —i) such that p v p = p vy Q < v < m — 
Evidently this is just the set of vectors with components Pi in the 
prime field 中。 (=ip). Hence the kernel of ^ is the set of Witt 
vectors (p 0 , Pi, • • •, p m -i) with the pi e $ 0 . We have seen (after 
Th. 11) that this is just the set Z of integral multiples of the 
identity 1, and Z is a cyclic group of order p m under addition. 

We now assume that the Galois group G is an abelian group of 
order p f and that m > e where p e is the exponent of G. Let 

(31) = {p8 3B m (P)|<p(p) 

Then is a subgroup of the additive group (S53 m (P), +) 

containing If p e J(^5 m (P))，then we define the mapping 

X P of G by XpW = P 8 — P. Then x P (s) p = P aP — P F = P Pa — P P 
=(〆 + a) — (p + a) if ^(p) = a. Hence XpW P = P 8 — P = 
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X P (j). We have seen that this implies that x P W e Also we 
have x P ( 打 ） = P st ~ P = P at ~ P l + P l ~ P = {p s — p) + (p l — p) 
=XpCO + XpW. Hence x fi e Horn (G, Z ). Next let p y cr e 
^(2B m (P)). Then p + <r e ^(SSS m (P)) and x P +<rG0 = (P + ^ ■广一 
(p + a) = (p a — p) + (a s — a) = XpGO + X<r(s). This shows that 
the mapping p ^ x P is a homomorphism of 彳 ( 职 m (P)) into 
Horn (G, Z). If x P (j) = 0 for all s eG y then we have p® = p, 
s e G } and this implies that p ⑼. Hence the kernel of p ^ x P 
is ⑼ . Finally, we note that our homomorphism is surjective. 
For, let x e Horn (G, Z). Then x(^) = xW + xW and, since 
the x(j) e Z>y we have also x(j/) = xW* + xW* Hence, by Th. 13, 
there exists a p e2B m (P) such that xGO = p s — p. Since x(-f) e Z y 
x{^) P = xW and this gives (p p — p) s = p p — p. Hence *p(p)= 
p p — p e 迎 m ($) and so p e ^(2[B m (P)). We now see that the map¬ 
ping p ^ x P of ^(SGBmCP)) into Horn (G t Z) is surjective and since 
the kernel is we have <S > (3B m (P))/2B m (^) = Horn (G, Z) ^ 

G. We have therefore proved the first two statements of the 
following theorem which is a perfect analogue of Theorem 7 : 

Theorem 14. Let ^ be a field of characteristic p 〆0 ， P/$ an 
abelian p~extension whose Galois group G is of exponent p e and let 
3B m (P) be the ring of Witt vectors of length m over P where m > e. 
Lef S(^Q m (P)) be defined by (31). Then we have the exact sequence of 
additive groups 

0 — > — > <S*(S5B m (P)) ― > Hom (G y Z) ― > 0 

where the homomorphism of is the inclusion mapping and 

that of ^(^^(P)) into Horn (G, Z) is p — Xp, Xp(j) — p s — p. The 
factor group ^(SGB m (P))/2S m ($) is finite and is isomorphic to G. The 
field P/$ is generated by the components of the vectors p e *S > (S3S m (P)) 
and 

P = ^(p 0 (1) , - - ■,p m _i < 1 ) ;Po (2) , - - •, Pm-i <2) ； • • • ； Po (r) , - - •, Pm-i (r) ) 

if and only if the cosets p (i) + p (i) = (p 。 ⑺， • • ■, p m _i (i) ), 

generate 0 

The proof of the last statement is exactly like that of the corre¬ 
sponding statement of Theorem 7. We leave it to the reader to 
check the details. 
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Following the pattern of our treatment of the Kummer theory 
we introduce next the set 

(32) j3(^(P)) = !«p)|pe^ m (p))} = n ^(rn m (p)). 

This is a subgroup of the additive group ⑼， +) containing 
弔 ( 职 m ( 中 )）the subgroup of vectors ^(a), a ( 中 ) .Consider the 

homomorphism 

P ^ W) + ^(^(^)) 

of S(2B W (P)) onto j2(SS m (P))/ < ip(SB m ($)). An element p is in the 
kernel of this homomorphism if and only if 'ip(p) = ^(a), a e 
( 中 ) • This is equivalent to *p(p — a) = 0 which means that p — 
a e Z. Hence it is clear that the kernel of the homomorphism is 
( 中 ） and we have the isomorphism 

(33) ^s(rn m {P))/^mW- 

This implies that <3(5ffi m (P))/ < ip(SB» i (^)) is a finite group isomorphic 
to Horn (G t Z) and to G. We wish to show next that, if Q is any 
subgroup of ( 中 ） containing 弔 (S5S m ( 中 )）as a subgroup of finite 
index, then Q = <3(2B m (P)) for an abelian p-extension P over 
For this we need 

Lemma 2. Let ^ = (^ 0y /Si, • • • ， ( 中 ) .Then there 
exists /? finite difnensiofiul se^dTdhle extension Held P of ^ such that 
P = ^(p) = ^(po> Ply .. Pm-i) the element p = (p 0 . Pi, • • •， 
Pm-i) qf^ m (P) satisfies ^(p) = /3. 

Proof. If m = X we just have to construct a separable exten¬ 
sion P = 企 (p) generated by a root p of an equation x p — x = ^ 

a given element in Since the derivative — x — 冷 )’ =—1 
the given equation has distinct roots so any field generated by a 
root of this equation will satisfy the condition. Now suppose 
we have already constructed a separable extension E = $(p 0 , 
.• • ， Pm- 2 ) so that the vector a = (p 0) ■ • . ， p m _ 2 ) of S® m _ 2 (E) 
satisfies 平 (<r) = (/3 0 , - •Consider the polynomial ring 
E[*v] and the Witt ring 23S m (E[^]). We take the vector y = 
(po, • • Pm- 2 > *v) in this ring and we form 

屯 OO = (P0 P y - - •, Pm-2 p , X p ) — (p 0 , > Pm-2, ^). 
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Then 圯 0)= ( 尽 0 , 卢 1 ， • • • ， | 3 m _ 2 ,/M), f{x) e EM. Hence (^ 0y 

线 U ■ . . ， ^m-2yf{x)) + (PO, ■ • Pm-2y = (P 0 P ，• ■ ■， p m _ 2 P , X P ). 

Using the formula (15) we see that 
(34) x v = f{x) x + y 

where 7 e E. Hence f(x) = x p — x — y. The derivative argu¬ 
ment shows that f(x) = has distinct roots. If P = E(p m _i) 
where = 3m-u then P is separable over E so P = $(p 0 , 

■ • Pm— 1 ) is separable over Moreover, it is clear from the 
formulas given above that p = (p 0 , •. . ， Pm-i) is an element of 
2B m (P) such that ^(p) = 

We can now prove 

Theorem 15. Let Q be a subgroup of +) containing 

^(^^(4*)) and having the property that is finite. Then 

there exists an abelian p-extension V of ^ such that the exponent of 
the Galois group is p% e s 7n y and <2(2B m (P)) = Q. 

Proof. Let 尽⑴， /3 ⑶， • • •, /3 (rj be elements of Q such that the 
cosets + ^(333^(^)) generate By Lemma 2, we 

can construct a field P which is finite dimensional separable over 牵 
and is generated by elements p/ 1 )，1 < i < r, 0 < ^ < w — 1, 
such that ^(p 0 (i) , - - - , P m _i (i) ) = - - in SB m (P). 

Let 0 be a finite dimensional Galois extension field of $ containing 
P. We form SG3 m (0) and let the Galois group G of Q / 中 act in 3S m (0) 
as before. If s eG and p (i) = (p 0 (i) , • • •, p m -i (i) ), then 汜 (/J (i ))= 
/3 (i) gives *iP(p (i)s ) = /3 (i) . Hence ^(p (i)s — p (i) ) = 0 so p (i)a — 
e Z c 235^(^). This implies that P* c P, s eG. It follows 
that P is Galois over 中 and so we may take = P. If s, t are in 
the Galois group G of P ovei • 中 ， then p “) s and = 

p (0 §(*) where 7 ^) ， 5 (i ) Hence p (i )“ = p (i ) + ? (i ) + 

S ⑷ =p (l)ta which implies that G is commutative. Also p (i)a * = 
〆）+ ky^\ so P (w〆= since 3B m (P) has characteristic p m . 
This shows that s pm = 1 and so G is of order p f and of exponent p e , 
s < m. Let Xi be the character of G determined by p (i) : x»(^) — 
P (l)s — p (t) . Then it is clear that x»W = 1, 1 < / < r, implies 
that s = l. It follows that the Xi generate the character group 
Horn (G y Z). Hence if p is any element of SGS m (P) such that 
'p(p) eSK m (^), then we have x P = This implies that p = 




ABELIAN EXTENSIONS 


139 


+ 尽，芦 nti integers. Then ^(p) = Sw 冶⑷ + 

屯⑹ e 0. Since p is any element of ^(2B m (P)) this shows that 
<?(2Bm(P)) Q Q- The converse is clear so the proof is complete. 

The results which we have now obtained correspond to the 
main results on Kummer extensions. They have the consequence 
that two abelian ^-extensions Pi/ 中， P 2 / 中 with Galois groups of 
exponent p e y e < m y are isomorphic if and only if <3(3B m (Pi))= 
<2(2S m (P 2 )) (ex. 2 below). We have also the order preserving cor* 
respondence between the subfields P/$ of a particular and 
the subgroups 0(2B m (P)) of the additive group ( 中 )， +) (ex. 1 

below). We shall now consider the special case of cyclic p-exten- 
sions. We note first that it is an immediate consequence of our 
results that the cyclic extensions of p dimensions of $ have the 
form 电 (p) where p p — p = e $ and ^ ^ 平 ( 中 )， that is, ^ 9 ^ a p — 
a, a e We shall now show that, if such an extension exists 
over 中 ， which is equivalent to the condition $ # 屯 ( 中 )， then there 
exist cyclic extensions of p m dimensions over 中 for any m = 1,2, 

• • • • This will follow from 

Lemma 3. If ^ , ^m-i e then e if and only if 

0 = (/3 0 , /3i, • • •, |3 m _i) satisfies p m ~ 1 ^ e 屯 ㈣ m ⑼). 

Proof. By (27), p m-1 /3 = (0, • • •, 0, ^o pm l ). We have (0, • • •, 

0, ^o) 一 （ 0, • • • ， 0, ^ m ~ l ) = (0, … ， 0, 卢 o) - (0, • • •, 0, + 

(0,… ， 0, 尽 /) 一（ 0,… ， 0, 尽 〆）+ . - - + (0, . • . ， 0, ^o pm ") - (0, 

•••, 0, ^o pm ~ l ) e 來 ( 釣 ) • Hence = (0, •, 0, 尽 / 旷 1 ) 

e 甲 (2B m ($)) if and only if (0, • • •, 0, /3 0 ) e 屯 ( 职 „(4»)). Suppose 
this holds, say, (0，• • •, 0, 尽 0 ) = — a where a = (a 0> ai ,...， 

a TO _i). Then o^ R — = (0, • • •, 0, ^o) R = 0 so o^ p — 

and，if 7 = (a 。， cx ly . . • ， a m _ 2y 0)，then y p = y so 8 = a — y 

satisfies 5 P — 5 = (0, • • •, 0, ^ 0 ) • Moreover, 5 = (0, • • •, 0, 

丨 \ i - •_1! 一 a.1_ j. ^ t* — r\ ^ ^ Q _ cn/ 

Om — U. JL 111s implies UilcU ： 0 饥 _1 [一 O m — l — Po SU Po t ： W'*'；. 

Conversely, if this condition holds so that /3 0 = am-i p — a m -i, 
then — a = (0, . . • ， 0, /3 0 ) for a = (0, ••• ，（ ) ， a m _i). 

We can now prove 

Theorem 16. Let ^ be a field of characteristic p 7 ^ 0. Then there 
exist cyclic extensions of p m dimensions y m = 1, 2, 3, ••- over 电 

and only if there exist such extensions of p dimensions. The con¬ 
dition for this is 龟尹 乘 ( 中 ) • 
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Proof. We have seen that there exists a cyclic extension of p 
dimensions over $ if and only if" 中 〆 來 ( 中 ) • Suppose this condi¬ 
tion holds and choose /3o e ^ 中 ). Let = (/3 0 , /3i, • - ‘ ， 3m_i) 

•mwr AM A ^ A jO i 、w A A V"V* AM C 瓦厂 A l 1 ^ rt IA 1% «TT«% ^ rt ^ 

wild c me fJiy t ^ \J y ai g an^ w 丄 wiiiwHLD ^«r. t t ^ 11a v c anw wn tuaL 

p m ~ 1 ^ 0 屯 ( 中 ） an d this implies that the subgroup Q of SJB m ($) 
generated by /3 and ^(SB m (i)) has the property that 0/ 屯 (3B m ($)) 
is cvclic of order D m . Bv Theorem 15* 0 = 0(P) for an abelian D- 

-^ 〆 / /w v f x 

extension P. Moreover, we have seen that the Galois group G of 
P/$ is isomorphic to j2/*ip(SB m ($)) and so this is cyclic of p m di¬ 
mensions over 

EXERCISES 

1. Let Pi and P 2 be two abelian p-extensions of $ contained in the same field 
Show that Pi 2 P 2 if and only if 0(SB m (Pi)) 3 ( 2 (SBm(P 2 )) where m > 

p H , the exponent of the Galois group of P t /$. 

2 . Let P t -, m be as in 1, but do not assume that the P» are contained in the 
same Q. Show that Pi and P 2 are isomorphic over 中 if and only if <2(S3B m (Pi))= 

<?d(P 2 )). _ > 

3. Prove that if/3 is an element of 职》 »( 中 ） such that p m-1 /3 e 來 (SJB m ( 中 ))，then 

there exists a 7 in such that py = /3. Use this to prove that any cyclic 

extension of p m ~ Y dimensions over $ of characteristic p can be imbedded in a 
cyclic extension of p m dimensions over 
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In this chapter we shall analyze arbitrary extension fields of a 
field 屯 A study of finite dimensional extension fields and a partial 
study of algebraic extensions has been made in Chapter L In this 
chapter our primary concern will be with infinite dimensional ex¬ 
tensions and we shall begin again with the algebraic ones. We 
define algebraically closed fields and prove the existence of an 
algebraic closure of any field. We shall extend the classical Galois 
theory to apply to infinite dimensional normal and separable ex¬ 
tensions. After this we shall consider arbitrary extension fields 
and we shall show that these can be built up in two stages: first a 
purely transcendental one and then on top of this an algebraic ex¬ 
tension. The invariant of this mode of generating a field is the 

yA AM ATT jA TTT 1% 4 M 1 /"V C rt M O A A M 

tx w ill^il lO LilV \^CLl U^lliai VJ1 Or LI 

ency basis. We shall obtain conditions for the existence of a 
transcendency basis such that the extension is separable algebraic 
over the purely transcendental extension determined by the 
basis. We shall also give a definition of separability of an ex¬ 
tension field that generalizes the notion of algebraic separability. 
The notion of a derivation plays an important role in these con¬ 
siderations. Moreover, this notion can be used to develop a 
Galois theory for finite dimensional purely inseparable extensions 
of exponent one. We shall consider also briefly the notion of a 
higher derivation that is useful for purely inseparable extensions 
of exponent greater than one. At the end of the chapter we con¬ 
sider the tensor product of extension fields, neither of which is 
algebraic, and we apply this to the study of free composites of 
fields. 
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STRUCTURE THEORY OF FIELDS_ 

1. Algebraically closed fields. The “fundamental theorem of 
algebra” states that every algebraic equation f{x) = 0 with co¬ 
efficients in the field of complex numbers has a root in this field. 
Any field that has this property is called algebraically closed. If 中 
is an algebraically closed field, then every polynomial f{x) e 
of positive degree has a linear factor x — p in and, conse¬ 
quently, every f{x) can be written as a product of linear factors in 
$[^]. Clearly, the converse holds also: If every polynomial of 
positive degree in 中 [*v] is a product of linear factors in then 中 
is algebraically closed. We recall that a field 中 is called alge¬ 
braically closed in an extension field P if the only elements of P 
which are algebraic over 中 are the elements belonging to $ (§ 1.9). 
We now note that a field $ is algebraically closed if and only if it is 
algebraically closed in every extension field. Thus let $ be alge¬ 
braically closed and let P be an extension field. Let p e P be 
algebraic over 中 and suppose f{x) is its minimum polynomial. 
Since f{x) is irreducible and 中 is algebraically closed,/(^) is of first 
degree. Hence p e Conversely, suppose 中 is algebraically 
closed in every extension field and let f(a) be an irreducible poly¬ 
nomial of positive degree belonging to 中 [*v]. We can form the ex¬ 
tension field P = 中 W/(/(<v)) whose dimensionality is the degree 
of f{x). Since P is algebraic over $ and $ is algebraically closed 
in P, P = Hence deg/(^?) = 1, which shows that the only ir¬ 
reducible polynomials of positive degree in 中 [x] are the linear ones. 
This means that 中 is algebraically closed. 

Let 中 be an arbitrary field and let P be an algebraically closed 
extension field of Let A/$ be the subfield of elements of P/$ of 
algebraic elements. If f{x) e A[*v], we have /(x) = 11(^ — p t ) in 
P[^] and the Pi. are evidently algebraic over A. Since A is alge¬ 
braically closed in P (§ 1.9), the e A. Hence we see that every 
polynomial of positive degree in A[^] is a product of linear factors 
in A[jf]. This implies that A is algebraically closed. It is there¬ 
fore clear that, if there exists an algebraically closed field con¬ 
taining a given, field then there exists such a field which is, 
moreover, algebraic over This leads to the definition: An ex¬ 
tension field A/$ is called an algebraic closure of $ if: 1) A is alge¬ 
braic over 中 and 2) A is algebraically closed. We proceed to 
prove the existence and uniqueness in the sense of isomorphism of 
an algebraic closure for any field 
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If 中 is countable there is a rather straightforward way of con¬ 
structing an algebraic closure of Thus，in this case, it is easy to 
enumerate the polynomials of positive degree with leading co¬ 
efficients 1. Let /i (x ), f 2 (x) ， / 3(^), - be such an enumeration. 
Then we beein with 中 n = 牵 and we construct inductively as a 

W v 〆 

splitting field over ofThere is a simple way of making 
precise the notion of the union A = U $ t - of all the Once this 
has been done, one can prove that A is an algebraic closure of $ 
in the following way. First, it is clear that A / 歪 is algebraic. Let 
P be an algebraic extension of A and let p e P. Since p is algebraic 
over A and A is algebraic over 中 ， p is algebraic over 中 . Hence the 
minimum polynomial f(x) over 中 is one of the polynomials fi(x) y 
say f(x) = f n (x). Since 中 n contains all the roots of f{x) y p e 
c A. This shows that A is algebraically closed. 

The procedure just sketched can be used also in the general case 
by invoking transfinite induction. However, we prefer to give 
another construction which will be based on Zorn’s lemma.* We 
shall need also the following 

Lemma. If A is an algebraic extension of an infinite field then 

the cardinal number | A | = | $ |. 

Proof. Let 2 be the subset of 中 [x] of polynomials of positive 
degree with leading coefficients 1 and let 2 (n) be the subset of S of 
polynomials of degree » + 1 = 1, 2,3, • • •. The elements of 
2( n ) have the form x n+1 + aix 11 + I * * * I Q! 打 ）QJf 8 SO 

2 (n) has the same cardinal number as the w-fold product set 
中 X 由 X ... X 中 . Since $ is infinite, 1 2 (n) | = | $ X • • • X = 

I 4>|. Also 12 I = I U2 (n) I = 丨中 |.t We now map each /(x) e 2 
into the finite set R/ (possibly vacuous) of its roots in A. Since 
every element of A is algebraic, U i?/- = A. Since each R f is finite 

the cardinal number of the collection {i?/} of these subsets of A is 
the same as | A|. Hence |A| = | {j | < 121 = | 到 . This 
implies tuat I a I = j 叫 . 

* This has been used in several places in VoL II. An adequate account of tins lemma or 
“maximum principle” can be found in Kelley’s General Topology f D. Van Nostxand Co., 
Inc” Princeton, N* J., 1955, p. 33. 

t For properties of cardinal numbers，see Sierpinski’s Lemons sur les Nombres Transfinis ， 
Paris, 1928. 
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We can now prove 

Theorem 1. Any field has an algebraic closure* 

Proof. If $ is a given field, then we can imbed $ in a set which 
is very large compared to $ in the following sense: if 0 is finite, 
then is not countable and, if $ is infinite, then |0| > | $|. We 
now make extension fields out of subsets E of 0 containing 
More precisely, we consider the collection r of all triples (E, +， *) 
where E is a subset of containing and + and - are binary 
compositions in E such that E with these compositions as addition 
and multiplication is an algebraic extension field of We par¬ 
tially order T by defining (Ei, +i, • i) < (E 2 , + 2 ， * 2 ) if E 2 is an 
extension field of Ei. Any linearly ordered subcollection (E a> 
+«，•£*) of T has an upper bound whose underlying set is the union 
of the E a and whose addition and multiplication are defined in the 
obvious way. Thus Zorn’s lemma is applicable and it gives a 
maximal element (A， +， •）in the collection r. We assert that A 
is algebraically closed. Otherwise, A has a proper algebraic ex¬ 
tension B. By the lemma, |B| = | A| = |$| if is infinite. For 
finite IA| and hence |B| is countable. Hence, in both cases, 
|BI < \Q\. This implies that there exists a 1-1 mapping of B 
into which is the identity on A. We can use this mapping to 
convert the image B' in into a field over A isomorphic to E over 
A. Then (B’，+, •), where the + and • are the addition and 
multiplication obtained by carrying over the + and • of B, is in the 
collection r. Moreover B r ] A and this contradicts the maxi- 
mality of (A, +， •）• Hence A is algebraically closed. Since A is 
algebraic over A is an algebraic closure of 

We shall generalize next the notion of a splitting field and we 
shall prove a result for these which will give the uniqueness of 
algebraic closures as a special case. For this we consider a collec¬ 
tion Q of polynomials of positive degree with coefficients in 
We shall say that an extension field P/# is a splitting field of Q if 

(1) every polynomial in 12 is a product of linear factors in P[a:] and 

(2) no proper subfield of P/$ satisfies (1). Let A be an algebraic 
closure of and let P be the subfield of A/4> generated by all the 
roots of the polynomials /eft. Evidently P is a splitting field 
over 0 of the set It is clear also that A itself is a splitting field 
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over 中 of the complete set of polynomials of positive degree be¬ 
longing to The isomorphism over 中 of any two algebraic 

closures of 中 is clearly a consequence of the following extension of 
the theorem on splitting fields of a polynomial (Th. 1.8). 

Hieorem 2. Let a ^ a be an isomorphism of a field ^ onto a 
field $ and let be a set of polynomials of positive degree contained in 
0 the set of images of the / e 0 under the isomorphism. g(x) 
g(x) of onto ^[^?]. Let P/$ be a splitting field of and P/^ a 
splitting field of Then the isomorphism of $ onto $ can be ex¬ 
tended to an isomorphism of P onto P. 

Proof. We consider the collection A of isomorphisms s of sub¬ 
fields of P/4> onto subfields of P/$ which coincide with the given 
isomorphism a aof ^ onto We can partially order A = { 
by defining < s 2 if S 2 is an extension of Si ， Then it is clear that 
A is inductive, that is, every linearly ordered subset of A has an 
upper bound. We may therefore invoke Zorn’s lemma to obtain a 
maximal element t e We assert that t is an isomorphism of P 
onto P extending a ^ a. Otherwise, the domain of definition of t 
is a proper subfield E of P/$. Since P/4> is a splitting field of S2 
and E c P, there exists a polynomial f{x) e S2 that does not have 
all of its roots in E. Hence if pi, P 2 , • • •, p„ are these roots in P, 
then E(pi, p 2 , - - •, p n ) 3 E and evidently E(pi, ... ， p n ) is a 
splitting field over E of f{x). On the other hand, E = E* can be 
imbedded in a subfield of P which is a splitting field over E of 
/(•v) e 化 The theorem on a single polynomial can now be applied 
to give an extension of t to an isomorphism of E(pi, • • • ， p n ) onto 
the splitting field over E of f{x). This contradicts the maximality 
of so we see that E = P. Evidently the image P* is a splitting 
field over $ of Q. Hence P ( = P and the theorem is proved. 

If we take $ = 中 and a = a in this result we see that any two 
splitting fields over $ of a set of polynomials are isomorphic over 
中 . In particular, we have the 

Corollary. Any two algebraic closures of a field $ are isomorphic 
over 

Let A be an algebraic closure of a field There are two sub¬ 
fields of A / 中 which are of particular interest. The first of these is 
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the subfield 2 of separable elements over This can be defined 
also as a splitting field over $ of the set of separable polynomials 
belonging to 中 [x]. We shall call 2 a separable algebraic closure 
of Next let 中 be of characteristic p _ 0 and let 妒 - * be the 
subfield of elements of A which are purely inseparable over 中 . 
By Lemma 2 of § 1.9, these are the elements of A which are roots 
of equations of the form x pe — a = 0, a in If $ is of charac¬ 
teristic p 0, we call a perfect closure of and if $ is of 

characteristic 0, then the perfect closure of $ is taken to be $ it¬ 
self. It is immediate that for p 0 every element of is a p~ 
th power so the mapping a ^ ck p is an automorphism of 炉 
Moreover, 妒 - * is the smallest subfield of A over 中 which has the 
property that all of its elements are p-th powers in this sub¬ 
field. 

A field 中 is called perfect if every algebraic extension of 中 is 
separable. The perfect closure of any field which we have just de¬ 
fined is a perfect field; for we have the following 

Theorem 3. Any field of characteristic 0 is perfect and a field $ 
of characteristic p ^ 0 is perfect if and only if ^ = 妒 ， that is, every 
element of ^ is a p-th power in 龟 . 

Proof. The first statement is clear since inseparable poly¬ 
nomials exist only for characteristic p ^ 0. Now let 中 be of 
characteristic p 0 and suppose ^ c Let a be an element 
of $ which is not a p-th power in Then we know that x v — a 
is irreducible and inseparable in $[ 欠 ] (Lemma in § 1.6). Then 
P = ^[x]/{x p — a) is an inseparable extension of different from 
中 so 中 is not perfect. Conversely, assume that ^ $ and let 

f(x) be a polynomial in 到 *v] such that f{x) = 0. Then we can 
write f{x) = g(x p ) where g(x) = + • • • + Let 

ifr — Pi, * — i, . • ， rn y a.na scu nyx) = ^ ~r Ji^ ' ~T • . . ~T lm- 
Then we have f{x) = g{x p ) = k(x) p . Thus every polynomial in 
歪 [>v] having zero derivative is a p-th. power and so there exist no 
irreducible inseparable polynomials of positive degree in $[^]. 
Hence $ has no proper inseparable algebraic extension field. 

If $ is a finite field of characteristic p y then the isomorphism a 
a p of ^ into 妒 is necessarily an automorphism. It follows 
from Theorem 3 that every finite field is a perfect field. 
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1. Let E be an algebraic extension of a field 中 and let A be an algebraic closure 
of Show that E/$ is isomorphic to a subfield of A/$. (Hint: Consider the 
algebraic closure of E and note that this is an algebraic closure of 中 •） 

2. Show that, if 中 is of characteristic p 0 and ^ is transcendental over 
then 中⑹ is not perfect. 

3. Prove that any algebraic extension of a perfect field is perfect. 

4. Let $ be a field, its perfect closure. Prove that either $* = $ or 
[$*:$] is infinite. 

5. Prove that any algebraically closed field is infinite. 

A field is called absolutely algebraic if it is algebraic over its prime field. 
Examples are finite fields. We recall that for every prime 多 and every integer n 
there exists one and in the sense of isomorphism only one field of cardinality 
(§ 1.13). This result was generalized by Steinitz to arbitrary absolutely alge¬ 
braic fields of characteristic # 0. We indicate this in the following exercise. 

6. A Steinitz number is a formal product N = over all primes pi where 
心 = 0, 1, 2, • •or oo. If M = Hpi 1 * is a second Steinitz number, we say that 
Af is a divisor of N {M\N) if^ for all i. This leads in an obvious way to a 
definition of the least common multiple (L.C.M.) of any collection of Steinitz 
numbers. Let 中 be absolutely algebraic of characteristic p. Define deg 中 to 
be the Steinitz number L.C.M. of the degrees of the minimum polynomials over 
the prime field (= I p ) of the elements of Note that if is finite, then | 中 | = 
多 p rove that for any given prime and Steinitz number N there exists an 
absolutely algebraic field $ P( jv of characteristic p and deg $ p ,jv = N. (Hint: Let 
r n be the highest common factor of N and »!， so that r»jr n+ i, n = 1， v • 
Let be a field of cardinality p r ，and suppose ^ 中 》+1 ^ Then 
中 = - U $ B .) Show that any two absolutely algebraic fields having the same 
prime characteristic and Steinitz degree are isomorphic. Prove that $ p ,m is iso¬ 
morphic to a subfield of ^ p ,n if and only if M\ N. 

2. Infinite Galois theory. In this section we shall give a 
generalization of the fundamental theorem of Galois theory to 
certain infinite dimensional algebraic extensions P/$. We 
assume that P is a splitting field over $ of a set 12 of separable 
polynomials and we prove first the following 

Lemma 1. Any finite subset of P is contained in a subfield E / 中 
which is finite dimensional Galois, 

Proof. Let/ be a polynomial which is a product of a finite 
number of polynomials contained in the set Then it is clear 
that P contains a splitting field P//$ of /. Moreover, we know 
that P/ is finite dimensional Galois over $ (Th. 1.10). It is clear 
also that, if / and g are both products of polynomials belonging to 
Q y then P" is the subfield of P generated by P/ and P g . It 
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follows that UP/, the union of all of these subfields, is a subfield 
of P over Since UP/ contains a splitting field of every ^ e 0, 
it is clear that UP/ = P. This implies that any p t * e P is contained 
in a subfield P 八 and consequently any finite subset {pi, p 2 , - - •, 
is contained in the subfield which is finite dimensional 

Galois over 中 . 

Let G be the Galois group of P/^>. The following result gives 
essentially the first half of the Galois correspondence. 

Lemma 2. $ = /(G), that is y the only elements of P which are 
G-invariant are the elements of 龟 , 

Proof. We have to show that，if p e P ， 〆 中 ， then there exists 
an automorphism j of P over 0 such that p® ^ p. By Lemma 1, 
p is contained in a subfield E/$ which is finite dimensional Galois 
over 中 . Since p 韦电 there exists an element s of the Galois group 
of E/$ such that p 8 ^ p. On the other hand, it is clear that P is a 
splitting field over E of the set of polynomials and consequently, 
by Theorem 2, the automorphism j of E can be extended to an 
automorphism s of P/$. Evidently s eG and p 8 = p* ^ p. 

The full intermediate subfield-subgroup correspondence which 
holds in the finite dimensional case fails if P is of infinite dimen¬ 
sionality. As an example of this we consider the algebraic closure 
P of the field 电 =I p of p elements. Since 中 is perfect, all poly¬ 
nomials of are separable and so P is a splitting field over $ 
of a set 0 of separable polynomials contained in 中 [*v]. Let G be 
the Galois group of P/$ and let H be the subgroup generated by 
the automorphism x：p p p . (It is clear that this is an auto¬ 
morphism.) The sub field I{H) of //-invariants is 中 since the 
only elements p such that p p = p are the p elements of 中 . We 
shall now show that H is b. proper subgroup of G; then we shall 
have two subgroups of G, namely, G and H which have the same 
subfield of invariants. To do this we note that, if p e is any power 
of py e > 1, then P contains a subfield of order p e . We recall 
also that C if and only if ^|/ (§ 1.13). Now let / be a prime 
and let denote the union of the fields in the sequence c 
cz c • • •. It is immediate that 中 p is a proper subfield of P 
and P is a splitting field over 由 of the set Hence Lemma 2 
shows that there exists an automorphism j of P over 中 such that 
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s 7 ^ l. Now s is not a power of the automorphism 7r; for if j = 
x*, then the subfield of j-invariants is the finite set of elements 
satisfying p pk = p. This set must include % * and this is impossible 
since is an infinite subfield of P. 

This type of difficulty in the infinite Galois theory was first ob¬ 
served (in the field of algebraic numbers of the radonals) by 
Dedekind. The way out of the difficulty was found by Krull who 
saw that it was necessary to restrict the correspondence to sub¬ 
groups of the Galois group which are closed in a certain topology 
which we shall now define. 

The topology one needs is essentially the same as the finite 
topology which we introduced in Vol. II, p. 248, for the set of 
linear transformations of one vector space into a second one. 
We consider the set P p of (single-valued) mappings of the field 
P into itself. If (U 2 , _•■，&) and (rn, rj 2 , •. _， are finite 
sequences of elements of P, then we let 0(1’ rji) be the subset of 
P p of all s such that = 7 }{ y i = l, ■•*,/». The sets rj{) 
can be used as a basis for a set of open sets which make P p a 
topological space (cf. Vol. II, p. 248). This topology of P p is 
called the finite topology. 

T 广 * _ J _ 广 ■ A __ _ _ C * _____ _ 亡 1 1 * X. • 

ir lt is any suuseu or y mat is, any set or mappings or intu 
itself, then we topologize G as a subspace of P p . In particular, we 
shall do this for the Galois group G of P/$. We now prove that 
the fact that P is algebraic over 中 implies that G is a closed sub¬ 
set of P p . Thus let s belong to the closure of G and let v e P, 
a 8$. Then there exists an j e G such that a 9 = a*, 

V s = yf y (I + vY = (I + vY, (!”)*= (^)*. Since a* = a, (| + 
ijY = + r} 8 y (^ 7 }) s = ^ s 7 j 9 we have the same relations for s and 

these show that s is an isomorphism of P/$ into itself. To see 
that s is surjective we let | be any element of P and we let E be 
the subfield of P/$ generated by ail the roots ^ in P of the mini¬ 
mum polynomial f{x) of ^ over 中 . Clearly [E ： 4>] < °o. Since s 
is an isomorphism of P / 中 into itself, E s C E. Hence the restric¬ 
tion of J is a linear isomorphism of E / 中 into itself and so this map¬ 
ping is surjective. Thus there exists an e E such that yf = 
Hence s is an automorphism of P/$, so J e G and G is closed. 

We can Drove the folio wine fundamental theorem of the in- 

i. W 

finite Galois theory. 
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Theorem 4. Let P/$ be a splitting field of a set of separable 
polynomials with coefficients in $ and let G be the Galois group of 
P/$. With each closed subgroup H of G we associate the subfield 
E = I{H) of H-invariants and with each subfield E o/" P over 龟 we 
associate the Galois group ^f(E) of P over E. Then these two cor¬ 
respondences are inverses of each other. Moreover y a closed subgroup 
H is invariant in G if and only ij the corresponding fields = 1(H) is 
Galois over 电 and，in this case, the Galois group q/ - E/$ is isomorphic 
to G/H. 

Proof. If E is a subfield of P/$, then P is a splitting field over 
E of Hence \f H = yf(E) the Galois group of P/E, then H is 
closed and Lemma 2 shows that /(yf(E)) = E. Next let 好 be a 
closed subgroup of G and let E = 1(H )、We have to show that, 
if s is an automorphism of P/E, then s zH, Since H is closed it is 
enough to show that s is in the closure of H, that is, if pi, • • •, p n e 
P, then there exists a ( e H such that pi = p t - 8 , l < i < n. Let 
A/E be a subfield of P/E which is finite dimensional Galois and 
contains {p t } (Lemma 1). Then s and the t & H map A into itself 
and so their restrictions are elements of the Galois group of A/E. 
If the restriction s r of s to A coincides with no restriction f of 
^ e H to A, then the group H r of the restrictions of / e is a proper 
subgroup of the Galois group of A over E. Consequently, there 

AVI o h a w-k Atn ^ K ri Ij 1 会 会 tit ^ / o f-/" 

WAIO CD All Vll L ^ O ^ XJ D UV^ll LHC4 L ^ - ^ 1 W V VX V » O X ^ • X HID 

contradicts the definition of E as 1(H), This proves the first state¬ 
ment. If 好 is a closed subgroup and s eG y then s~ l Hs is closed, 
and if E = 1(H )，then E® = I(s~ 1 Hs). It follows that H is 
invariant in G if and only if E 8 = E for every s eG. If this con¬ 
dition holds, then the set of restrictions to E of the j e G is a 
group of automorphisms Gin E whose set of invariants is 中 . Hence 
E is Gaiois over 中 . Conversely, assume E is Galois over# and let 
G be the Galois group of E/$. If e e E and s eG, then t and e* 
have the same minimum polynomial over 中 . Hence e has only 
a finite number of conjugates e 8 y s eG. If these are ei = e ， 
e 2 , • • try then the polynomial f{x) = II(^ — e t ) has coefficients 
in $ and e is a root of f(x) =0. If j e G, then e s is also a root of 
fM = 0 so e a = e t . e E. Since e is arbitrary, this shows that 
E a C E for j e G. This implies that H is invariant in G. Since 
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P is a splitting field over E of a set of polynomials belonging to 
中 [x]，any automorphism of E/$ can be extended to an automor¬ 
phism of P/4>. It follows easily from this that, if E is Galois over 
#», then the mapping s ^ s the restriction of ^ to E is a homo¬ 
morphism of G onto G. The kernel \s H = J(E) so G 兰 G/H. 

EXERCISES 

1. Show that the hypothesis of Theorem 4 can be replaced by: P/$ is a 
separable and normal algebraic extension, where we define normality by the 
condition that, if /(x) is irreducible in $[>v] and has a root in P, then f{x) is a 
product of linear factors in P[x], (cf. § 1.8). 

2. A topological space is called discrete if every subset is open. Let P be a 
splitting field over $ of a set of separable polynomials and let G be the Galois 
group of P over Show that G is discrete if and only if [P:$] < oo. 

3. Let P, 由 , and G be as in ex. 2. Use the fact that every p e P has only a 
finite number of conjugates and the Tychonoff theorem to prove that G is a com¬ 
pact group. 

4. Let P be the algebraic closure of the field $ = 7 P and let G be the Galois 

group of P over Show that G is a commutative group. Let be the sub¬ 
field of P defined for the prime / as in the text. Let 7r be the automorphism 
p —> p 39 restricted to Show that 7I 4 —> 1 in the sense that, if S is any finite 

subset of then there exists a positive integer N such that ^ Tlk = ^ for all 
^ eS provided k > N. Let m\ y . be a sequence of integers such that for 

any positive integer k there exists an N such that m r = m s (mod l k ) if r, j > N. 
Show that the sequence of automorphisms t"* 2 , * - • converges to an auto¬ 
morphism cr of over $ in the sense that ir mk <T~ l —> 1. 

5. Let G be a group of automorphisms in a field P and let $ = 1(G). Assume 
G is a compact subset of P p . Show that this implies that for every ^ e P the set 

I j e G} is finite. Hence prove that P is the splitting field over $ of a set of 
separable polynomials and that G is the Galois group of P/$. 

6. Let G be the Galois group of P/$ where P is algebraic over $ and let {G«} 
be the collection of invariant subgroups of finite index in G. Show that DG a 
= 1 . 

7. Let 中 be a finite field, A its algebraic closure, and G the Galois group of 
A/$. Show that G has no elements of finite order ^ 1. 

8. Let A p be the algebraic closure of the field I p of p elements, G p the Galois 
group of Ap/7 p . Show that G p = G q for any two primes p t q. 

9. Let P = 中(爸 1 ，专 2 , .. .）the field of rational expressions in an infinite number 
of indeterminates. Show that the Galois group of P/$ is not closed in the finite 
topology. 

3. Transcendency basis. We have defined the property of 

algebraic independence over $ for a finite subset {^i, H 

of a field P over $ in Vol. I and this definition has been repeated 

▲ 

in Introduction, p. 4. We now extend this notion to arbitrary 
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subsets by stating that such a set S is algebraically independent if 
every finite subset of S is algebraically independent. A set which 
is not algebraically independent will be called algebraically 
dependent; hence a set is algebraically dependent if and only if 
it contains a non-vacuous algebraically dependent finite subset. 
We shall now introduce another notion, which we shall see in our 
first theorem is intimately related to those just given. 

Definition 1. Let S be a subset of P over $ and let p be an element 
of P; then p is said to be algebraically dependent over ^ on S if p 
is algebraic over^{S). 

We note first that, if p is algebraically dependent over $ on ^ 
and f{x) is the minimum polynomial of p over 中 (X )， 

then the coefficients of f{x) are contained in a subfield 电 (F) 
where 尸 is a finite subset of S. Hence it is clear that p is algebrai¬ 
cally dependent over $ on a set S if and only if p has this property 
for a finite subset F of S, 

Theorem 5. A non-vacuous subset S of a field P/4> is algebrai¬ 
cally dependent over ^ if and only if there exists an element ^ e S 
which is algebraically dependent over 龟 on the complementary set 

s — Ul- 

Proof. The remarks we have made show that it is sufficient to 
assume S is finite, say, S = j|i, | 2 , • • • ， U. Assume the condi¬ 
tion stated holds. Then we may suppose that is algebraic over 
中 (li，• • • ， ln-i). Let f{x) • • •，be the minimum 

polynomial of over 中 d . ■ •, | n -i) and let ^ 2i • • 〜 be its 

coefficients. Now every element of 中 ( 专 i, • . 专 n _i) has the form 
欠(专 1 ， … ，专 n-i) 々(专 1 ， … ，专 n-i) 一 1 where g y h …， 

indeterminates, and h{^u ' ' '> l«-i) 〆 0. In particular, = 

.... 左 《 ._i) 一 1 . K 左 i. • • . • 左 5 ^ 0. Set 

h{xu - * •, ^n-i) = Uhj(xu … ， Xn- 1 ) and 

尸 ( 吣 ， •••，〜）= h{x U • • •, Xn-l){x n m 

+ 《 1(X1 ， …， Xn-ijh^Xii * • 

+ . . • + • • • ， ^n — \)hmi^X\ y ' ' ' y X n —i) ^ }. 

Then F is a non-zero element in 中 [*Vi，• • • ， x n ] y X{ indeterminates, 
and we have F(^ lt •••,!„) =0. This means that the ^ are alge- 
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braically dependent. Conversely, assume there exists a non-zero 
polynomial F{xi y • • • ， x„) e4*[^i, .. • ， x n ] such that F(^i y • • •, ^ n ) 
= 0, which amounts to saying that the | t * are algebraically depend¬ 
ent over 否 . We rnay assume that n is minimal and we may write 
F(Xu … ， X n ) = fo(Xiy • • •, x n -i)x n m + fl(Xi y - - + 

• • •+ fm{x\ y • • •, ^ n -i) where /o 〆 0 and m > \. Since n is 
minimal, / 0 (^i, … ，专 n _i) 〆 0. Then 

f{x) = x m + ^ … ， ln-i)/o(li ， …， 

l 

is a non-zero element of 中(专 1 ， . • •，such that /(D = 0. 
Hence is algebraically dependent on • • • ， | n _i. 

The relation of algebraic dependence in a field P/$ is a special 
kind of relation between dements of P and subsets of P. Another 
relation of a similar type is that of linear dependence of a vector 
in a vector space on a subset of the space, and we shall encounter 
still others. It is therefore worthwhile to treat such relations 
axiomatically and we shall do this by considering an arbitrary set 
P. A relation < between elements of P and subsets of P (^ < <9) 
is called a dependence relation if the following conditions hold. 

I. then $ < & 

II. If I < tS 1 , then ^ < F for some finite subset of S. 

III. If ^ and every ij in S satisfies ij < T y then ^ < T 1 . 

IV. If I < and ^ < S — {rj} where rj eS y then < (^ — 
M) U {1} (Exchange axiom). 

Now let P be a field over and let | < ^9 for ^ in P, ^ a subset 
of P, mean that | is algebraically dependent on S over Then 
we have 

Theorem 6. Algebraic dependence in P/$ is a dependence rela¬ 
tion in the sense oj I—IV, 

Proof. I. This is evident. II. This was proved before. III. 

T A ^ f* A A 1 A A < ^ ，— 0 、 一 W% yj A A A,’AM，— ^um. «-k % C\ 1 A 1 

q l/c u vci j ania c vci ^ / / c; u j.o 

over ^(T). Consider the subset A of P of elements which are 
algebraic over $(T). Then we know that A is a subfield of P/$(T) 
and A is algebraically closed in P. Now *5* C A and | is alge¬ 
braic over so over A. Hence | e A which means that £ < T. 
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IV. Suppose I < ^ and ^ < T = S — {r)} where rj eS. Let E = 
^(T). Then ^ is transcendental over E and algebraic over E(”). 
Hence there exists a polynomial J{x y y) e E[^, y] y x, y indetermi- 
nates over E, such that f{x y y) ^ 0 and rj) = 0. We write 
f(x,y) = a 0 (x)y m + a 1 (x)y m ~ 1 + • • • + a m (x) where the a { (x) e 
E[x] and a 0 (x) ^ 0. Then a 0 ( 专 ） ¥ 0 and m > 0, since 专 is trans¬ 
cendental over E. The polynomial is a non-zero poly¬ 

nomial belonging to E ( 专 ) [y] and f ； is a root of f(^ y y) = 0. Hence 
rj is algebraic over E(^), which implies that tj is algebraic over 
HT U ⑷）. Thus rj < r U {^}. 

We now return to the general theory of dependence relations. 
As before, P is an arbitrary set. We define a subset <9 of P to be 
independent (relative to <) if no | e is dependent on — {^J. 
Then we have the following 

Lemma. If B is independent and | is not dependent on B y then 
5 U {^! is independent. 

Proof. Otherwise, we have an e 5 such that i} < (B U j^J) — 
{”}. Since ” < 5 — {”} the exchange axiom implies that ^ < B 
={B — {”}) U {»j} contrary to hypothesis. 

■A subset JS of P will be called a basts for P (relative to if (1) 
B is independent and (2) every ^ in P is dependent on *S". The 
main result on dependence relations is the following 

Basis theorem. The set P has a basis. Moreover y any two bases 
have the same cardinal number. 

Proof. To prove the existence of a basis we consider the collec¬ 
tion I of subsets of P which are independent. (It may happen 
that the vacuous set is the only member of /.) We order I by the 
inclusion relation. If {5} is a linearly ordered subset of I y then 
U*S* is contained in I. Otherwise, there is a 专 e U*S* which is 
dependent on U6 1 — ⑷. Then ^ < F where is a finite subset 
of — {^J and F U {^} is a finite subset which is not independ¬ 
ent. Since is linearly ordered, F U j|j C T for some T e {5 1 } 
and this contradicts the assumption that T is an independent 
set. We now see that/is inductive and so, by Zorn’s lemma, there 
exists a maximal element B in /. Now let | be any element of P. 
Then ^ is dependent on B since otherwise B U {|} is independent, 
by the lemma. This would contradict the maximality of B. 
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Hence every | in P is dependent on B. This means that 5 is a 
basis. 

Now let B and C be two bases for P. We have to show that the 
cardinal numbers |5| = |C|. Assume first that B is finite, say, 
B = {/3i, We assert that there is a 7 w s C" such 

that 7 is not dependent on {^ 2 > • • •, j. Otherwise, by III, every 
element of P is dependent on {^ 2 , • • •, |3 n }. In particular, /3i 
has this property, contrary to the independence of B. Now if 71 
is not dependent on { 吞 2 ， • • • ， 卢 n}，then { 71 , ^ 2 , • * *, j is in¬ 
dependent. Moreover, the exchange axiom shows that /3i < 
{ 71 ， 尽 2 , . . • ，冷 n} SO every < { 71 ， ^ 2 , . • •，〜}. Thus { 71 ， 尽 2 , 
-- •, } is a basis. We can repeat this process and obtain y 2 

in C so that { 71 , y 2) 曰 3 ,… ， 3n} is a basis. Continuing in this 
way we obtain a basis { 71 , • - - ,y n } which is a subset of C and has 
the same cardinal number as B. Since C is independent, this is 
all of C and we have \C\ = |5|. Next assume |C| and |5| are 
infinite. In this case we use a counting argument which is due to 
juowig (cr. v 01 . 丄丄， p. JL，eu 7 8 u. jl nen 7 is aepenaenc on a 

finite subset B y of B. Consequently | {} | < | C | and 

I I n < = Irl 

*- f y ^ I I I 从 1 • 

Next we note that UB y = B, Otherwise, we have a ^ e B y 
〆 U By. Since < C and every 7 e C satisfies 7 < U B yi we have 
^ < UB y which does not contain This contradicts the in¬ 
dependence of B. Thus UB y = B and the above relation on 
cardinals gives |5| < |C|. By symmetry \C\ < 15|; hence 15| 

=I • • 

This result is applicable in particular to algebraic dependence 
in P/$. In this case a basis 5 is a set of algebraically independent 
elements of P / 中 such that every ^ in P is algebraically dependent 
on B. Such a set B is called a transcendency basis for P/$ and its 
cardinal number, which is the same for all bases, is called the trans¬ 
cendency degree (tr. d.) of P/$. An extension P/$ is algebraic if and 
only if P has a vacuous transcendency basis over hence if and 
only if the transcendency degree is 0. If a field P has a trans¬ 
cendency basis B over 中 such that P = 中 (5)，then P is called a purely 
transcendental extension of The theorem on the existence of a 
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Lrfcuisuciiuciujy u«t5i5 ectu uc niLci|ji clcu in liic lunuwin^ mfctmicr; 

Every field can be obtained as an algebraic extension of a purely 
transcendental extension $(5) of the base field 4>. If x 2y … ， x r 
are indeterminates. then the field of fractions of the alerebra 

〆 w 

$[^i, •. • ， *v r ] is a purely transcendental extension 中 (Xi, • * ■, ^ r ) of 
中 with the transcendency basis {^ t j. Moreover, it is clear that 
any purely transcendental extension of degree r < oo is essentially 
identical with $(^i, … ， x r ). 

Of particular interest in algebraic geometry are the fields P = 
中 (li ， ^2, « » • U which are generated over the base field $ by a 
finite set of elements 匕 . If 5 is a maximal algebraically independ¬ 
ent subset of the set {^i, I 2 ，• •. ， 专 n}，then 5 is a transcendency 
basis. We may assume 5 = {!i ， 专 2 ， • . •， lr}• A field of the form 
P = 中 • • •• D is called a Held of algebraic functions over 
中 and the transcendency degree r (< w) is called the number of 
variables of P. If {^ 1 , • • | r j is a transcendency basis, then P is a 
finite dimensional extension of 中 (li, 专 2 ， ... ， 专 r). If this is sepa¬ 
rable over 中(专 1 ， • • •, | r ), then one of the theorems on primitive 
elements shows that P = 中 (|i，. . •，”）for a suitable r} in P. 
This is always the case for characteristic 0 and we shall see in § 5 
that simple conditions can be given to insure the existence of a 
basis {^；} for a field of algebraic functions such that P is separable 
algebraic over 企(专 1 ，专 2 ， . • • ， ^r). 

EXERCISES 

1. Show that, if C is a subset of P/$ such that every element of P is alge¬ 
braically dependent on C, then C contains a transcendency basis. Show also 
that, if D is an algebraically independent subset of P/$, then D can be imbedded 
in a transcendency basis. 

2. Let E/$ be a subfield of P/$. Show that the transcendency degree tr. d. 
P/E < tr. d. P/$ and that tr. d. E/$ < tr. d. P/$. 

3. Let E/$ be a subfield of P/$ and let B and C be transcendency bases for 
E / 中 and P/E respectively. Show that 5 U C is a transcendency basis for 
P/$. Hence prove the formula 

(1) tr. d. P/$ = tr. d. P/E + tr. d. E/$. 

Note that ex. 2 is a consequence of this. (Hint: Since E is algebraic over 中 (5) 
the sub algebra generated by E / 中 and $(C) is a field which is algebraic over 
$(B, C) (p. 45). Hence E(C) is algebraic over 中 (B, C).) 

4. Prove that, if 中 is a field of characteristic 〆 3 and P = rf) where ^ 
is transcendental and 17 3 + 在 3 = 1， then P is not purely transcendental over 
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5. Let P be the field of complex numbers, $ the subfield of rationals. Show 
that tr. d. P/$ = c = [ P|. Show that, if 5 is a transcendency basis of P/ 中， 
then any 1-1 surjective mapping of B can be extended to an automorphism of 
P/$. Hence show that P has as many automorphisms as 1-1 surjective map¬ 
pings. 

6 . Prove that, if P is finitely generated over $， then this holds for any subfield 
E/$. 

4. Liiroth’s theorem. The purely transcendental extensions 
P = 中(专 1 ，专 2 ， .. 专 r) appear to be the simplest types of extension 
fields. Nevertheless, it is easy to ask difficult questions about 
such extensions, particularly about subfields of P/$ if r > 1. If 
r = 1 the situation is comparatively simple and we shall look at 
this in this section. 

Let P = 中 (I)， I transcendental, and let ” be an element of P 
which is not contained in We can write n = 1 where 

/( 专 ） and 尺 ( 专 ） are polynomials in | which we may assume have no 
common factor of positive degree in We may write /(|)= 
«o + + * • • + <^nk n y 兄 (! ） = 卢 0 + + • _ • + where either 

a n ^ 0 or ^ 0 , so w is the larger of the degrees of / and 欠 . The 
relation tj = /(^(|) _1 gives /(|) - ijg(^) = 0 and 

0 = (a n — rj^ n )^ n + (a n _i — ” 〜一此 -1 + … + (a 0 — ” 尽 0 ). 
Moreover, a n — rj^ n 9 ^ 0 since a n or ¥ 0 and tj Thus we 

n 

see that ^ is a root of the equation of degree n: 2 ^ — 7j^i)x % = 0 

o 

n 

with coefficients in 中 (”)• We proceed to show that ( a * ~ 

o 

is irreducible in First, it is clear that ij is transcendental 

over since 专 is algebraic over 中 (”)； hence rj algebraic over 中 
implies I algebraic over contrary to assumption. The ring 
x] = is the polynomial ring in two indeterminates rj y x 

and we know that this ring is Gaussian, that is, the theorem on 
unique factorization into irreducible elements holds in ^[rj y x] 
(Vol. I, p. 126). We recall also that a polynomial in $[ 77 , x] of posi¬ 
tive degree in x is irreducible in 中 ( 77 )[<v] if it is irreducible in x\ 
Now /(r}, x) = 2 (ce t - — r}^ i )x i = f{x) — tig{x) is of degree 1 in 
Hence if f(rj y x) is reducible in 中 (”) [*v]，then it has a factor h{x) 
of positive degree in This implies that f(x) and p-(^) are divisible 
by h{x) contrary to assumption. We have therefore shown that 
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/(” ， x) is irreducible in 4*(”)[>v]. Thus ^ is algebraic of degree 
over This proves 

Theorem 7. Let P = 中 ( 专 | transcendental over 屯 and let rj be an 
element of P not in Write tj = /(!) 《 ( 专 ） _1 where /(!) and j-(^) 
are polynomials in ^ with no common factor of positive degree in 
Let n = max (deg /, deg g). Then ^ is algebraic over and 
[$(|) :$(”)]= w. Moreover y J{x y rj) = f{x) — rjg(x) is irreducible 
in 


This result enables us to determine the automorphisms of $(|) 
over Such an automorphism is completely specified by the 
image rj of the generator For, if ^ ^ 77 , then 

(” ）一 1 for u y v polynomials in It is clear also that, if rj is the 
image of ^ under an automorphism, then $(”）= $(^). If 77 = 
/(ft?© 一 1 as above，then : $()?)] = n = max (deg f, deg^). 
This shows that$(n)= 中 (!）if and only if max (deg /, deg^) = 1 . 
Then we have 


⑵ 


7 专 + 5 


where a 〆 0 or 7 〆 0 and + 7 I + 5 have no common 
factor of positive degree. It is easy to see that these conditions 
are equivalent to the single condition: 


(3) a 8 — 7 ^ 0. 

If this condition holds, then ^(rj) = $ ( 专 ） and the mapping 
«(|)y (^) -1 « (”) £>(”) 一 1 is an automorphism of P/$. 

The condition (3) is equivalent to the requirement that the 
matrix 


⑷ 


a ^ 
y 5. 


is non-singular. With each such matrix we associate the auto¬ 
morphism of over $ such that | ^ 77 given by ( 2 ). One veri¬ 
fies directly that the mapping of the non-singular matrix into the 
corresponding automorphism is a group homomorphism. The 


kernel is the set of matrices 
=I or a| + /3 = |(tI + 5). 


such that (a^ + + 5) 一 1 

r 5J 

This implies y = 0, ^ = 0, a = 8 , 
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Hence the kernel is the set of scalar matrices 〆 0 . It 

.0 OL, 

is now clear that the group of automorphisms of 中 (|) is isomorphic 
to the factor group of the group 2) of 2 X 2 non-singular 
matrices relative to the subgroup of scalar matrices. This factor 
group is called the projective group PL{^ y 2). 

We now consider an arbitrary subfield E of 中 ( 专 )/4>. We may 
assume E # 中 . Then E contains an element tj not in $ so P = 
is algebraic over ^(rj) and hence is algebraic over E 3 
Let the minimum polynomial of | over E be f{x) = x n y\X n ~ l 
+ . • • + Tn- The yi have the form ^(1)^(0 -1 where in, Vi are 
polynomials in the transcendental element Multiplication of 
f{x) by a suitable polynomial in | will give a polynomial 

(5) /(I, x) = c 0 (^)x n + + ••• + c n (^) 

in 到 ! ， x\ y I, x indeterminates, which is a primitive polynomial in x 
in the sense that the highest common factor of the Ci{^) is 1 . Also 
we have yi = G ( 专 Vo © _1 s E and not all of these are in $ since 
^ is transcendental over Thus one of the 7 *s has the form y = 
where g(i) y h{^) have no common factor of positive 
degree in ^ and max (deg g y deg h) = m > 0. We have seen before 
that g(x) — yh{x) is irreducible in ① (y)[*v] and [P:0(y)] = m. 
Since E 2 ① (y) and [P: E] = n y clearly n. We shall show 
that m = n and this will prove that E = 0(y). 

Since ^ is a root of g(x) — yh{x) = 0 and the coefficients of this 
polynomial are contained in E, we have g(x) — yh(x) = f{x)q{x) 
in E[*v]. We have y = -1 and we can replace the coef¬ 

ficients of / and q by their rational expressions in | and then 
multiply by a suitable polynomial in ^ to obtain a relation in 
x] of the form 

⑹ K^[g(x)k(^) - g(^)k(x)] = My x)q{^ x), 

where /( 专， *v) is the primitive polynomial given in (5). It now 
follows that k\x) is a factor of q{^ y x) and so cancelling this we rnay 
assume the relation is 

⑺ g{x)h{^) - g{i)h{x) = x)q{ky x). 

Now the degree in i of the left-hand side is at most m. Since 
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y = gCfW^y 1 with (K0, 々 (0) = 1 and max(deg^, deg h) = m y 
the 芒 -degree x) is at least m. It follows that it is exactly m 

and x) = q{x) 6 0[^]. Then the right hand side of (7) is 
primitive as a polynomial in x. This holds also for the left hand 
side. By symmetry, the left hand side is primitive as a poly¬ 
nomial in i also, and this implies that q(x) = ^ is a non-zero 
element of O. Then (7) implies that the jf-degree and 卜 degree 
x) are the same. Thus m—n and E = 0(y). As we saw 
before, EDO implies that y is transcendental. We have 
proved the following 

Theorem 8 (Liiroth). If V =■ 中 (Q，| transcendental over then 
any subfield E ] 中 also a simple transcendental extension ； E = 
中 (7)，7 transcendental. 

The theorem of Liiroth is not valid for purely transcendental 
extensions P/^ of transcendency degree r > 1. The best positive 
result in this direction is a theorem of Castelnuovo-Zariski which 
states that, if $ is algebraically closed and r = 2, then a subfield 
E/4> of tr. d. 2 such that P/E is separable is a purely transcendental 
extension.* 


EXERCISES 

1. Show that, if P = ri) where ^ is transcendental and ” 2 + 专 2 = 1， then P 
is purely transcendental. 

2. Let $ be a finite field, |$[ = q = p m - Determine the order of the Galois 
group of $ ( 专) /$ ，右 transcendental. 

3. Give an example of a subalgebra of ^ transcendental, which does not 
have a single generator. 

5. Linear disjointness and separating transcendency bases. 

Let $ be of characteristic p 0 and let P = rj) where | is 
transcendental and tf = Then {^} is a transcendency basis 
for P/$ and P is inseparable over ^(^). On the other hand, P = 
中 (”） is separable over P. This simple example shows that certain 
transcendency bases B for an extension may be preferable to 
others in that P/$(5) is separable algebraic. We remark also 
that such bases may not always exist, as is shown by the example 

* See O, Zaiiskij On Casielnuo^s criterion of rationality pa = P 2 = 0 y lilinoss Jour, of 
Math” Vol.2 (1958) ， pp. 303-315, 
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of any P/$ which is algebraic and not separable over 中 . A trans¬ 
cendency basis B for P/$ such that P is separable algebraic over 
中 (5) is called a separating transcendency basis* If P/$ has such 
a basis, then we shall say that P/$ is separably generated. In 
this section we shall derive a criterion that P/$ is separably 
generated, based on the following important notion. 

Tlftfinifinn h T.pt TT1 ， nyt/i TTI« hp 文 ijh/rloi>hTnK nf nn mrhitirn.TV ijpJ/1 

V , i V, , ， %^r ^ — V V ta> V ,f v, v , , ， , «•> WW t t ^ ^ V V WW 

P/ 中 . Then Ei and E 2 are said to be linearly disjoint over 电 ijthe sub¬ 
algebra EiE 2 generated by Ei and E 2 is the tensor product E\ <S># E 2 . 
More precisely ， what is meant here is that the canonical homo¬ 
morphism of Ei E 2 into EiE 2 sending ei <S> e 2 into t\t 2 is an 
isomorphism, (see In trod., § 3). 

It is well to recall the conditions that E 1 E 2 = Ei ®# E 2 which 
we obtained in the Introduction. We recall first that a sufficient 
condition is that there exist bases (u a ) y (v^) of Ei and E 2 over 中 
respectively such that (u a V 0 ) is a basis for EiE 2 over Since 
every element of the subalgebra EiE 2 is anyhow a linear combina¬ 
tion of the elements u a v ^， we see that a sufficient condition for 
EiE 2 = Ei E 2 is that there exist bases (u a ), (v^) for Ei/$ and 
E 2 /$ such that {u a v^\ is 企 -independent. If Ei is a subfield of 
P/$, then EiE 2 = Ei E 2 if there exists a basis (v^) for E 2 
over $ such that the set (v^) is Ei-independent. 

Conversely, assume Ei and E 2 are linearly disjoint subalgebras. 
Then (u a v^) is a basis for EiE 2 /^ for any basis {u a ) of Ei/^> and 
any basis (v^) of E 2 /^. Also if Ei is a subfield, then ( 印 ） is a basis 
for EiE 2 /E!. We note also that linear disjointness of the sub¬ 
algebras Ei and E 2 implies that, if {w a J is any linearly independent 
subset of Ei/$ and is any linearly independent subset of 
E 2 /$, then {u a vp} is 中 -independent. 

We note next that Ei and E 2 are linearly disjoint subalgebras 
over 中 if and only if the subfields Qi and Q 2 generated by Ei and 
E 2 respectively are linearly disjoint over 中 . For, if Qi and Q 2 
have the property, then so do Ei and E 2 , since subalgebras of 
linearly disjoint algebras are clearly linearly disjoint by our 
criteria. Conversely, suppose E x and E 2 are linearly disjoint. 
Let |i, * * •，be elements of Qi which are ^-independent and 

rn> V 2 , •. •，elements of Q 2 which are ^-independent. We can 
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write Vj = v/n 一 1 where ^ e Ei, rj/ y rj e E 2 . Then 

Ui’ ，！ 2 ’，* • *, ^m f } is a ^-independent subset of Ei and 
••*，>?»’} is a ^-independent subset of E 2 . Hence the mn elements 
它 /rj/ are 中 -independent and so also the elements | t 刀 j are ^-in¬ 
dependent. This implies that Qi and Q 2 are linearly disjoint over 4>. 

We are interested primarily in subfields of P and we shall 
require the following lemma which will enable us to prove linear 
disjointness by steps. 

Lemma. Let Ei and E 2 be subfields of P/$, Ai a subfield of 
Ei/ 中 . Then E x and E 2 are linearly disjoint over $ if and only if the 
following two conditions hold: (1) Ai and E 2 are linearly disjoint 
over 电 and (2) the field Ai(E 2 ) and Ei are linearly disjoint over A it 

Ei Ei(E2) 



Proof. Assume (1) and (2). Let (u a ) be a basis for E 2 /$. By 
(1), the u a are linearly independent over Ai. Since these elements 
are contained in Ai(E 2 ), and Ai(E 2 ) and Ei/Ai are linearly dis¬ 
joint over Ai, by (2), the u a are linearly independent over Ei. 
Hence Ei and E 2 are linearly disjoint over Conversely, 
assume this holds. Then it is clear that Ai and E 2 are linearly 
disjoint over 中 ， that is, (1) holds. Also the hypothesis implies 
that, if (u a ) is a basis for Ei over A ly (v^) a basis for Ai over 中， 
(w y ) a basis for E 2 over then (u a v^w y ) is a basis for EiE 2 over 
中 . This implies that, if we have a relation = 0, C{ e E 2 Ai, 

then every Ci = 0. Now suppose we have = 0, 5» e A!(E 2 ). 

Then we can write = Cid~ l y C{ y d e E 2 Ai and we obtain = 

0. a = 0 and d .： = 0, Thus we have shown that the basis of 

Ei/Ai is △i(E 2 )-independent. This implies that Ei and Ai(E 2 ) 
are linearly disjoint over Ai. 

We now embark on the study of linear disjointness and sepa¬ 
rability. We assume that P is an extension field of a field $ of 
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characteristic p 〆 0 and we snail operate in an algebraic closure 
A of P (which contains an algebraic closure of 中 ). We consider 
the subset 1 of A of elements y such that y v e This is a 
subficld over We shall be interested in linear disjointness of P 
and 中 p l over 中 . In studying this question it is useful to note the 
following simple criterion ： A set {pi, p 2y • • •, p n i, pi e P is ^ p_1 - 
independent if and only if {pi p , p 2 p , • • *, p n v } is 中 -independent; 
for, suppose we have 2 芦 必 .= 0, 妒 1 . Then = 0 for 

<Xi = ^i p in On the other hand, if = 0, in then, 

since A contains an algebraic closure of = 氏 p , & in 中 p 
JLnen 么 w = v. nence ( 邱糾广 =u ana ^Pipi = u. /\iso it is 
clear in both situations that 叫 = 0 if and only if = 0. We shall 
now establish the following criterion. 

Theorem 9. If P is an algebraic extension of 电 {possibly infinite 
dimensional)^ then P is separable over 龟 if and only if P is linearly 
disjoint to $ p_1 over^. 

Proof. We recall that an algebraic element p of P over $ is 
separable if and only if p e$(〆）(Lemma 2 of § 1.9). Suppose 
first that P and 中 ’ 1 are linearly disjoint over 中 and let p e P. 
Let [#(p)：$] = n. Then (1, p, p 2 , • • •, p n ~ 1 ) is a basis for $(p)= 
#[p] and hence these elements are # p-1 -independent. This im¬ 
plies that the elements 1, p p y p 2p , - - •, p (n ~ 1)p are ^-independent. 
Since there are n of these and they are contained in 4>(p), they 
form a basis for 中 (p). Evidently this implies that p e$[p p ] so p 
is separable over 中 . Conversely, assume P separable over 中 and 
let {pi, • • •, Pn} be a finite ^-independent subset of P. We may 
imbed this set in a subfield E/$ which is finite dimensional, and 
can choose a basis (pi, - - •, pn, Pn+i> •■■，〜）for E/4>. Any 
element e of E is a Win ear combination of the pj, 1 < j < q. 
Then t p is a ^-combination of the p/. The same holds for e 2p = 
(e 2 ) p y e 3p = (e 3 ) 33 , .... On the other hand, since t is separable, 
ee ^ P )= : 中 [e p ]. Consequently, e itself is a ^-linear combination 
of the pj p . Since [E：^] = q this implies that (pi p , p 2 v y ' ' - y Pq p ) 
is a basis for E/$. Hence {pi p y • • •, p n p ! is ^-independent and 
{pi> • • ^ Pn\ is ^^-independent. Since {pi, • ■ Pn} was an 
arbitrary finite ^-independent subset of P, this proves that P 
and 妒 _1 are linearly disjoint over 




164 


STRUCTURE THEORY OF FIELDS 


We prove next the following 

Theorem 10. If P is purely transcendental over 龟， then P is 
linearly disjoint to 1 over 龟 . 

Proof. Our assumption is that P = ^(B) where B is an alge¬ 
braically independent set. We have seen also that P is linearly 
disjoint to 中厂 1 over if and only if the subalgebra of poly¬ 
nomials in the elements of 5 is linearly disjoint to To prove 
that the latter holds，it suffices to give a basis for 中[5]/中 which is 
妒 1 -independent. For this we take the basis M consisting of the 
monomials in e B. Now it is clear that, if m\ and m 2 are dis¬ 
tinct monomials, then m-^ and m 2 p are distinct monomials. Hence 
it is clear that the set M p of p-th. powers of the elements of M is a 
中 -independent set. We have seen that this implies that M is 
^ -independent. Hence 中 [5] is linearly disjoint to 1 and 
the proof is complete. 

We can now prove our main result which is 

MacLane’s Criterion. If P/$ is separably generated (of 
characteristic p), then P and 1 are linearly disjoint over On 
the other hand y if P is finitely generated over 电 and P and 1 are 
linearly disjoint over then P is separably generated over 龟 . 

Proof. Suppose first that P is separably generated over 中， 
which means that P has a transcendency basis B over 中 such that 
P is separable algebraic over 2 = 电 (B). Then, by Theorem 10, 
2 and 1 are linearly disjoint over Also, by Theorem 9, P 
and 1 are linearly disjoint over 2. Hence P and 
which is a subfield of 2 P 1 over 2 are linearly disjoint over 2. 
The lemma now shows that P and$ p_1 are linearly disjoint over 

Next we assume P = ^ 2 > ■ ■ •, ^m) and P and 妒 1 are 

linearly disjoint over We may assume also that {^ 1 ,^ 2 ， 
is a transcendency basis. Suppose we know already that !r+i， 
.• Is are separable algebraic over 中 (！i，■ • | r ). \i s = m i then 

' ' 'y ^r\ 15 it 呂 uitiiyucuuciiuy Uct5i5. 丄上 cmc wc 

suppose that | 8+ i is inseparable algebraic over 2 = ■..， 专 r ). 

Let f{x) be the minimum polynomial of 匕 +1 over 2. If we 
multiply / by a suitable polynomial in • ■ ■, we obtain a 
polynomial F(^i, • • - y ^ ry x) • • •, | r , which is irreducible 
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in $[^i, • • •，|r，x] and satisfies F(^ u •••，&， 匕 + 1 ) = 0. Since / is 
inseparable it is a polynomial in x v \ hence F(|i, • • •, | r , is a 
polynomial in x p . We assert that there exists a |!.，1 < i < r t 
such that F is not a polynomial in Otherwise, the monomials 
in 专 2 ， • • • y^nX which actually occur in F are all p-th. powers 
and this implies that ■ • •， 匕， *v) = ■ • •， 匕， x) p in 

妒 _1 [专 1 ， - - 'ykryX\. Then H{^ u …，匕， | s+ i) = 0, so the mono¬ 
mials in } ^ r , l«+i occurring in H are linearly dependent 

over The assumption of linear disjointness of P and 中 P_1 

therefore implies that the same monomials are 中 -dependent. This 
implies that | a+ i is a root of a polynomial h{x) e 2[<v]， h{x) ^ 0 
of lower degree than /, contradicting the fact that / is the mini¬ 
mum polynomial of 右《 +1 over 2. This shows that we may suppose 
that F(^iy ' • ■ y^ryx) is not a polynomial in The relation 

Fd ■..， 匕， |«+i) = 0 shows that is algebraic over $(| 2 , •..， 
^ r , Since 右 2 , • ■ ■，are also algebraic over this subfield, it 

is clear that \^ 2s •- •，专 r, 匕 +i} is a transcendency basis. 

We shall show that is separable over 2' = • • •，|r，l«+l). 

We recall that Fd • • •, is irreducible in 中[专 i，.. •， y]- 

Hence F(x y x 2y * * *, is irreducible in 中 [x，x 2 ，• • .， 

x y Xiy y y indeterminates, and consequently this polynomial is ir¬ 
reducible in ^(x 2} - - *, x ry y)[x] where ^(x 2> • • ^ r ,jv) is the field 
of fractions of ^[x 2i • • •，Since • • •，I” |«+i are alge- 

1 1 Itt 1 m am am ^ A th(i- t t 、〜 ... « 

ul ai\^a±±y wi -x- <ir) ^8 +1/ = ^ ' ' i ^ ry 

y) under a$-isomorphism such that^t 2 < / < r,y ^ !«+i. 

It follows that F{x y ^ ^«+i) is irreducible in ...， 

专 r, and so this is a multiple of the minimum polynomial of 

over 2'. Since this polynomial is not a polynomial in x p y |i 
is separable algebraic over 2'. Also ^ iy 1 < / < j, are separable 
algebraic over •••，&, ^ + i) and, since 专 i is separable alge¬ 
braic over 2 ; , ^ is separable algebraic over 2'. If we re-number 
the |’s we now have a transcendency basis • • •，芒 r such that 

every U < j < s 1, is separable algebraic over 中 (|i, • • _， | r ). 
This establishes the inductive step to show that we can choose 
专 1 ， • • •, among the generators •- •，专 m so that every ^ is 

separable algebraic over 2 = 中 (|i, •. 、 | r ). Then {|i, • • j is a 
separating transcendency basis for P/$. This completes the 
proof of the second assertion of the theorem. 
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It is important to note for future use that, if P = . . .，^ m ) 

is linearly disjoint to 1 over 中 ， then we have shown that a 
separating transcendency basis can be extracted from the set 

We note also the following 

Corollary (F. K. Schmidt). If ^ is perfect ， then any field of 
algebraic functions 中 (li，. • • ， | m ) has a separating transcendency 

h/2CfC nfJfiT 

vr v W V V V C ■ 

This is an immediate consequence of MacLane’s criterion since 
P is certainly linearly disjoint to 

The results which we have proved, particularly Theorem 9, 
make it natural to extend the notion of separability to arbitrary 
(not necessarily algebraic) field extensions in the following way. 

Definition 3, Afield P is separable over ^ if it is either of charac¬ 
teristic 0 or ij it is of characteristic p 0 and V is linearly disjoint 
to over 龟 . 

Theorem 9 shows that this is equivalent to the usual notion of 
separability if P is algebraic over Also MacLane’s criterion 
shows that, if P is finitely generated over then it is separable 
over 中 if and only if P is separably generated over The follow¬ 
ing theorem gives two other properties of separability which are 
familiar in the algebraic case. 

Theorem 11. (1) If P is separable over 电 and E is a subfield. of 
P over then E is separable over 龟 . (2) If P is separable over E 
and E is separable over then P is separable over 龟 . 

Proof. We may assume the characteristic is p 〆 0. (1) This 

is clear since the linear disjointness of P and 1 implies the 
linear disjointness of E and 妒 1 . (2) We are assuming that 妒 1 
is linearly disjoint to E over $ and E p_1 is linearly disjoint to P 
over E. Then E($ P_I ) which is a subfield of E P_I is linearly dis¬ 
joint over E to P. The lemma now applies to show that 妒 一 1 
and P are linearly disjoint over 0. Hence P is separable over 中 . 

We close the present discussion with two negative results. 
First, we recall that, if P is separable algebraic over 否 ， then P 
is separable algebraic over any intermediate field. This fails in 
the general case since, for ^ transcendental, 中 (!）is separable over 
0 of characteristic p 9 ^ 0, but 中 (|) is not separable over $(^). 
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Next we note that a field may be separable over 中 and not sepa¬ 
rably generated. An example of this is given in ex. 1 below. 

EXERCISES 

1. Let 伞 be of characteristic p 9 ^ 0 and let P = ^ 1 y f -2 , . * _) where ^ 

is transcendental over 中 . Show that P is separable over 中 but not separably 
generated over 

2. Let 职 - "* be the subfield^of the algebraic closure of P ^ $ of elements ^ 

such that ^ pm 8 $ and Jet = U 炉 - * Show that P is separable over $ if 

and only if P and are linearly disjoint over 中 . 

3. Let E/$ and △/$ be subfields of P/$ such that E/$ is purely transcen¬ 
dental and △/$ is algebraic. Show that E and △ are linearly disjoint over 屯 

4. Let P = rj, f, r) where 中 is of characteristic p 5 ^ 0, ij, f are alge¬ 

braically independent and r p = 这 * p + »;• Show that P is not separably gener¬ 
ated over E = i}). 

5. (MacLane). Let $ be a perfect field of characteristic p 〆0, P an imperfect 
extension field of 中 such that tr. d. P/$ = 1. Show that P is separably gener¬ 
ated over 中 . 

6. Derivations. We have found it useful to introduce the usual 
formal derivative of a polynomial in considering multiple roots 
(§ 1.6). The mapping of the polynomial algebra 中 [x] into itself 
defined by ： f{x) f\x) the formal derivative of f{x) y is an 
example of a derivation in the algebra 中 [a:]. More generally it is 
convenient to consider derivations from a subalgebra into an 
algebra. This general notion, which is of great importance in 

1 A ■« v A 4^ 4 4^ ^ r% A C rx 1 1 

CLy Id gl v wil 111 LilC 1 w mg 

Definition 4. Ij % is a subalgebra of an algebra ^3, a derivation 
Z) of into is a linear mapping of 21 into ^ such that 

(8) {ab)D = (aD)b + a{bD) y a, b eU, 

7/ SI = ^3, then we speak of a derivation in SI. 

We shall be interested mainly in derivations in fields of alge¬ 
braic functions. In this section we consider some general results 
on extension of derivations and on the algebraic system consisting 
of all the derivations of an algebra into itself. We begin our con¬ 
siderations by noting first that the study of derivations is equiva¬ 
lent to the study of a certain type of algebra isomorphisms. This 
will enable us to derive the main facts^about derivations as con¬ 
sequences of corresponding results on homomorphisms. For this 
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purpose we introduce the algebra St with basis (1，/) over the 
base field 中 and multiplication rule t 2 = 0. Thus X = ^[x]/(x 2 ) y 
x an indeterminate, and t is the coset x + (<v 2 ). If 53 is an arbi¬ 
trary algebra，then we form the algebra ^8 ® X. If we identify ^3 
in the usual way with the subalgebra of elements b ® \ and X 
with the subalgebra of elements 1 ® u y u eX y then we see that 
the elements of (S> X can be written in one and only one way 
in the form b Q + b x t y b { e ©, the generator t of Z. We have bt = 
tb and in general the multiplication rule in 迅 ® St is 

(9) ( 彡 o + - Cit) = 彡 of。+ ( 彡 o(i + 彡 

biy e 58. The algebra i8 ® £ is called the algebra of dual numbers 
over i8. 

Now let D be a derivation of 21 into iB. Then we can use this 
to define a mapping s = s(D) of % into i8 ® X by 

(10) u ― > u s = u (aZ))/. 

Evidently s is linear. Furthermore, if a, e SI, then 

a s b s = (a {aD)t)(b + {^D)t) 

=ab {a(bD) + {aD)b)t 

=ab {{ab)D)t 
= {ab) s . 

Hence j is a homomorphism of the algebra SI into the algebra of 
dual numbers ^8 ® X. The homomorphism s has a simple charac¬ 
terization. For this we introduce the mapping a bt ^ a y 
a , 彡 e 迅 ， of ® X into 58. It is clear that this is a homomorphism 
of ^8 ® X into i8 which is the identity mapping on the subalgebra 
Now we see that, if a e^L and s is defined by the derivation 
D of % into as before, then a 8T = (a -j~ {aD)t) T = a. Evidently, 
this requirement guarantees that s is an isomorphism. 

Conversely, let s be any homomorphism of 沉 into ^3 ® St such 
that a 8 貫 =a y a Then a s = a b & and b is uniquely 

determined by a. Hence we have the mapping Th a — b ， and 
we may write a s = a ~{aD)t. It is clear that the linearity of s 
implies the linearity of D. Also since {aby = a 8 b 8 for any a y b in % 

(a + (aD)t){b + {bD)t) = ab {a{bD) + {aD)b)t 

=ab {{ab)D)t. 
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Hence we have {ab)D = {aD)b + a{bD) so D is a derivation. We 
can therefore state the following 

Theorem 12. If % is a sub algebra of i8 and D is a derivation of 
% into 58, then s：a a + (aD)t is an isomorphism of SI into the 
algebra of dual numbers ^8 ® X over 58 such that a 9lt = a. Con¬ 
versely^ any homomorphism of % into ^8 ® X satisfying this condition 
has the form a ^ a {aD)t where D is a derivation of % into 53. 

We shall now obtain some simple consequences of this connec¬ 
tion between derivations and isomorphisms. First, let X be a 
set of generators of the subalgebra SI of the algebra 迅 and let D\ 
and D 2 be derivations of 21 into Suppose xDi = xD 2 for every 
•v e 王 . Then x Sl = x Si for the associated isomorphisms si = s(Di) y 
s 2 = s(D 2 ) of % into 53 ® X. It follows that a si = a 32 for every 
« e so Ji = s 2 and D\ = D 2 . This shows that, if two deriva¬ 
tions coincide on a set of generators of SI, then they are identical 
on SI. We remark next that, if j is a homomorphism of % into 

® X such that x 8w = x for x e^a. set of generators, then a 8r = 
a for all a e Hence s defines a derivation in the manner in¬ 
dicated. 

An element f of SI such that fD = 0 is called a D-constant. 
Evidently ^ is a D-constant if and only if c 8 = c for the isomor¬ 
phism s = s(D). It follows from this — or directly — that the set 
of D-constants is a subalgebra of 31. In particular, 1 is a D- 
constant for every derivation D. If 逬 is commutative and 中 is 
of characteristic p y then every p-th power in $1 is a D-constant. 
For, m any commutative algebra the basic property ( 8 ) for D 
implies that (a k )D = ka k ~ 1 (aD). Hence ifk = p y then (a p )D = 0. 
We note also that, if SI = P is a field, then the set of D-constants 
of P forms a subfield r of P. This is clear from the consideration 
ofj = s(D) or it follows directly, by noting the rule for the deriva¬ 
tive of = — {yD)y~ 2 y which follows by taking the 

derivative of the relation 77 一 1 = 1 . If p e P and 7 eT, then 
{yp)D = y{pD) for the derivation Z). This shows that D e 
^) r (P, i 8 ) the set of derivations of P/r into 53 /r. In considering 
a particular derivation Z) of a field, it is often convenient to shift 
from the original base field to the field of constants r of D or to 
some sub field E/$ of Y/ 龟 . 
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We shall now carry over to derivations the two basic results 
I and IV ; on extensions of homomorphisms of commutative rings 
which we derived in the Introduction. We remark that these 
results are valid for algebras over a field 中 and we shall use them 
in this form. Our first result on extension of derivations is 

Theorem 13. Let Y be a field over % a subalgebra of P/$ 
(containing l') y Ma multiplicatively closed subset of non-zero elements 
of % containing 1, and let %m be the sub algebra of T of elements of 
the form a e 沉，彡 e M. Let D be a derivation of % into P. 

Then D can be extended in one and only one way to a derivation of 
%m into P. 

Proof. Let s be the isomorphism a ^ a (aD)t of % into 
P 0 疋 . If a ^ 0, then a s = a -f- {au)t has the inverse a~ l — 
a 一 2 (aD)/since 

{a + (aD)f)(a~ 1 — a~ 2 {aD)() = 1 + (aD)a~ 1 t — a~ x {aD)t = 1 . 

By I of the Introduction, s can be extended to an isomorphism 
of SIm into P. The extension is unique and maps ab~ l a 8 {b 8 ) _1 . 
We have 

a s {b s )- 1 = (a + {aD)t){b~ l - 

= ab~ l + {{aD)b~ l - ab~\bD))t. 

This formula shows that, if s denotes the extension of s to 沉 
then {ab~ l ) 8T = = ab - 1 . It follows that s defines the 

derivation : 

(11) ab~ x {aD)b~ 1 — ab~ 2 {bD) 

of into P. The argument shows also that this extension of 
D is unique. 

Next we consider a subalgebra 级 of P/4> and an extension of this 
which has the form 沉 [ 专 i, 忘 2 ， . • • ， lm ], 匕 elements of the field P. 
We suppose we are given a derivation D of % into P and elements 
rjiy rj 2 , ' ' ' ,r) m of P. We seek conditions on D and the which 
insure that D can be extended to a derivation D of 逬 [ 专 i, 匕 ， * * .， 
^ m ] such that 备 iD = i = 1 , 2, • • •, w. Since SI and the ^ 
generate 班 [ 专 b • • •, it is clear that, if the extension exists, then 
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it is unique. As before, we consider the isomorphism s\a a + 
{aD)t of SI in P ® X satisfying a sir = a. Then D can be extended 
to a derivation of 豇 [li, • • U into P so that ^ rji if and only 
if s can be extended to an isomorphism of ... ， 专 m] into P ® 芏 
so that ^ + k] it. Clearly the condition is necessary and, if 

it holds, we have a slf = a and ^ 8ir = ^ for the extension s. Hence s 
will give rise to a derivation of 逬[专 1 ，匕 ， • *. ， ^m], as before. The con¬ 
ditions for the extension of s have been given in IV' of the Introduc¬ 
tion. We recall that the set 贷 of polynomials f(xi y x 2> … ， x m ) e 
逬 ki) ^ 2 , ' • y indeterminates, such that /(|i, ^m)= 

0 is an ideal in x 2> • • •，The condition IV' for an exten¬ 
sion j of j such that 1 < i < m y is that ^ s (ri, ^ 2 , • • •, Tm) 

= 0 for every ^ e 3 £, a set of generators of M. Hence we see that 
D can be extended to a derivation of into P such 

that r)iy / = 1 , 2 , • • •, wz, if and only if 

文 Hi + ”〆 ，专 2 + ”2 之 •••，& + Vm^) = 0 

for every ^ in a set X of generators of the ideal 贷 of polynomials 
f(xu - - ,x m ) e tl[x u - - - , x m ] such that /(^i, •••，&) = 0. 

We proceed to work out these conditions in detail. Let a e $1 
and consider the monomial M(xi, • • •， x m ) = ax 1 kl x 2 ki - - - x m km . 
Then 

A/* (专 1 + >?〆， ^2 + f}2^> … ，专 m + >?»/) 

= a s {^ + rnt) k ^2 + W) k2 • • • dm + vJ) ‘ 

=(a + {aD)t){^ + mt ) k ^2 + V 2 炉 2 •••(& + rjmt) km 
= a^2 k2 - - - km km + (aD)^2 ki - - - km km t 
+，( 是 1 此 * 1_1 专 2 * 2 … ^ m km rn 
+ ^ 2 «ll^ 2 fc2_1 | 3 fca - - - U km V2 
+ • • . + k m a^ - - - 

If we define the formal partial derivative of / = … 

x m km relative to Xi as 

- - - 1 … x m km y 

OXi 
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and denote its value at (li, ■ ■ .，U by > then the 

above calculation shows that * xf ~^ 

M 8 (^i + r)i^y • ■ • , + f}m^) 

=•’•，&) + [ m d (^ •‘.，&)+!：(^) 


Vi 


fr J ^ = t ^ 

•J 一 SJ 


ty 


where, in general f D {xi y . - •，is the polynomial obtained from 
/ by replacing the coefficients by their images under D. Hence 
if/e x^y then we have 

(12) /®(^i + rjit f + V2^ • 1 *i + VtJ) m 

=J{ku *••，“)+ J D {kly ■ * * > km)i + S 

1 \CfX%/ xj=^j 

It is now clear that fd + ”〆， •••，& + rjrJ) = 0 if and only if 
/(li, … 丄 ）= 0 and 


(13) + Vi = 0. 

t = l \OXi/ X j^j 

The criterion which we gave can now be stated in the following 
manner. 


Theorem 14. Let % be a subalgebra over $ of the field P/$ and 
let ^i, ^ 2 , 1 1 1 i vi> V 2 , • • - ,r} m be elements of Y i T> a derivation of 
$1 into P. Let 软 be the idealojpolynomials f{x\ y • • •, x m ) e 级 . • • ， 
such that /(lx, • • . ， = 0 and let 1 be any set oj generators 
for Then D can be extended to a derivation D of • • •, ^ m ] 
into P such that = i}i t i = 1 ， 2,… ， m，if and only if 

(14) v = 0 

»=i yoxi/xj^ 

for every g e^. If the extension exists, then it is unique. 

A special case of the result is the following: If the ^ are alge¬ 
braically independent over % then there exists a derivation D 
extending Z) on SI and mapping 专 f — 价 where ” 1 ， . •, rj m are 
arbitrary in P. This is clear since in this case the ideal 贷 = 0, 
so the condition for extension is trivially satisfied. 
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We consider next an arbitrary algebra 迢 ， a sub algebra % and 
the set ^3) of derivations of $ 1 / 中 into If D u D 2 e 

^ 8 ) and a s 中 ， then aDi and Di + D 2 are linear mappings 
of % into SJ. Moreover^ if b e St, 

{ab){aD\) = a{{ab)D\) = a{{aDi)b + a{bD\)) 

= {a{aDi))b + a{b{aDi)) 

{ab){D\ + D 2 ) = {ab)D\ + (ab)D 2 

= + n{bT)\) + (aZ?2 )々 + ^{bD^) 

— (a(Z)i + £)2))6 + ^{b{Di + D2)). 

This shows that aD\ and D\ + D 2 are derivations. Hence 
( 逬，圯 ） is a subspace of the space 匕（级， i8) of linear mappings 
of Sl/$ into 53/$. Next let c be an element of the center of i8 
and, as usual, let cr denote the mapping x xc = cx in i8. We 
assert that, if Z) is a derivation of 21 into ^3, then Dcr is also a 
derivation of 迓 into 58. For, it is clear that Dcr is linear and we 
have 

{ab)Dc R = {{aD)b + a(bD))c R 

= {aDc R )b + a({bD)c R ), 

Hence Dc r e D#(3I, S). 

Next let 迅 = 级 and let 沉） =$ 1 ) the set of derivations 
in 逬 . Let D i9 D 2 e Then DiD 2 is a linear transformation 

of the space SI. However, 

{ab)DyD 2 = {a{bDi) + {aDi)b)D 2 

= a{bDiD 2 ) + {aD 2 ){bDi) + {aDi){bD 2 ) + {aDiD 2 )b. 

Since {aD 2 ){bD\) + {aD\){bD 2 ) may be 〆0， it is clear that 
D\D 2 need not be a derivation. The “obstruction” {aD 2 ){bDi) + 
(aD\){bD 2 ) is symmetric in D\ and D 2 so we obtain the same 
obstruction for D 2 Di ， These cancel off if we form [DiD 2 ]= 
DiD 2 — D 2 D\. Hence it is clear that [D\D^ e 3 )$(Sl). The expres¬ 
sion [DiZ) 2 ] is called the Lie or additive commutator of T>\ and D 2 . 
Our result is that is a subspace of the space of linear trans¬ 

formations of H closed under Lie commutators, that is, if D u D 2 e 
then [Z>iD 2 ] e A subspace of having this 
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property is called a Lie algebra of linear transformations. The Lie 
product [DiD^ is bilinear but it is not associative. The basic 
properties which it has are 

( 15 ) [DD] = 0 , [[D^D,] + [[D 2 D z ]D x ] + [[D 3 DJD 2 ] = 0 . 

The first of these is clear and the second follows from a straight¬ 
forward calculation which we leave to the reader. We note next 
the following Leibniz formula for the 是 -th power of a derivation ： 

( 16 ) {ab)D k = j：( k ) {aD^D^% k = 1 , 2 , •••. 

i=o \ i / 

This is readily proved by induction on k. Now suppose the base 

field is of characteristic p 0 . Then ( P ) a = 0 for i = 1, 2 , …， 

\i / 

p — I and any a z% so in this case, ( 16 ) for k = p reduces to 

( 17 ) {ab)D p = {aD p )b + a(bD p ) y 

which shows that 泊 #( 逬 ） is also closed under p-th. powers, that is, 
if D 8 then D p e ^)$(^[). A Lie algebra of linear trans¬ 

formations in a vector space over a field of characteristic p 7^ 0 
having this extra closure property is called a restricted Lie algebra 
of characteristic p. 

EXERCISES 

1. Let SI be an algebra over 中 and let ^ 8 SI. Verify that the mapping a —> 

[ad\ = ad — da is z, derivation in 级 . Such a derivation is called an inner deriva¬ 
tion of St. Prove that, if Id denotes the inner derivation determined by then 
Ia^+a^ = + a 2 /d 2 , a* in $ and /[d^] = [/^/^]. Show also that, if $ is of 

characteristic p ^ 0 y then IdP = (Jd) p . 

2. Let SI be a subalgebra of an algebra ^3. Verify that a mapping Z) of H into 
53 is a derivation if and only if the mapping 

a aD' 
a ^ 10 a . 

if $1 into the matrix algebra ^82 of 2 X 2 matrices over is an isomorphism. 

7. Derivations, separability and ^-independence. We shall 
now take up the study of derivations in a field P/ 4 >. We note 
first that, if 级 is a subalgebra of P/$, then any derivation D of 
逬 /$ into P/ 4 > has a unique extension to a derivation D of the sub¬ 
field E of P generated by $1. This is a special case of Theorem 13 
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since E = %m for M the set of non-zero elements of 级 . Suppose 
next that E is a subfield of P/$ and Z) is a derivation of E/$ into 
P/$. Let I e P. Then if | is transcendental over P, D can be 
extended to E[fl so that = rj is any element of P. This is a 
consequence of Theorem 14. Moreover, D can be extended to 
the field E(|) so that = rj. Next assume | is algebraic over E, 
so E[|] = E ( 专 ） and let /(x) be the minimum polynomial of | over 
E. Then the ideal 货 in E[x] of polynomials h{x) such that h{^} 
= 0 is the principal ideal (/(^)). Hence Theorem 14 shows that 
D can be extended to a derivation of E ( 专 ） such that 专 —if and 
only if 

as) f D m + f^)v = o, 

f r {x) the usual derivative of fix) (cf. V of In trod,). If P is sena- 
rable, then /’ ( 幻 〆 0 and (18) gives rj = —/ D (Q/ , (^)~ 1 * Hence 
there is only one choice possible for r} to give an extension of D. 
Thus we see that, if E© is separable algebraic over E, then a 
derivation of E/$ into P/$ can be extended in one and only one 
way to a derivation of E(Q over In particular, if Z) = 0 on 
E, then the only extension of D to a derivation in E(|) is D = 0 
on E(Q. If 专 is inseparable, then f r {Q = 0. Hence D can be 
extended to a derivation in E(|) if and only if f D {^) = 0 and, when 
this condition is fulfilled, then r) is arbitrary so D can be extended 
to E(|) in such a way that 备 D = rj is any chosen element of P. If 
/(x) = *v n + aix n ~ l + . • •，then f D {x) = {cx.iD)x n ~ l + {a 2 D)x n ~ 2 
+ … and since f(x) is the ‘ minimum polynomial, the condition 
= 0 holds if and only if every a^D = 0. Thus, a necessary 
and sufficient condition for the extend ability of D to E(|), | in¬ 
separable algebraic over E is that the coefficients of the minimum 
polynomial of ^ over E are Z)-constants. We shall need this 
criterion particularly in the case f(x) = x p — a. Then the con¬ 
dition is simply that aD = 0. 

Now let P = ^(|i, | 2 , • • 、 ^m) a finitely generated extension 
field of $ (that is, a field of algebraic functions). Let ^ be the 
ideal in $[^i, x 2> • •, x m ] of polynomials f{x\ y x 2i • • •, x m ) such 
that /(li, I 2 , * * •, km) = 0 and let 茭 be a basis for 贷 . If D is a 
derivation of the algebra ^ 2 > • • • ， lm ]/ 中 into P/$, D has a 
unique extension to P/4>. Theorem 14, applied to the derivation 
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D = 0 on shows that there exists a derivation D of 中[专 1 ，专 2 ， . • • ， 
^ m ]/$ into P/4>hence of P/$ into itself — such that = ij t - t 
i = 1, 2, •. . ， m, if and only if 


(19) Z(^) w = 0 

i \OXi/ XJ= ^ 

for every 欠 e 王 . 

We have considered the system ®$(P) of derivations of P/$ 
in the last section and we have seen that this is a Lie algebra of 
linear transformations which is restricted in the characteristic 


p 7 ^ 0 case, and !D$(P) is closed under right multiplication by 
elements pr, p e P. Hence we see that 2)$(P) is a subspace of the 
right vector space S$(P) over P (see § 1.1). We shall now in¬ 
vestigate X>#(P) as right vector space over P for P = 中 ( ！ i, 专 2 ， . . •， 
专 m)* 


For this purpose we introduce the right vector space P <m) of 
W2-tuples (pi, p 2 > • • Pm)> Pi e P, with the usual addition and 
multiplication by elements of P. If D e 2) = ®$(P), then we 
map D into the element {^\D y 忘 2 7 )，…， ^ m D) e P (m) . This map¬ 
ping is P-linear and so its image 办 is a subspace of P (m) /P. If 
^iD = 0, 1 < i < m y then D = 0 since the & are generators of 
P = ^ 2 , • • Im). This shows that the kernel of the mapping 

D — (^D) of 3) onto 2)' is 0 and so the mapping is a P-linear 
isomorphism of T) onto 

Next we shall give a description of the subspace of P (m) in 
terms of the ideal 货 defined before. We note first that, if /e 


x 2y . • •, A： m ], then the mapping 
(20) df \ (rjiy r} 2> * * *, r) m ) 



Vi 

x)=ii 


is a linear function on P (m) , that is, an element of the conjugate 
space p( m )* of p( m ). Let dH denote the subspace of p< m) * spanned 
by the elements d gy ^ e a set of generators for 贷 . The condition 
(19) on (rji, i]2) • • f} m ) is that {rii)d g = 0 for all g e X. Hence we 
see that there exists an element D e 2)$(P) such that = iji y 
1 < i < if and only if {y\x)d g = 0 for all 兄 e 王 . This clearly im¬ 
plies that 办 is the subspace of P (m) of vectors incident with the 
subspace d^L of P (m) * (Vol. II, p. 55). We recall that the sum of 
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the dimensionalities of X)' and dH is m. If we replace X by the 

j. * 

complete ideal 贷 ， then we have d% ^ but, since both spaces 
have the same dimensionality m — [ 公 ’ ： Pk，it is clear that d% = 
報 . This shows that dH is the same for any two sets of generators, 
a fact which is easy to see directly also. The result that we have 
obtained is the following 

Theorem 15. Let P = 中(专 1 ，专 2 ， . • .，U a field of algebraic func¬ 
tions over 龟 , Let H be a set of generators for the ideal ^ of polynomials 
J{xiy x 2> • • - y x m ) such that /d I 2 ， …， D = 0 and let 2)$(P) be 
the right Y-vector space of derivations in P/$. Then 

(21) [® # (P):P] = w - [dt： Pk 

where dH is the set of linear junctions d gi 兄 e 王 ， defined by (20). 

If g 2 , • • . ， g r }y then it is clear from the definition of df 

and from the relation between dimensionality and determinantal 
rank (Vol. II ， p. 22) that [dH： Pk is the rank of the matrix 



Hence the rank of this “Jacobian” matrix and (21) give the di¬ 
mensionality of 2)$(P) over P. 

We shall now look at these questions in a different way from 
the point of view of the structure of P/$ and we prove first the 
following 

Lemma. Let P = • ‘ • ， 忌 m). Then 0 is the only deriva¬ 

tion of P/$ into itself if and only if P is separable algebraic over 龟. 

Proof. If p is a separable algebraic element of P and Z) is a 
derivation of P/$, then we have seen that pD = 0. Hence it is 
clear that, if P/$ is separable algebraic, then Z) = 0 is the only 
derivation in P/4>. Next suppose P is not separable algebraic over 
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中. We may suppose {^i, 专 2 ，* ■ •， 专 r} is a transcendency basis (r = 
0 if P is algebraic). If P is not separable over 中 (li， 匕， •. .，I r )> 
then the characteristic is p ¥ 0 and, if 2 is the subfield of ele¬ 
ments of P which are separable over ^ 2 > • • •， 专 r)，then P ] 2 
and P is purely inseparable over 2. We assert that there exists a 
subfield E 3 2 such that P = E(p), where the minimum poly¬ 
nomial of p over E is — /3, e E. We have [P ： 2] < 00 and 
we can take E to be a maximal proper subfield of P containing 2. 
If a e P, ^ E, P = E(<r) by the maximality of E. Since P is purely 
inseparable over 2, hence over E, the minimum polynomial of a 
over E has the form x pk — k > 0. Then p = o - p * _1 ^ E so E(p) 
3 E. By the maximality of E we have E(p) = P. Moreover, 
p p = <r pk = so — is the minimum polynomial of p over E. 
Now we have seen that there exists a derivation T) of P/E such 
that pD is any chosen element of P. If we take pD ^ 0, Z) is a 
non-zero derivation of P/$. Next assume P is separable algebraic 
over$(|i, * * *, lr)* Then since P is not separable algebraic over 
r > 0 y and there exists a non-zero derivation of •••，&] 
over into P over 中 . This can be extended to P； hence in this 
case also we obtain a non-zero derivation in P/ 中. 

We can now prove the following result on the dimensionality 
of ®#(P) over P. 

Theorem 16. If P = 中(专 1 ， $ 2 ， … ， D ， then [®$(P): P]^ is the 
smallest integer $ such that there exists a subset { … ，专 of 
{li, ^ 2 , ' '' )km\ such that P is separable algebraic over 

W- 

Proof. As before, we consider the mapping D 爸 2 D ， 

• • of = X>$(P) into P (m) . We know that this is a P 

isomorphism into P (m) /P. Let (D 1} D 2 , . * •， D s ) be a right basis 
of T> over P. Then s < m and the image of in P (m) has the 
basis (^iDj, ， . • ， ^ m Dj) y 1 <j<s. The rank of the j X w ma¬ 
trix is so we can choose the order of the so that det (^iDj) 

9 ^ 0 y l < i y j < s. SetE = 中(专 1 ，专 2 , •••,!«) and let Z) be a deriva- 

3 

tion of P/E into itself. Then Z) e so D = [ M/ e P. 

8 J = 1 

Also — 0 for t — 1,2, Since det 
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〆0, this implies that every fij = 0 so D = 0. We therefore see 
that the only derivation of P/E is D = 0. Hence, by the lemma, 
P is separable algebraic over E = l«). Next suppose 

{U is a subset of the such that P is separable 
algebraic over . • • ， H If we re-order the 专， s we may assume 
the given set is I 2 ，• • •, !«}• We now use these to map 3) 
into P ⑴ by means of the mapping D 1 < j < t. 

Again this is P-Iinear. If (^D) = 0， then D maps E = 中(专 1 ， 

•..， 匕） into 0 and so D is a derivation of P/E into itself. Since 
P is separable algebraic over E, the lemma shows that Z) = 0. 
Hence we see that the mapping D (^D) is an isomorphism 
and consequently s = [®： P]^ < t. This completes the proof. 

Corollary, i/ P = ^(li, * * •, km), then [®$(P)：P]^ >r = 

tr. d. P/$ and equality holds if and only if P is separably generated 
over 

Proof. The theorem shows that, if j = then we may 

assume that P is separable algebraic over E = $(|i, | 8 ). 

Since P is algebraic over E, it follows that j|i, | 2 ，*••，！《} con¬ 
tains a transcendency basis; hence s > r. If s = r, then since P 
is separable over E, the set {|i, 专 2 ， * * * ，专 r } is a separating trans¬ 
cendency basis. Conversely, suppose P is separably generated. 
Then we know that we may select a separating transcendency 
basis from the set of |’s. We may assume this is {^ 1 , ^ 2 > • • .，H 
Then P is separable algebraic over$(^i, . . •，W and the theorem 
shows that r > [©: P]^. Since we have shown that [ 2 )： P]^ > r 
always, we see that P]« = r. 

In the remainder of this section we shall assume the charac¬ 
teristic of the field P is p 〆 0. We shall see that the theory of 
derivations in this case is closely connected with the study of 
purely inseparable extensions of a simple type. We assume P 
is purely inseparable (algebraic) over 中. If p e P, then the mini¬ 
mum polynomial of p over 中 has the form x p * — 曰 (Lemma 2, 

R 1 O 、 WJ ^ 1 1 A ▲ 广仍 ^ r^T 会 A TT 1 VS O 1~% 1 A A AM 如 

5 U} * ▼ T 1 o L11W V^l L11W pui lllDVpCtl L fj* 

Evidently the exponent is 0 if and only if p e$. If there exists a 
maximum k for the exponents of the elements of P, then we say 
that P is of exponent k over 企； otherwise, the exponent of P/$ is 
infinite. 
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We shall be interested particularly in purely inseparable exten¬ 
sions of exponent < 1. P has this property relative to $ if and 
only if pp c $ where P p is the subfield of p-th powers of elements 
of P. Hence it is clear that, if P is any extension of $ of charac¬ 
teristic p y then P is purely inseparable of exponent <1 over 中' = 
中 (P p ). We shall now say that an element p e P is p-dependent in 
P over $ on the subset S of P if p e^ r (S) where 中 ' =$(P P ). We 
indicate this relation by p < p S (assuming P and 中 are fixed in 
our discussion). We proceed to show that this is a dependence 
relation in the sense of § 3. First, it is clear that, if p e then 
p e 中 '($); hence p < p S. If p < p S we have p e ^(*^) and, since 
中 '($) is the union of its subfields 中 ’(i 7 ) where Fis a finite subset of 
then p < p F for some finite subset F of S. If p e 中 '(*S*) and 
every o- e <9 is contained in 中 '(T), then p e 中' (T 1 ). Hence if p < p S 
and every a eS satisfies a < p T y then p < p T. It remains to 
check the exchange axiom. This states that, if and 

p ^^ f (S — {o-}) for some <r in then <r E^ r {{S — jo-}) U {p}). 
Set T = S — {a) and consider the subfields ^ f {Ty p, a) y p) y 
^ f (T y a) y $’(T) for which we have the diagram: 

^ f (T y P> a) 

中' (7； p) o 

^ f (T) 

We have 0’(T, p) ] ^ f (T) and ^ r {T y a) 3 中' (T). Also p p e 0’(T) 
and <r p e$'(!T). It follows that [中' (J 1 , a):^>'(!r)] = p = [$'(7^/5): 
^(T)]. Since p e^(r,<r), 取 {T >P ， a) = a) so W{T )P> a )： 
中 ' （了 1 )] = p. It follows that ^ f (Ty p y a) = ^ f (T y p) = ^ f (T t a) so 
(t < P T {p} = {S — {<r}) U jp}. This completes the verifica¬ 
tion of the axioms for a dependence relation. 

We can now apply the general theory of dependence relations. 
Accordingly, we call a subset S of P p-independent if <r < p 6 1 — {<r} 

A-vpA4«Tr ^ n 0 'n A 1 VkO olo 1 f\l 1 如如 

1VJ 丄 v V wi J U Cr <J * X 11W gwim OmI X/CIfOID LllV^V^l will C11.M c L.J1W 

exists a p-independent subset B of P such that every element is 
p-dependent on B. The latter condition is equivalent to P = 
The set B is called a p-basis for P over 中 . Any two p- 
bases have the same cardinal number. 
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If F = {pi t p 2i . • Pm] is a ^-independent set, then p/ = e 
and Pi ^^ r {p u p 2y - - •, Pi_i). Hence [f(pi，• • •， p»)*.^(pi, • • •， 
p t -_i)] = p and [中 ’(pi，. . *， p m ): 电 ’]=p m . It follows that the p m 
elements 

(23) Pi kl P2 ki - - - PmS 0 < ^- < p y 

form a basis for ^(pi> P 2 y ' • •, p m ) over 中 ’• Conversely, if this 
condition holds, then it is immediate that fis a p-independent set. 
We shall find it useful to apply this criterion in the following 
equivalent form: F is p-independent if and only if the only relation 
of the form 

(24) . p m km = 0, 0 < k{ < p 

with the as in is the trivial one in which every a ki - •'卜 = 0 . 

We note also that any ^-independent subset A can be imbedded 
in a maximal ^-independent set B and such a set is necessarily a 
basis. 

We return to the consideration of derivations in any field P/$ 
of characteristic p. If E is a subfield of P/4> and D is a derivation 
of E/$ into P/ 由， then e p D = p€ p ~ 1 (eD) = 0 for any t in E. The 
set of D-constants is a sub field r of E over 中 and the remark just 
made shows that T 3 $(E P ). If 7 e T and e e E，then (ye)D = 
y(tD). This shows that Z) is a derivation of E/r into P/r. Since 
$(E P ) C r, every derivation of E/$ into P/$ is a derivation of 
E/$(E P ) into P/$(E P ) and the converse is clear. Hence, in con¬ 
sidering the derivations of E over $ into P over we may as well 
replace $ by 中 (E p ) and so we may assume E p [中. In other 
words, we may assume E is purely inseparable of exponent <1 over 
It is now an easy matter to determine the derivations of E 
over 中 into P over This is given in the following 

Theorem 17. Let P be an arbitrary field of characteristic ^ 0, 
$ a subfield and E an intermediate field. Let B be a p-basis of E 
over Let 5 be an arbitrary mapping of B into P. Then there 
exists one and only one derivation Z) o/" E over $ into P over 电 such 
that eZ) = 5(e) for every tzB, 

Proof. As we indicated, there is no loss in generality in assum¬ 
ing E is purely inseparable of exponent < 1 over 中 . Also, we may 
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suppose E ] 中 which means that B is non-vacuous and the ex¬ 
ponent of E / 中 is exactly one. Let e e 5 and set b € = b-u}. 
Then e so the minimum polynomial of e over ^(B f ) is of 

the form x p — |3. Hence there exists a derivation Z) € of E = 
^(B ty e) over 电 (B e ) into P/$ sending e into the element 6(e). If 
F = {ei, e 2 , •**,€,.} is a finite subset F of B y then Dp = D tl + 
D es + • • • + D fr is a derivation of E/$ into P/$ such that 
€{Df = 5(€ t ), i = 1, 2, * • •, r. If G is a finite subset of 5 con¬ 
taining F y then the restriction of D G to ^(F) coincides with the 
restriction of Df to 电 (F). Now if ^ is an arbitrary element of E, 
we can choose a finite subset F such that 专 s 中 (F) and we can 
map I 爸 Dp. Then it is clear that ^Df is the same for any 

finite subset such that | e^(F). Hence the mapping D:^ 
^Df is single-valued. It is immediate that D is a derivation of 
E/i> into P/$ such that eD = 5(e) for every e e B. Since E = 
电 (B)，D is unique. 

Let P) denote the set of derivations of E/$ into P/$. 

We consider 35$(E, P) as right vector space over P as we did 
before for ®$(P) (cf. § 1.1 and p. 176). Then we have 

Corollary 1 . [ 35 争 (E, P):P1r < <x> if and only if E/$ has a 

finite p-basis. Then [®$(E, P) : Pk = 15|. 

Proof. Let 5 be a p-basis for E over 屯 Let A (5, P) be the set 
of mappings of B into P which we consider as a right vector space 
over P in the obvious way: (5i + 6 2 )(/3) = 61 (/3) + 5 2 (|3), 5 ； e A, 
^ e B and (⑼⑹ = 5(/3)p, 5 e A, ^ e B, p e P. We now map 
®$(E, P) into A(B y P) by sending D e ®#(E, P) into its restric¬ 
tion 5 to B. This mapping is linear and, since E = ^(B) y D ^ 8 
is an isomorphism. Moreover, the theorem shows that the map¬ 
ping is surjective. Now it is clear that [A(5, P) : P]ij is infinite 
(even uncountable) if B is infinite. Moreover, if B is finite, say, 
B = 0 2 y • • •> ^r}> then the r-mappings 5{ such that = 

(the Kronecker 5^-) form a basis for [A(5, P)*. P]ie. Hence r = 
[△(5, P) : P] R =-[^(E, P) : P]^. ^ 

In the special case P = E = 中 ( 专 1 ，专 2 ， . . ■ > lm) this corollary 
gives, in addition to Theorem 15 and 16 ， still a third way of 
evaluating [3)$(P) : P]b in the characteristic p 〆 0 case, namely, 
this dimensionality is the number of elements in a p-basis for 
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P/4>. A second consequence of Theorem 17 is the following 

Corollary 2. Every derivation of E/$ into P/ 企 can be extended to 
a derivation of P/$ if and only if the elements of any p-basis B of 
E/4> are p~independent in P/#. 

Proof. If the condition holds, then B can be imbedded in a p- 
basis C of P over If Z) is a derivation of E/$ into P/ 中， then 
the restriction 5^ of D to B can be extended to a mapping 5^ of 
C to P. The corresponding derivation D r of P /0 into itself is an 
extension of D. On the other hand, suppose B is notp-independent 
in P over ^ and let be an element of B which is p-dependent in 
P on 5,= B — {/ 3 }. If D r is any derivation in P such that 
^ f D r = 0 for all e B^ y then since ^ e 中 (P p , B^) y ^D r — 0 . The 
theorem shows that there exist derivations Z) of E over 中 into P 
over 中 such that ^ f D = 0, e but ^ 0. Clearly, such a 
derivation cannot be extended to P. 

Our next two corollaries will deal with the special case E = P. 
The proofs are quite similar to those we have just given so we 
leave these as exercises. 

Corollary 3. Let P be any field of characteristic p ^ 0 over 
Then an element p e P is in ^ — $(P P ) if and only if pD = 0 for 
every derivation D of V over 

Corollary 4. A subset S of Y is p-independent if and only if for 
every p e S there exists a derivation D of V over 电 such that pD ^ 0 
and aD = 0 for every u ^ p in S. 

We shall now specialize our results by taking $ to be the prime 
field (= / P ). A derivation of E /$ 0 into P/0 O will simply be 
called a derivation of E into P. We remark that, if D is a mapping 
of E into P such that (ei + t^)D = t\D + t 2 D and = 

{t\D)t 2 + ti{t 2 D) y then D is a derivation of E into P in the 
present sense, since {at)D = <x(tD) for a e 中 o is a consequence of 
the first property. We note also that$ 0 (E p ) = E p . Hence Corol¬ 
lary 3 gives a criterion for an element to be a p-th power. We 
shall now investigate the criterion given in Corollary 2 that the 
derivations of E into P be extendable to derivations in P. We 
proceed to show that the condition given is equivalent to sepa¬ 
rability, in the general sense, of P over E. First assume the con- 
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dition： every p-basis of E (over $ 0 ) is ^-independent in P. Let 
Pi, p 2 , • • •, p n e P and suppose we have = 0 for e t - 〆 0 in E. 

If 5 is a p-basis for E, then we can write e; = ^>yik 1 kr^kfi\ kl ^ 2 k2 -- - 
^ r kr where the e B, 0 < kj < p y e E p . We have 

C = 0 where 

各 ki. . .hr = > : TiJfci* • .JfcrPt^ 8 P 2 *， 

% 

Since the 卢 ’s are p-independent in P we have = 0. We 

can write 7汍..七 =in E. Then 0 = hvkr = 
2l rjiki - . - kr p Pt p gives 2^ n_ ■ 七内 = 0 for aii kj. Since the e; 〆 0 

% i 

one of these relations is non-trivial, so we have shown that any 
non-trivial relation of the form 2e t p^ = 0, t{ e E, p t - e P implies 
one of the form Xijipi = 0, rji This is equivalent to sepa¬ 
rability of P/E. Conversely, assume P separable over E and let 
卢 1 ，卢 2 ， • • •, /3 r be elements of E for which we have a relation 
^y kl --k r pr i P2 nx - - - = U, TJfci---Jfc r = e r，u s 心 < p. 

n 

Let {p a } be a basis for P/E and write »Ui.，.fcr = 21 • -kriPiy 

X*s in E. Then we have *~ 

0 = ^yki-^kJ 3 ^ 1 - - * ^ = "E,^iPi p 

where jut- = 2l \ kl .. . . . |3 产 . Since P is separable over 

k 

E, = 0 implies every m = 0 so 

Wh.-WW 2 ... 口广 =u，Z = 1， • • •，》• 

If some ykv--kr ^ 0, one of the 〆 0 and so we obtain a 

non-trivial relation with coefficients in E p involving the powers 
• • • 尽 A. This implies that, if j/3i, /3 2j • • • ，|3 r } is p-depend- 
ent in P, then it is ^-dependent in E. It is clear that this implies 
the condition of Corollary 2. This corollary therefore gives the 
following 

Theorem 18. The following two conditions on a field P/E of 
characteristic p are equivalent ： (1) P/E is separable ， (2) every deriva¬ 
tion of E into P can be extended to a derivation in P. 
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I piIT 1 - 1 pz^ -1 - - - PmD m ~ l I 

8. Galois theory for purely inseparable extensions of exponent 
one. In this section we shall develop a Galois theory for purely 
inseparable extensions of exponent one in which the role of the 
Galois group of the classical theory is taken by the Lie algebra of 
derivations. 

First, let P be purely inseparable of exponent <1 over 中 and 
suppose P has a finite p-basis B = { pi , P 2 , * • •, Pm) over 中 . Then 


EXERCISES 

1. Let P = $(p) where 〆 e $ but 〆 0 Show that {〆} is a 多 -independent 
subset of E = 中 (p ^)/ 中 but {pP} is not a ^-independent subset of P/$. 

2. Let 5 be a _p-basis for P over $ of characteristic p 0. Show that for 
every positive integer ^ P = $(P P , B). 

In ex. 3, 4, P is purely inseparable of exponent one over 中 and [P:$] = p m < 

oo. 

3. (Baer) Show that there exists a derivation D of P/$ such that the only D- 
constants are the elements of (Hint: Let E be a proper subfield of P and sup¬ 
pose we already have a derivation D in E / 中 satisfying the condition. Let 
p 8 P, ^ E. We can choose a |3 8 E which is not of the form eZ), e in E and ex¬ 
tend D to E(p) by specifying that pD = /3. Then the only Z)-constants of E(p) 
are the elements of $•) 

4. Show that the D in ex. 3 can be chosen so that D is nilpotent. 

5. (Faith) Let P be a field of algebraic functions over $ (any characteristic) 
and let E over $ be a subfield. Show that [3)$(P) ： P]« > [^)$(E) : E 】 b. 

6. Let P = 中 ( 专 1 ， & ， … ， fm), ^ of characteristic 多 ¥ 0. Show that tr. d. P/$ 
does not exceed the number of elements in a 多 -basis for P/4*. 

7. Let P and 中 be as in ex. 6. Show that, if (Di y £> 2 ， • • • ， D r ) is a right P-basis 
for 3)$(P), then the elements pi, p 2 , • • ■, p,. form a_p-basis for P over $ if and only 
if the matrix (piDj) is non-singular. Show also that, if pi, p 2 , • • •, p r is a _p-basis ， 
then the elements Di ， D 2 , D r form a right P-basis of 3)*(P) if and only if 
{p%Dj) is non-singular. 

8. Let P = 中 ( 右 l, 专 2 , • • •, ^m). Show that P/$ is separable algebraic if and 

only if there exist m polynomials x 2y • • •, x m ) y . • • ， X 2 y •.. ， x m ) in 
中 [*vi ， 处 ， • • •, such that gi(^i y ^ 2 , • ■ •, =0 and the Jacobian 

det((^) )^0. 

\ \OXf/ x k -4 k ' 

9. Let D be a derivation in P/4*, T the subfield of D-constants. Prove that 
the elements pi, /> 2 , … ） p m are r-dependent if and only if the Wronskian deter¬ 
minant 


D 

lpm 


D 
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p p 


D 

1 L 
p p 
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[P：$] = p m and the elements pi kl P 2 ki • • ■ p m km ，0 < k{ < p y form 
a basis for P/$. We have p» p = e$. As before, we let ®#(P) 

denote the set of derivations of P/$ and we recall that ^)$(P) is a 
restricted Lie algebra of linear transformations in P over This 
means that 2)$(P) is a subspace of the space $$(P) of linear trans¬ 
formations of the vector space P over $ such that, if Di 9 D 2 e 
then [DiD 2 ] = D^D 2 — D 2 Di e ®$(P) and D\ p e ®$(P). We 
have seen also that S)#(P) is 彡 right vector space over P relative 
to Dp = Dp R for p in P. Also we know that [®#(P) : Pk = m 
(Cor. 1 to Th. 17) and, if p is an element of P such that pD = 0 
for every D e ®*(P), then p e $ (Cor. 3 to Th. 17). This last 
result gives one half of the Galois correspondence which we shall 
establish. 

To obtain the second half of this correspondence we now sup¬ 
pose that P is any field of characteristic p 0 and we do not 
specify any subfield as base field. As at the end of the last sec¬ 
tion, we consider derivations in P, which can be defined either as 
derivations of P over its prime field or as enaomorphisms D of 
(P, +) such that {p<r)D = (pD)a + p(<rD), p, <r e P. We suppose 
now that we are given a set 3) of derivations in P with the follow¬ 
ing closure properties : (1) is closed under addition. (2) is 
closed under Lie commutation [DiZ) 2 ]. (3) ® is closed under p-th 
powers. (4) T) is closed under right multiplication by elements 
PR y p e P. The conditions (1) and (4) amount to saying that ① is a 
subspace of the right vector space of endomorphisms of the addi¬ 
tive group (P, +) considered as a space over P relative to Ap = 
Apji, Any set of endomorphisms of (P, +) which satisfy (1) to 
(4) will be called a restricted V-Lie algebra of endomorphisms of 
(P, +)** We can now state the following theorem. 

Theorem 19 (Jacobson). Let Y be a field of characteristic p 0 
and let % be a restricted V-Lie algebra of derivations in P such that 
[3)： P]^ = w < oo. Then ； if 龟 is the subfield of ^-constants y 
then P is purely inseparable of exponent <1 over 电 and [P:$]= 
p m ; (2) if D is any derivation of P over % then Z) e (3) if (Di, D 2y 
• • •， D m ) is any right basis for 3) over P, then the set of monomials 

* It should not be inferred from this terminology that J) is an algebra over P as base 
field. One of the conditions for an algebra is that = [D\p y D*i\ == [D\ y T^p[ and 

this does not hold for every p (see equation ( 26 ) given subsequently). 
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(25) Di kl D 2 ki - - - D m km , 0 < k { < p, (A 0 = 1) 

is a right basis for the ring §$(P) of linear transformations of P over 
中 considered as a right vector space over P. 

Proof. The idea of the proof we shall give is basically the same 
as that we used for the Galois theory of automorphisms : we shall 
use the given set 2 ) to define a set of endomorphisms % satisfying 
the hypotheses of the Jacobson-Bourbaki theorem (Th. 1.2). In 
the present case we let SI be the set of right P-linear combinations 
of the endomorphisms given in (25). Then it is clear that 沉 is a 
right vector space over P and that [ 沉 ： Pk < <»• It remains to 
show that 级 is a subring of the ring of endomorphisms of (P, +) 
and for this it is enough to show that 1 e SI and that % is closed 
under multiplication. The first of these is clear since 迓 contains 
Di 0 Z) 2 ° * • - D m ° = 1* To show closure under multiplication it is 
enough to prove that every product (Di kl D 2 k2 - - - D m km p)Dj e % 
for p e P ； for, if this holds, then one sees easily that every product 
(Di kl - • • D m km p)(D 1 l1 - - - D m lm a) y e P, is contained in 逬 • If Z) 
is a derivation in P, the condition {^p)D = {^D)p + ^(pD) can 
be written in operator form as: 

(26) p R D ― Dp R + (pD) R . 

This implies that (Di kl - - - D m km p)Dj = D\ kl - - - D m km ^jP + 
Di kl … D m km (pDj). Hence to show that % is closed under multipli¬ 
cation it is enough to show that D\ kl ... D m km Dj e % for every^ = 
1 , ■_■，？》and 0 < ki < p — We shall now assign an (apparent) 
degree N = k\ k 2 k m to the monomial Di kl D 2 k2 - -- 

D m km and we shall show that Di kl - - - D m km Dj is a right P-linear 
combination of monomials (25) of degree <A^ + 1 . This is clear 
if iV = 0 so we assume it holds for every D\ l - - - D m lm of degree 
< N. Suppose first that,; = m. Then if k m < p — l y Di kl --- 
D m km D m is one of the monomials (25) of degree + 1 so the 
result holds in this case. If k m = p — 1 ， then (ZV 1 … D m km )D m 
=Di kl - - - D m _ 1 km - 1 D m p and D m p = 2Z) 识加 since D is closed 
under p-th powers. Hence 

ZV l … D m kn D m = 2ZV 1 •.. 

so the induction hypothesis applies to show that Di kl … D m km D m 
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is a right P-linear combination of monomials (25) of degree 
<N + 1 . Thus we have the result if j = m and so we can now 
make an additional induction hypothesis, namely, that the result 
asserted holds for D ^ 1 - - - D m km Di for all / > j. Since N = 2 心 > 
0 , some ki 〆 0 so we may assume k r 9 ^ 0 and k 8 = 0 if s > r. 
Then we have (Z>i fcl • • • D m km )Dj = (Di kl - • • D r kf )Dj. If j > r, 
the product is a monomial (25) so the result holds in this case. If 
j = r y the argument given before for j = m is applicable to prove 
the assertion. Hence it remains to consider the case: j < r. 
Since is closed under commutation, D r Dj = DjD r + 'LDhVhrjy 
Vk r j e P. Then 

ZV 1 •.. D r kr Dj = ZV 1 … D r kT - l DiD r + 23 D i kl - - - D^^DhPhjr 

h 

and every Di kl ••- D r kr ~ l Dh is a P-linear combination of monomi¬ 
als (25) of total degree <N. Also this holds for Di kl ... Dr^^Dj 
and, since r > j y multiplication on the right by D r gives a 
P-linear combination of terms (25) of total degree <N + 1. 
This completes the proof of our assertion and shows that H is a 
subring of the ring of endomorphisms of (P, +). It is clear from 
the definition of SI that < p m and equality holds only if 

the monomials (25) are right P-independent and thus form a 
basis. We can now apply the Jacobson-Bourbaki theorem (Th. 
1 . 2 ) to % and we obtain the following conclusions: If 否 is the sub¬ 
field of elements a of P such that olrA = Aa R for all A e% then 
[P:$]= [ 效： P]ij and SI = S$(P). Now it is clear that a^,A — Aa^ 
holds for all / e SI if and only if <xrD = DaR for all D in and 
since ccrD = DaR + {^D)r the condition for this is aD = 0 for 
all Z) e Hence we see that 中 is the sub field of ^-constants. 
If p is any element of P, then 〆 is a ^-constant. Hence P is 
purely inseparable of exponent <1 over $ so we have [P:$]= 
p m， where m f is the number of elements in a p-basis of P/$, and 
m r < m since [P：$] = [SI ： P]^ < p m . Also we know that, if 
!D$(P) is the set of derivations of P/$, then [3)$(P) ： P]ij = m f . If 
a s 中 and Z) e 3 ), then (ap)D = a(pD) + (aD)p = a(pD) so Z) e 
®$(P). Thus 2 ) Q 2 )$(P) and, since [^): P]ij = m, we must 
have = ®#(P) and m — m ! . Then T> contains every deriva¬ 
tion of P/$ and [P：$] = p m . This completes the proof. 
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We can now establish a Galois type correspondence between the 
following two collections determined by an arbitrary field P of 
characteristic p\ Let ^ be the collection of sub fields $ of P such 
that P is purely inseparable of exponent <1 over 中 and [P：^»] < oo 
and let ^ denote the collection of derivation algebras ® in P 
which are restricted P-Lie algebras of finite dimensionality over 
P. If 35 8 let C(T>) be the subfield of ^-constants, and, if 
^ e <o y let 3)#(P) be the set of derivations of P/$. Then C(3)$(P)) 
=$ and ® - In particular, we obtain a 1-1 cor¬ 

respondence between the collection of intermediate fields of P/$, 
P purely inseparable of exponent < 1 over [P：$] < oo and the 
restricted P-Lie sub algebras of the Lie algebra ®$(P) of deriva¬ 
tions in P over 中 . 

EXERCISES 


1. Let be the polynomial ring in indeterminates x t y over a field of 

characteristic^, % any algebra over 中 . Use the identities (x — y) p = x p — y p and 
(x - y) p ~ l = in ^[x,y] to prove the following identities in ^ [: 

i+j—p — l 

" ■' 1 、 

(27) [...[ 》 a 】 a 】 ■••«] = \ba v \ 


[… \bd\d\ a] 


a'baK 


(Hint: Note that \ba\ = b{aR — a£) where an and ax are the right and left multi¬ 
plications determined by a in 2t. Specialize the indicated identities by taking 
x = an, y = aL ^n the commutative algebra of linear transformations generated 
by aR and ^i.) 

2. Let % be as in ex. 1, $1 [at] the polynomial algebra over SI in an indeterminate 
x. Let and write 

(29) (a + bx) p = Si{a y b)x { + b p x p . 

l 

Use the fact that Xaix' —> is a derivation in H[at] and (29) to obtain 

(30) {a + bx^bia + bx^ = ^ tSi(a, 咖 i_1 . 

i i—i 

Use this relation and (28) to prove the following identity 


(a b) p = a p b p - ^ Si(a y b) 


where isi(a, i) is the coefficient of ;c i_1 in 


[■… [[》，a + bx\u "(- ix ] … • 0 + Av】. 
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3. Let P = 中 (pi，• • • ， p m )，$ of characteristic 多 〆 0，/)/ = e [P:$] = p m . 
Let Z) be a derivation in P / 中 such that 4* is the subfield of D-constants (see ex. 3 
in § 7). Show that the minimum polynomial of Z) as linear transformation in P 
over $ is a ^-polynomial of the form 

(32) x ptn 4- + 如 pm_S + … + 0mX, e 

Show that there exists an element p 8 P such that (p, pD, - - ‘， is a basis 
for P over 中 . (This is an analogue of the normal basis theorem for separable 
normal extensions.) Show that every element in the algebra S$(P) of linear 
transformations in P over $ can be written in one and only one way in the form 

(33) lcr 0 + £^cti + I^<T 2 + … + 一 1 ， e P. 

4. Let P, $ be as in ex. 3, X>*(P) the set of derivations of P/$. Let be a 
subspace of the right vector space 3!)$(P) over P which is closed under p-th 
powers. Prove that 荇 is also closed under commutation so satisfies all the 
conditions of Theorem 19. 

5* Show that if Z) is a derivation in P and « £ P } then = 

(W)«. 

6 . Let D be a derivation in an algebra 级 and let Sl[^, D] be the set of formal 

m 

polynomials ^ t K a^ ai e ?[. Equality, addition, and multiplication by elements 
o 

of $ are defined as for ordinary polynomials. Multiplication is defined by 

(34) (E^i)(E^/) = .^(^) ’ i+fc ( 屯价 ％. 

Verify the associative law and hence show that %[t y D] is an algebra. 

7. Let D be a derivation in a field P of characteristic p 9 ^ 0,^ the subfield of 

D-constants and assume [P: 中 ] =< oo. Then ex. 3 implies that there exists 
a 夕 -polynomial (32) such that Z>P m + j9iZ ) p，n ~ 1 + . • _ + /9 m Z) = 0, /9i e Let 
P[^ } D] be the algebra of differential polynomials defined as in 6 . Verify that if y 
is any element of then Tr(y) = t pm + + • • • + — 7 is in the center of 

P[^, D]. Let (7r(7)) denote the ideal generated by 7r(y). Show that, if Sly = 
P[/, D]/(tt( 7 )), then [SI Y ：$] = p 2m . Show that % ^ 匕 (P). 

8 . Same notations as 7. Let p be any element of P. Show that there exists an 
automorphism of P[^, D] such that f — t + p and rj ^ rj for every rj eF. Note 
that [p y t] = pt — tp = pD by (34) and deduce from this and (31) that (/ + p) p = 
/p _f_ (pj> _(_ pjyp~ l ). More generally prove that 

(35) {t + p)^ = 〆+〆 #’】 
where 

(36) = 〆 + (pDP- 1 〆- 1 + (piy-y -2 + … + pD^~K 

9. Continuation of ex. 7 and 8. Show that the automorphism of P[/, D] such 
that t —> t p,7j —> r} t rjeF, sends the ideal generated by 7r(y) into itself if and 
only if p satisfies 

(37) p^ 1 + /Sip W 1 】+ 細 W 2 ! + … + |3 mP = 0. 
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10. Continuation of ex. 7 through 9. Prove that there exists an automor¬ 
phism of $$(P) sending every 77 e P into itself and sendii^ D —> D + lp, p e P, 
if and only if p satisfies (37). Use this to prove the following analc^ue of Hil- 
bert’s Satz 90: An element p satisfies (37) if and only if it is a “logarithmic deriva- 
tive” （ (rD)cr 一 1 of some cr in P. 

11. Prove the following analogue of the result that the first cohomology 

group fPiG, P*) = 0 in the Galois case (cf. § 1.15). Let P be a purely insepa¬ 
rable extension of exponent one over 中， [P:$] = < 00 and let 3) be the re¬ 

stricted P-Lie algebra of derivations of P over Let D —> fx{D) be a P-linear 
mapping of 3) into P (thus an element of the conjugate space ① * of such that 

(38) h(Dp) = n(Dy + m(D)Z)p 一 1 . 

Then there exists a <r in P such that n(D) = for all D. 

12. Show that, if Sly is as in ex. 7, then Sty 爸 21a if 

(39) 8 — y = -(- jSipn + 勺 + • • • + ^ m p 

(as in (37)) for some p e P. Hence use ex. 7 to show that 迅名 if there exists a 
p eP such that y = p^ 1 + |3ip【 prft_1 】+ ■ *. + fimp. (The conditions given here 
are also necessary.) 

13. Apply ex. 1 to prove the following result on polynomials with integer co¬ 
efficients: Let g(x) be any such polynomial and define gk(x) = gk~i(x)g f (x) i 
兄 i(x) = g(x) where r is the standard derivative. Show that for any prime 
g p -i(x) = rj(x p ) (mod p) where r}(x) is a polynomial with integer coefficients. 

14. Let y and 8 be elements of $ which are not p-t\i powers in $ of charac¬ 
teristic p 7 ^ 0. Use ex. 12 (both necessity and sufficiency) to prove that 

(40) 4 - 々 一 0 + ^i p 7 + x^y 2 + ... + Xp-i p y p ~ l = 5 
has a solution for a e 中 if and only if 

(41) + jy p -i) + yi p 8 + + • •. + = y 

has a solution for yi e 

15. Let D be a non-zero derivation in a field P of characteristic p. Show that 

the operators 1 ， Z)，• • . ， Z) 5-1 are right linearly independent over P and that, if 

Pi 8 P, then po 4 - Dpi + • •. + D p ~ l p v ^\ is a derivation only if every pi = 0, 

， ' - ft-i • 

i 5^ 1. Show that, if p e P, then (Dp) k = + D(p£)* -1 + D*pt where 

2 

p» e P and E = Dp (= Dpr). Use these results to prove the following formula 
which is due to Hochschild ： 

Ep = (Dp) p = DPpP 4- DipEP— 1 ). 

16. Investigate the possibility of a Krull type Galois theory for purely in¬ 
separable extensions of exponent one of infinite dimensionality. 

9. Higher derivations. The notion of a derivation can be 
generalized in the following way. 

Definition 5. Let % be a subalgebra of an algebra 58 over 龟 . Then 
a sequence of mappings = {D 0 = 1 ， Di, .. • ， D m ] of SI into 
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58 is called a higher derivation of rank m of % into SB if every Di is 
电 -linear and 

(42) {ab)Bi = E (aDd(H ) = 0, 1， ...，m 

holds for every a y b z%. A higher derivation of infinite rank is an 
infinite sequence {D 0 = 1, … } of linear mappings of 2( into 

58 such that (42) holds for all j = 0, 1 ， 2， • • • • 


Clearly, if {D 0 , D u D 2y … } is a higher derivation of infinite 
rank, then the section {D 0 , .Di, - - •, D m } is a higher derivation of 
rank m and any section {D 0 , • • - y D q } y q < of the higher 

derivation {2 ) 0 ， • • •, D m ] is a higher derivation. The mapping 
Di is a derivation of 31 into 58. 

Let 班 = 58 = #[ 尤 ] where x is transcendental and let Di be the 
linear mapping in 91 whose effect on the basis (1, x y x 2 , ...) is 
given by 

/ m\ 

( 43 ) x m Di = ^ 

where we agree that (；) = 0 if / > m. Then 

,^ /m n\ , 

x m+n T>j = y • Jx m+n ~ J 


and 


(:)( 二 V 


Since ^ .)= (历 + ， we have 2 {x m D t ){x n Dj-i) 

= x m+n Dj. This shows that (1, Di 3 D 2y •..) is a higher deriva¬ 
tion of infinite rank in 中 M. 

If 中 is of characteristic 0, then (43) shows that i\Di = Di 1 
where Di is the usual standard derivation in 少 [>?]• Thus Di = 

i 

—Di\ More generally, if Di is a derivation in any algebra of 
Z . l 

characteristic 0 and we define Di = — ZV, then {l, Di, D 2> • • •} 

% • 

is a higher derivation of infinite rank in SI. This follows im- 
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mediately from Leibniz’ formula: {ab)Ty = S (^0(^^ -i ) 

i=o \ U 

which gives (a^)(iy/j\) = X(aD i /i\) t (lfD 3 ~ i /(J — i) !). This is 
(42) for Di = — Di\ 

t\ 

The device we used for reducing the study of derivations to 
homomorphisms can be generalized so as to apply to higher deriva¬ 
tions. Let X (m) be the algebra over $ with basis (1，/，■ • •, 
such that 厂 1+1 = 0. Hence 2 ； ⑽ ^ ^[x]/{x m+l ). Let 迅 ⑽ = 
58 (8>* If D im) = {1, Diy - - •, D m } is a higher derivation 

of rank m of % into 58, then we introduce the mapping s(D (m) ) of 
% into as 

(44) + (aDi)t + {aD 2 )t 2 + . • • + (aD m )t m . 

Evidently s = j(7) (m) ) is linear. Also 

a s b s = X) Yl, {^k)t k 

o o 

0 1=0 

o 

= (alf) 8 . 

This shows that j is a homomorphism of 9( into S8 (wt) . We have 
the homomorphism 7r ： a Q + a x t 4 - aJ 1 + • ■ • + ayj m —> a 0i ai e SB 
and a 8v = a for every a e%. As in the special case of derivations, 
this property is characteristic of the homomorphisms s obtained 
from higher derivations of rank m. 

Similar considerations apply to higher derivations of infinite 
rank. The place of the algebra is now taken by the algebra 
S8[M] of power series 

(45) Co + + A, 2 +. *. 

where the e SB (cf. Vol. I, p. 95). As before, if {1, Z>i, • • •} is 
a higher derivation of infinite rank, then the mapping s：a —> a + 
(aDi)t + {aT> 2 )t 2 + is a homomorphism of U into such 
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that a 8T = a for all ^ e SI where w is the homomorphism > 

a Q . Conversely, if a ^ a s is sl homomorphism of 2( into S8[[/]] 
such that a sv = a y a e then we write a s = a -j- {aDi)t + 
(aD 2 )t 2 + •■- and {D 0 = 1, D 2 , •••} is a higher derivation 

of 敦 into SB. 

If {Z>i} is a higher derivation of rank m (infinite rank) of % into 
SB, an element a e% is sl constant relative to the higher derivation 
if aDi = 0 for all i > 0. This simply means that a s = a for the 
homomorphism associated with the higher derivation. Hence it is 
clear that the set of constants is a subalgebra of the algebra 

V-/ Ltl pU.1 1 夏 i Li HO IO LV^ gl V J UO L Cl 夏 1 1JL1L1 V^U.U^L1^JU 

higher derivations and to examine briefly higher derivations of 
purely inseparable fields. We suppose now that P/$ is a field of 
characteristic p 9^ 0. Let E be a subfield of P/$ and let D^ m) = 

{1, D\ y • • • ， D m ) be a higher derivation of rank m of E/4> into 
P/O. In general, if D t = D 2 = •■- = = 0 but D q ^ 0, 

then we shall say that the higher derivation is of order q and D (wi) 
is called proper if 认 〆 0. If the order is q, the associated homo¬ 
morphism s = j(D (m) ) of E into P ⑽ has the form 

(46) e —> e + (eDq)t 9 + (eD ff +i)/ ff+1 + _ . ■ + 

where eD g ^ 0 for some e in E. We shall use this to prove the 
following 

Theorem 20. Let P/$ be a field of characteristic p 〆0, E a sub¬ 
field of P/ 金， D (m) a higher derivation of rank m and order q of E/^ 
into P/0. Let T be the subfield of -constants of E and let p e be 

m 

int imuuesi power uj p ? — • i nen rj is purely mseparame oj 

<1 • 

exponent e over T. 

Proof. We have to show that e pe e T for every e e E and that 
there exists an e e E such that e p *— 1 矣 r. The first is clear from 
(46) since 

( ，， =( 々 e = (e + (eD q )t 9 +•••， 

=e p# + (tDV〆 9 +•••=，• 

Hence e p * e r. Now choose e so that eD g ^ 0. Then (c pa x ) 3 = 
e pe_1 + (eD q ) pe ~ 1 i pe lq + ■ • •• Since p e ~' 1 q < w it is clear that 
(f-y 〆 Hence c pe_1 i T. 
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We consider next a purely inseparable simple extension field 
P = 牵 ( 右 ） where x pt — a is the minimum polynomial of ^ over 牵 . 
Let {Dj} be the higher derivation in the polynomial algebra 中 M 
defined by ( 43 ) and let = {1, D u be the 

higher derivation of rank p e ~ 1 which is a section of this higher 
derivation. We have (x pe — a)Dj = 0 for 1 <j < p e — l which 
together with the defining relations (42) imply that the principal 
ideal 3 = W — a) is mapped into itself by every Dj. Hence 
every Dj induces a linear mapping, which we denote again by D Jy 
in P = $ ⑻兰中 The conditions in for Dj go over to 
the same conditions (42) for the Dj in 中 ⑹. Hence we obtain a 
higher derivation 7) (p * -1) in such that 

(47) r a- = ( 了 ) d 济 = 0,1 ， … ，， 一 1. 

We shall now show that the subfield r of {Di}-constants for 
Z)( p * 一 d is O. Thus suppose ^ c r. Then the minimum poly¬ 
nomial of ^ over r is x p/ — 13 with f < e and in T. Then ^ e T. 
On the other hand, the definition (47) gives ^ pf D p f = 1. This 
proves our assertion. 

We assume next that P is a purely inseparable extension of O 
which is a tensor product of simple extensions. Pi, P 2 , …， P r , 
Pj = This means that P = 牵(专 i, $ 2 ， •••，$»•) and the mono¬ 

mials 专 0 < ki < p ei y form a basis for P over 
If we set = 争 d • • • ， 匕 — 1 ，匕 + 1 ， • • • ， I)， then P = and 

牵 1 fl $2 n _ ■ _ (I = 中 . There exists a higher derivation in P 
whose constants are the elements of Hence it is clear that O is 
the subset of P of elements which are constants relative to all the 
higher derivations of finite rank in P over 屯 

EXERCISES 

1. Let {Di} be the higher derivation in x transcendental, defined by (43). 
Show that 

/(x + Of) =/(a) + (JDi)(a)x + C/As)(o;> 2 +•••• 

2. Let X% • • • ， ATm] be the algebra of polynomials in indeterminates Xi 

*% ^ T ^ f — m m m 表 、 t A A 11 b ‘，* T A ， 於 备 A A if ■ nr A A 

\j v w* m AAWXV4. -yr m jlx 、凡 1， to xiv^^a—a kl V ^ m ^ w ^ 

fine a linear operator in 4 *[a ： i, X 2 , • • •,A'ta] by its action in the basis 
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(Xi n 吻 ”2 … Xm^Dk^ • -k m 


Xl T 


n l~~ k lX2 n ^~^ 




Show that, if J{x\ f ,V2, 
/(xi + OCl, X2 + « 2 , 


)as follows: 

0 if any ki > m 
\kl/\k2/ \k m J 

if ki <： rti 

» x m ) 8 $[^1, X2 t • - ■, A： m ] and ai, a 2y •••,«„,£#, then 


^Xm+Olm) = 2 (/Dkjki- • 
ki 


3. Let /Cvi, • • •, x m ) be a homogeneous polynomial of d^ree n < m in 
少 [ati ， X 2 , •. • ， A： m ]. Suppose there exists an a = (ai, o ： 2 , •. • ， a;，- e 中 ， such 
that (JDk ^.. -kjx^aj = 0 if Zki < n — 2 and 

^ \J …細议 •作 2 - • • • 外 f » - 广 V . 

灸 1+ 灸 2 + _ ■ _ + 灸 m 画 n 一 1 

Show that the equation f{x\y ^ 2 , * •. ， x m ) = /3 has a solution in 中 for any /3 e 中 * 
Use this to prove that 

a : 3 + + 2 ® — 'ixyz = /3 

is solvable in any field of characteristic ^ 3. 

4. A higher derivation in H of infinite rank is called iterative if DiDf = 

(〆 十 •/) Di + j and a higher derivation _D( m ) = {D*} is called iterative if DiDj = 

d )) Di+f for i -\~j < m and DiDj = Oif i j > m. Verify that the higher 

derivations defined by (43) and (47) are iterative. 

5. Let P = $( 右 ） where # is of characteristic p 9^ 0 and the minimum poly¬ 
nomial of ^ over 中 is at 〆 一 a. Show that the subfields of P/$ are the fields 
伞⑼’） where 0 < / < e t and that the indicated f + 1 subfields are distinct. 

6. (Weisfeld). Let $0 be a field of characteristic p ¥ 0 ，伞 $o(«, /8, 7 ) 
where a p } /3 P , y p e and these elements are ^-independent over $ 。 ([ 中：中 0 ] = p 3 ). 
Let P = 少 (1 ”）where ^ = a t ^ + y. Show that [P:$] = p z . Show 
that [$0：^] = p 2 t [$(”):$]=〆 and fl $(”）=$. Show that P 〆 
中 ( 右， f) and P 5 ^ 中 (” D where f is any element such that e Hence show 
that P / 中 is not a tensor product of simple extensions. 

7. Show that {£)»■} is a higher derivation if and only if aRDj = ^ Di(aDj_i)R ， 

i 画 0 

j = 0, 1, • • ■. Show that, if Di ¥ 0 in the higher derivation {1, D\, £> 2 , • • •， 
_D m }，then the endomorphisms (1, £>i ， ■ • ■, Dm) in (P, +) are right P-independent. 

8. Let be an iterative higher derivation of rank p e 一 1 in a field P of 

characteristic p. Assume is proper and that $ is the subfield of con- 

P e 一 1 

stants. Show that every linear transformation in P over $ has the form ^iP* = 

0 

名 DipiR，pi e P ，and that P = where the minimum polynomial of ^ over 中 is 

— a. 

9. Continuation of 8. Show that a sequence of linear transformations { 為， 

J J 1 Tfc 一 i j y / ^T\ \ : n h 

“1，…， ay 一 if in r/w sausnes pnaj = ^ ai\puj-i} y j = u, i 3 

i^o 


p 9 一 1 , if and 
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only if there exists a vector (<ro, ffu • ■ oy 一 i), <r。= 1—，e P such that di = 
Diffo + + ■. ■ + lo-j. Use this to obtain necessary and sufficient condi¬ 

tions that a vector (o*o ， (Ti，■ ■ - , <r p «^i) be a “logarithmic derivative” in the sense 
that there exists a p e P such that ^ = p - HpDd> i = 0,1, ■•• ， 〆 一 1. 

10. Tensor products of fields. In Chapter I we considered 
tensor products of two fields, one of which was finite dimensional 
over the base field. We saw that it was necessary to know the 
maximal ideals of P (8>-t E in order to survey the composites of 
the field P/$ and E/4> where [P：$] < <». In this section and the 
next we shall obtain the extension of these results to arbitrary- 
fields. We shall first collect a number of results for the case in 
which one of the fields is algebraic. In our statements, sepa¬ 
rability will mean separability in the general sense defined on p. 
166 ； pure inseparability will be used for an extension which is 
purely inseparable algebraic. Also we shall say that a subfield 
^ is algebraically closed (separably algebraically closed) in P if 
every algebraic (separable algebraic) element of P/$ is contained 
in 争 . We can now state the following 

Theorem 21. Let P/0 and E/$ be extension fields of 

(1) If P/$ is separable and E/$ is purely inseparable^ then P 
(8>* E is a field. On the other hand，if is not separable, then 
there exists a purely inseparable extension E/# of exponent 1 such 
that P E contains a non-zero nilpotent element, 

(2) If P/$ is separable algebraic t then P (8>* E has no non-zero 
nilpotent elements for arbitrary E / 中， and P (8>* E is a field if 龟 is 
separably algebraically closed in E. 

(3) The elements of P E are either units or nUpotents if 
either P/^ is purely inseparable and E/$ is arbitrary^ or P/$ is 
algebraic and 龟 is separably algebraically closed in E. 

Proof. In (1) and the first part of (3) we may assume the 
characteristic is 多 〆 0. In all cases we write P ® E for P (8>* E 
and we identify P and E with subalgebras of P <8> E = PE. 

-l ncsc iii c iinccui^ uisjuuiL <tna cuiisclj ucnu y nicy ujlc 

various linear independence properties which we have noted for 
this relation. 

⑴ Assume P/4> is separable and E/$ is purely inseparable. The 

> ^ ± r ± ^ x 

separability implies that, if pi, p 2 y • • •, p m are 中 -independent ele- 
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ments of P, then the elements pi p \ p m pe are 中 -independ- 

m 

ent for every ^ = 0, 1, 2, • ■ *. Now let z = Pi ff i e P (8> E 

i 

where the pi e P and <Ti e E. We may assume the are 屯 inde¬ 
pendent and, if z 〆0, then we may assume also that every <Ti ^ 0. 
Since E/$ is purely inseparable there exists a positive integer e 
such that <r〆 = 叫 e 牵 for \ < i < m. Then z pt = 'Laip i pt e P 
and, if" z 〆0, then the ce t - 9 ^ 0 and z p * is a non-zero element of P. 
Hence z p * and consequently z has an inverse. Thus P (8> E is a 
field. Next assume P/$ is not separable. Then there exist ele¬ 
ments pi, P 2 y • • ■, in P which are ^-independent but for which 
there exist 1 〆 0 in 争 such that = 0. Not all the yi are 

p-th powers in so an extension field of the form E = 中 (o^ ， 0 - 2 , ■■■, 
<r m ), — y iy is of exponent 1 over 中 . The element z = Spj-o-j of 

P (8> E is not zero since the pi are ^-independent and the <Ti e E. 
On the other hand, z p = 2 W = = 0. 

(2) Assume P/$ is separable algebraic, E/$ is arbitrary. We 
have to show that P (8> E has no non-zero nilpotents and that 
P ® E is a field if # is separably algebraically closed in E. If 

m 

/V A D rfO\ I_J 飞 ^ __ 、 A. ^ A -*— ‘1% A • A T3 rt n. 1 _|飞 C 4 «<* A A D / 

-o t> j : 办 Hiy ^ 一 / m p%u i wuci t Lite pi j: auu xj. j: / 平 

1 

is algebraic, the pi generate a finite dimensional extension and we 
may clearly replace P by this extension in proving our result. 
Hence it suffices to assume that [P:$] < 00 . Then the sepa¬ 
rability of P implies that P = ^{B) ^ ^W/(/W) where f{x) is 
separable and irreducible inOM. As we saw in Chapter I (p. 87) 
"P TT! EM/(/W). Hence our result will follow if we can 
show that E[^]/(/(x)) has no non-zero nilpotents and this is a 
field if $ is separably algebraically closed in E. Now we have 
seen in Chapter I that E[*v]/(/(x)) is a direct sum of fields, and it 
is easy to verify that an algebra having this structure contains no 
non-zero nilpotent elements. This proves the first statement. 
Next assume E[x]/(/(x)) is not a field. Then /(x) = g{x)h{x) in 
E[v] where degg > 0 and deg h > 0. Let S2 be a splitting field 
over $ of f{x) and let f{x) = n(^? — 叫 ) in 0[^]. Since the osi 
are roots of /(*v)，they are separable algebraic over It follows 
that the coefficients of g(x) and h{x) are separable algebraic over 0. 
These are elements of E and they are not all contained in $ 
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since f{x) is irreducible in 伞 tv]. Thus $ is not separably alge¬ 
braically closed in E. 

(3) Assume first that P/$ is purely inseparable and E/$ is 

m 

arbitrary. Let z = 2 e P ® E where pi e P, o-j e E. Choose 

i 

<? > 0 so that p〆 =ai e^>. Then z pe = SaiO-/* e E. Either z pt 
= 0 or z pt has an inverse in E. In the latter case 2 is a unit in 
P (8> E. Next assume P/# is algebraic and $ is separably alge¬ 
braically closed in E. Let be the maximum separable sub¬ 
field of 龟 . The subalgebra SE of PE = P (E> E over $ is the 
tensor product of S / 伞 and E/O. Since 否 is separably algebraically 
closed in E, we have, by (2), that SE = S <8> E is a field. Let 
{p a } be a basis for P/S, {<r^} a basis for S/$. Then {p a ^} is a 
basis for P/$ and these elements are E-independent in P (8> E. It 
follows that the elements p a are SE-independent. This implies 
that, if P and 2E are regarded as algebras over S, then P(SE)= 
P 2E. On the other hand, P(SE) is the same algebra over 
$ as PE = P E; hence it suffices to show that every element of 
P (8>s SE is either nilpotent or a unit. Since P/S is purely in¬ 
separable, this follows from the first part of the present proof.* 

Our next task is to obtain some information on tensor products 
of two fields, one of which is purely transcendental. The result 
we shall prove for these in the following 

Theorem 22. Let P be purely transcendental over 龟 , say y P = 
^(B) where B is a transcendency basis and let E/$ be arbitrary. 
Then P <8>* E has no zero-divisors t and if is its field of fractions ， 
then ^ = E(5) is purely transcendental over E with B as transcend¬ 
ency basis. Moreover^ if is algebraically closed {separably alge¬ 
braically closed) in E, then P = 中 (B) is algebraically closed {sepa¬ 
rably algebraically closed) in = E(5). 

Proof. As usual, we consider P and E as subalgebras of P(E>* E. 
Since B is an algebraically independent set, the set M of 
distinct monomials ^i kl ^ 2 k2 - - - h > 0 in the 0 e B forms 
a basis for the subalgebra $[5] generated by B. Since 中 [5] and 

* The identification of P®$ E with (S®# E) which was used in the proof can be 
established also by general formulas on tensor products- One has the associativity ： 
P ®2 E) ~ E (cf. ex. S y p. 15). Moreover ， P(8>s S ^ P. Hence 

(S(S>$ E) ^ E. 
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E are linearly disjoint, the set M is E-independent. Hence B is 
algebraically independent in E[5]. Then we know that, if F is a 
finite subset of B, E[F] has no zero divisors (Vol. I, p. 106). Hence 
E[5] is an integral domain and so it has a quotient field whose 
elements have the form PQ~ l where P, 0 e E[5]. Thus we see 
that H = E(5) and, since B is an algebraically independent set 
over E, clearly is purely transcendental over E with 5 as a 
transcendency basis. We observe next that il contains the sub- 
algebra fii of elements of the form Pq 一 1 where P e E[5] and q e 
中 [5]. We proceed to show that this subalgebra can be identified 
with P <8>* E. First, we have the identity isomorphism of E[5] C 
H into E[5] C p (g>^ E and this can be extended, by I of the 
Introduction, to a unique isomorphism of = {Pq-^PeMB], 
q ^ 0 m $[5]} into P (g>* E, since the element q~ l exists in P = 
#(5). Let z be any element of P (8>* E and write z = 'LpiUy 
p ； e P = 0(5), €i e E. We can write pi = piq~ l where p iy q e 
$[5]. Then z = (Lpi€i)q~ l = Pq~ l where P e EI5]. It follows 
that 2 is in the image of the isomorphism of so is isomorphic 
to P E. Hence if we identify P (8>* E with and observe 
that is also the field of fractions of since fii 3 $[5], we ob¬ 
tain the first statement. To prove the second we shall show that, 
if = E(5) contains an element which is algebraic (separable 
algebraic) over ^(B) which is not contained in 牵 (5)，then E con¬ 
tains an element which is algebraic (separable algebraic) over O 
not contained in Clearly, if an element of the type indicated 
exists in Q = E(5)，then it exists in ECF) for a finite subset F of 
B. Hence we may take B finite and an induction areument shows 
that it is enough to prove the following result: Let E/4> be arbi¬ 
trary and let 专 be transcendental over E. If E(^) contains an ele¬ 
ment which is algebraic (separable algebraic) over 牵 ( 专 ) and not 
contained in 争 ( 专 )， then E contains an element which is algebraic 
(separable algebraic) over 牵 and not contained in 争 . Thus let tj be 
an element of E ( 专 ） which is algebraic over $( 专 ） and let x n + 

丁 - ■ ■丁 Pn 1 ^ liiiiimiuiii puiy uv^i - vt c 

can write = piq~ l where pi y q e 少 [3 (e.g., q can be taken to be the 
product of the denominators of the Then H = qrj is alge¬ 
braic over 牵 ( 专 ) with minimum polynomial x n + p\X n ~ l + p<iX n ~ 2 
+ * * * + pn^ If H = PQ -1 where P and Q e E[fl and are rela- 
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tively prime polynomials, then the equation for H gives 
P n = -PiP n ~ l Q - p 2 P n - 2 Q 2 - PnQ n . 

If Q is of positive degree, then Q has an irreducible factor and the 
displayed relation shows that this is a factor of P n y hence of P, 
contrary to the assumption on P and Q. It follows that 0 is a 
unit and so e ETfl. We now write H = en 4- ei^ 4- eoP 2 4- * • • 4 - 
where the e E and we shall show that the relation 0 = 
H(X) n + + . • • + p n (0> H pi = pi{^) e 

implies that the coefficients cy are algebraic over Thus let 
a and consider the homomorphism of E[Q over E into E send¬ 
ing 专 —a. Such a homomorphism exists since ^ is transcendental. 
As usual we denote the image of Q(^) by Q(a). Then we have the 
relation H{oc) n + p\{a)H{a) n ~ l + • • * + = 0. Since the 

pi{a) e 牵 ， this shows that the element 13 = H{a) is algebraic over 
Suppose first that ^ contains w + 1 distinct elements cki, 

m 

a 2 y • • •, a m+ i. Then H(ak) = 2 e j a k J = is algebraic over 

• i==0 . 

牵 for k = =1,2, ••- 5 ,w + 1. Since the Vandermonde determinant 
det (o ： 〆 ） 〆0， these equations for the e，. have a unique solution 
which is given by the usual determinant formulas. These show 
that the e’s are algebraic over If does not have w + 1 ele¬ 
ments, we have to modify this argument slightly in the following 
manner. If p is the characteristic, we choose r so that p r > m 
and we let E be a splitting field over E of — 1. We let $ be 
the subfield of E of elements which are algebraic over Evi¬ 
dently this contains w + 1 distinct a*. We now make the argu¬ 
ment with these elements using E in place of E, ^ in place of 
Then we can conclude as before that the ey are algebraic over 
hence, over Now it is clear that, if the tj we started with 
〆$( 专)， then H ^ and consequently not every a in H = 
is in Thus there exists an e in E algebraic over $ which is not 
contained in E. Next assume and rj is separable over 

$ ( 专 ) • Then H ^ and is separable algebraic over $ ( 专 ) • Then 
the €i are algebraic and the field 伞 (ei ， e 2 ， … ， e m ) contains a 
separable algebraic element not in Otherwise, the charac¬ 
teristic is p and we have ei pe e 牵 for some e = 1, 2, . Then we 
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have H pe e contrary to the separability of H over 牵 ⑹. This 
completes the proof. 

We are now ready to handle the “mixed” cases in which the 
fields need not be either algebraic or purely transcendental. We 
prove first the following extension of a part of Theorem 21 : 

Theorem 23. If Y / 龟 is separable and E/$ is arbitrary y then 
P E has no non-zero nilpotent elements. 

Proof. It is clear that it suffices to prove this result under the 
additional assumption that P is finitely generated. Then P is 
separably generated, so that P has a transcendency basis B such 
that P is separable algebraic over ^(B). We now consider the 
subalgebra 否 (5)E = ^(B) E generated by ^(B) and E and 
we regard this as well as P as an algebra over the field One 

sees easily that, if {p a } is a basis for P over ^(B) y then the only 
relations of the form Xcipi = 0, Ci e 中 (5)E are the trivial ones for 
which every Ci = 0. This implies that P E = P 争 (5)E.* 
We now apply Theorem 22 to the factor 金 (_5)E = 电 (B) E. 
According to this result $(5)E can be imbedded in a field 0 = 
E(5). Then P 企 (5)E is a subalgebra of P Q where 

0 is a field over 电 (B) and it suffices to prove that P 卩 has 

no non-zero nilpotent elements. Since P is separable algebraic 
over ^(B), this follows from Theorem 21 (2). 

We assume next that P is arbitrary and that $ is separably 
algebraically closed in E. Let 5 be a transcendency basis for P 
over As in the foregoing proof we have P E = P 
^(B)E and this is a subalgebra of P S2 where S2 is a field 

E(5). By Theorem 22 we know that ^(B) is separably algebrai¬ 
cally closed in S2. Since P is algebraic over ^(B) } Theorem 21(3) 
shows that every element of P 卩 is either nilpotent or a 

unit. Now let z be any element of P E C P Either 

z is nilpotent or it is a unit in P SI In the latter case z is 
not a zero divisor in P (g)* E. We can therefore state the following 

Theorem 24. If P is an arbitrary extension field of a field 电 and 
^ is separably algebraically closed in E then every zero divisor of 
P (8>$ E is nilpotent. 

* A more sophisticated argument can be used to establish this. See the footnote on 
p. 199. 
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Clearly the last two theorems have the following immediate 
consequence. 

Corollary 1. Let P and E be extension fields of ^ such that (1) 
either P/$ or E/$ is separable y (2) $ is separably algebraically 
closed in either P <?r E. Then P E is an integral domain. 

In particular, we see that, if P/^ is separable and $ is alge¬ 
braically closed in P, then P <8>$ E is an integral domain for any 
E/$. An extension P/«J> satisfying these two conditions is 
called regular. If 争 is algebraically closed, then it is perfect so 

rt •wv “ a a 4 f * r\ r\ A 4* 1 a 凡 w a *• < ^ a 1m ^ 4 a 

^XXy 丄 j Id jLV 丄％ m/A V > 1 L LiJLAL Id 

algebraically closed in P. Hence every extension of an alge¬ 
braically closed field is regular and consequently we have 

Corollary 2. If is algebraically closed，then P E is an 
integral domain for arbitrary extension fields P and of 

11. Free composites of fields. We recall that a composite of 
two fields E and P over 牵 is a triple (r, s } t) where r is a field over 
伞 and s and t are isomorphisms of E over $ and P over ^ respec¬ 
tively into T such that T is generated by the images E* and P 4 
(§ 1.16). The composites (r, s y t) and (T f , s r y t f ) of E and P are 
equivalent if there exists an isomorphism u of T onto T f such that 
s r = us y t' = ut. In § 1.16 we studied composites of a finite di¬ 
mensional extension P and another extension. In algebraic 
geometry one is interested in composites of fields which need not 
be algebraic but one restricts the notion in the following way. 

Definition 6. A field composite (r, s t t) of E/$ and P/«^ is 
called free if for any algebraically independent subsets C and D of 
E andV respectively y the sets C s y D l are non-overlapping and C 8 U D l 
is algebraically independent in r/$. 

Since any algebraically independent set can be imbedded in a 
transcendency basis, it is clear tliat the condition that (r, s, t) is 
free is equivalent to the following: for every pair of transcendency 
bases B and B' of E / 金 and P/ 中， respectively, B s and B n are non¬ 
overlapping and B s U B n is algebraically independent. We now 
observe that the word “every” can be replaced by “some” in 
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this criterion. Thus suppose there exists a transcendency basis 
B for E/$ and a transcendency basis B f for P/«i> such that B s and 
B n are non-overlapping and B 8 U B n is algebraically independent. 
We assert that this implies that the compc5site r is free. It 
clearly suffices to establish the condition of the definition for 
finite sets, C, D. Now we can find a finite subset F of B such that 
C is algebraically dependent over $ on F. Since F is a subset of 
B, F 8 is algebraically independent in r over P ( . Hence F 8 is 
algebraically independent in 电 (F 8 , D l ) over This implies 

that the transcendency degree of ^(F 8 y C s y D l ) over ^ is f 七 d 
where / is the cardinal number |,P| and d = \D\ (cf. ex. 3, § 3). 
Since the transcendency degree of 电 (F 8 , C 3 ) over 牵 is / and C 8 is 
algebraically independent, the transcendency degree of 电 (F 8 , C 8 ) 
oyer 否 is f — c where c — j Cj * It follows tliEt the tran- 
scendency degree of ^(F 8 , C% D l ) over D l ) does not exceed 
J — c. This and the formula for the transcendency degree of 
^(F s 9 C\ D l ) over 牵 imply that the transcendency degree of 
^(C 8 , D 1 ) over $ is at least (f d) — {f ~ c) = d c. It follows 
that C 8 y are not overlapping and C 8 U D l is algebraically in¬ 
dependent. We state this result as the following 

Lemma 1. Let (r, s } t) be a field composite of the fields E over 
企 and P over Suppose there exists a transcendency basis B for E 
over 电 and a transcendency basis B' for P over 电 such that B s y B ft 
are non-overlapping and B 8 U B n is algebraically independent. 
Then (r, s, t) is a free composite of E/$ and P/$. 

We remark also that if the condition of the lemma holds for B 
and B f y then B 8 U B n is a transcendency basis for r. For, it is 
clear that the elements of E 8 and of are algebraic over ^(B 8 U 
B n ). Since r is generated by E 8 and P ( , it follows that r is 
algebraic over ^(B 8 U B n ). Hence B 8 U B n is a transcendency 
basis. 

We can use the criterion of the lemma to prove the existence of 
a free composite for any two fields E and P over Let B and B r 
be transcendency bases for E and P over $ respectively. If B 
and B f are finite, say B = {^i, . • .，^ m }, B r = {?n，•. . ， ”n}，then 
we construct the polynomial algebra x 2> * • • ， x m+ n] in w + w 
indeterminates X\ y x 2y and we form the field of frac- 
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tions X 2 y - - - y x m+n ). We have an isomorphism s of ^(B) 
into $(^i, X 2 y ■ • ■, x m+n ) such that x it i = l y 2 y • ■ ■ y m and 

an isomorphism t of 争 (5’) into $(xi, X 2 , • ■ •, x m+n ) such that 
7}j —> x m +jy j — 1, 2, ■■■,«. Now let Q be an algebraic closure 
of 牵(尤 1 ， X 2 i • • •，Then we know that the isomorphisms s 
and t can be extended to isomorphisms s and t of the algebraic ex¬ 
tensions E and P of 电 (B) and into Q (cf. ex. 1, p. 147). From 
the lemma, then, if r is the subfield of Q eenerated bv E s and P ( . 
(r, t) is a free composite of E and P. If either B or B ( is infinite 
a similar procedure can be employed, or we can modify it slightly 
by defining 1-1 mappings of B and of B f into the one of these，say 
By which has the larger cardinal number, in such a way that the 
images are disjoint. These mappings can be extended to iso¬ 
morphisms s and t of 企 [5] and 牵 [5’] into 电 (B). Then they can be 
extended to isomorphisms s and t of 电 (B) and 中 (5’）into ^(B) y 
which can then be extended to isomorphisms s and / of E and P 
into an algebraic closure S2 of 电 (B). Then (r, s y t), where r is the 
subfield generated by E 3 and P 4 , is a free composite of P and E. 

We shall now extend the considerations of § 1.16 to obtain a 
survey of all the composites and all free composites (in the sense 
of equivalence) of two given fields E and P over As before, 
we form the tensor product E P and we identify E and P with 
their images in E P. Let 书 be a prime ideal in E P (Vol. 
I, p. 173); hence (E P)/^J is an integral domain as well as an 
algebra over 否 . We can imbed this in its field of fractions r. Let 
s denote the canonical homomorphism € —> e + ^3 of E (C E ® P) 
into (E (8)* P)/ 艰 . Since E is a field and l 8 = 1， this is an iso¬ 
morphism. Also since (E P)/?J Q T, we can consider s as 
an isomorphism of E/$ into r/$. Similarly, we have the iso¬ 
morphism t\p —> p + of P into T. Now E and P generate 
E ® P. Consequently E® and P ( generate the algebra (E P)/^|3. 
Since r is the field of fractions of (E ® P)/?J we see that the 
field r is generated by its subfields E® and P 4 . Hence (r, s y t) is 
a composite of E/$ and P/ 中 . 

Next let 艰 'be a second prime ideal in E P and let (r '， j’ ， 〆) 
be the corresponding composite constructed in the manner just 
given. Suppose (r' ， j ’， 〆）is equivalent to (r, s, t). Then we 
have an isomorphism « of T onto T f so that s f = su y t' = tu. 
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Thus u maps e 8 = e + 沿一 > e 8 ’ = e + 艰’， = p + 书 —> p + 
Consequently the restriction of u to the subalgebra E S PV^3 
sends Se t p t - + 艰 一 > Seip t - + for u e E, p t - e P. It follows as in 
§ 1.16 that 2e t ‘pi e ; implies Se^pi e Hence C and if we 
repeat the argument with u~ l we see that C Thus we see 
that distinct prime ideals in E (8>t P give rise to inequivalent com¬ 
posites of E/$ and P/$. 

Now let (r^ s f y t r ) be any composite of E/$ and P/$. Then we 
can combine the isomorphisms 〆，〆 of E/$ and P/^> into r' to 
obtain the homomorphism SeiPi —> Xe^p/ of E P into r'. 
The image under this homomorphism is the subalgebra E 3 ， P (， 
generated by and P tf /^. This is an integral domain. 

Hence if 书 is the kernel of the homomorphism, then (E (g) P)/^J = 
E 3 ’P ( ’ and (E (8> P )/ 平 is an integral domain. Hence 沿 is a prime 
ideal in E ® P so this can be used to construct the composite 
(r, s, t) as before. Now the homomorphism of E ® P onto 
E 8 ， P (， gives rise to the isomorphism « of (E ® P)/^J onto E S ’P" 
such that Seipi + 沿一 > This has a unique extension to 

an isomorphism u of the field of fractions r of (E (8> P)/?J onto 
r / . We have = (e + = 〆， e e E and p iu = (p + ^) tt = 

p v y p e P. Hence u is an equivalence of (r, s, t) and (r’ ， 〆 ， 〆)• Our 
considerations therefore establish a 1-1 surjective mapping from 
the set of prime ideals ^ in E (8>$ P to the set of equivalence 
classes of composites in E/^» and P/ 中 . 

In § 1.16 we established a 1-1 surjective correspondence be¬ 
tween the set of maximal ideals in E (2>* P for [P: 歪 ] < oo and 
the equivalence classes of composites of E / 否 and P/^. We can 
now see that this is a special case of the present more general 
considerations. We recall that an integral domain which is a 
finite dimensional algebra is a field (Introd., p. 8). This im¬ 
plies that any prime ideal in a finite dimensional algebra is maxi¬ 
mal. If P/^ is finite dimensional, then E P can be considered 
as a finite dimensional algebra over E. Hence the prime ideals 
in this algebra are maximal and the present correspondence re¬ 
duces to the earlier one for [P：«^] < oo. 

It remains to sort out the prime ideals in E (8> P for which the 
corresponding composites (r, s y t) are free. Let B and B f be 
transcendency bases for E and P respectively. We know that 
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the set M of monomials in the ^ e B are ^-independent. A similar 
statement holds for the set M f of monomials in the f e B f . More¬ 
over, if M = [nii} and M f = {wy}, then the set of products 
{mitij) is 金 -independent. This implies that the sets B and B f are 
not overlapping and 5 U is an algebraically independent set. 
The same statement can be made about the images B 8 = {芦 + 沿 } 
and B n = { 尽 ’ + 沿 } if" and only if no non-zero element of the 
subalgebra ^[B U B f ] is mapped into 0 in the canonical homo¬ 
morphism of E ® P into (E ® P)/ 屯 . This is equivalent to the 
condition that ^[B U B f ] 门屯 = 0. Hence we obtain our first 
condition ： The composite (r, s y t) determined by the prime ideal 
屯 in E P is free if and only if ^[B U 5’] fl 书 = 0. It is con¬ 
venient to change this slightly by replacing ^[B U 5’] by the 
subalgebra generated by the subfields ^(B) and 电 (B f ) 

of E and P respectively. It is easily seen that the elements of 
this subalgebra of E ® P have the form Pq 一 1 r— 1 where P e 
^[B U B f ] y q e$[5], r z^[B r ]. It is clear that ^[B U B f ] is an 
integral domain and this and the form of the elements 
imply that is an integral domain. If Pq~ l r~ l 〆 0 is 

in ^ fl then P 〆 0 and P e H Hence 

艰 fl $(5)$(5’ ） 〆 0 implies 沿 fl ^[B U B f ] ^ 0. Since the con¬ 
verse is clear the foregoing condition gives the following 

Lemma 2. The composite field (r, s y /) defined by a prime ideal 

m E (8> P is free if and only f 书 fl = 0 where B and 

B f are transcendency bases for E/$ and P/$ respectively. 

We recall that if o is a commutative ring and © is a subring, then 
an element a e o is called integral over © if there exists a polynomial 
g(x) e ®[x] such that g(x) has leading coefficient 1 and g(a) = 0 
(Vol. I, p. 181). We have proved in Vol. I, p. 182, that, if ® is 
Noetherian, then the set of 你 -integral elements of o form a sub¬ 
ring containing We shall see later (§ 5.13) that this result is 
valid also for any commutative integral domain o. However, the 
Noetherian case is adequate to prove the following result which 
we require. 

Lemma 3. Let B and B' be transcendency bases for E/ 中 and 
P/ 否 respectively. Then every element of E P is integral over 
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Proof. Since E and P are algebraic over 中 (B) and ^(B r ) respec¬ 
tively, it is clear that the elements of E and of P are integral over 
Since E (g> P is generated by E and P, the result will 
follow if we can show that the set of 伞 (5) 牵 (5’)-integral elements 
is a subring. Hence we have to show that, if a y 0 are $( 5 )^( 5 ’)- 
integral, then so are a ~ ^ and a^. Since any pair a y 0 are both 
integral over a subalgebra where F and F r are finite 

subsets of B and it suffices to prove this for B and B f finite. 
In this case we can apply Hilbert's basis theorem for polynomial 
rings (Vol. I, p. 172) to conclude that$(5)[5 / ] is Noetherian. We 
shall show next that is Noetherian. Thus let 3 be 

an ideal in ^{B)^(B r ). Then 3 ’ = 3 fl $(5)[5’] is an ideal in 
[5’】， so it has a finite set of generators P u P2, • • • , P m - 
Any element of has the form Pq - 1 where P e [B f ] 

and q e$[5’]. If this element is in 3 , then P = {Pq~ l )q e so 
P = 'hAiPi where 不 e$(5)[5’]. Hence Pq~ l = 

This shows that Pi, P 2y • • •, P m is a set of generators for 
Hence is Noetherian. It follows that a ~ 0 and 

are 牵 (^X^O-integral and this completes the proof. 

We can now prove the following 

Theorem 25. The composite (r, s y t) of E and P over $ de¬ 
termined by the prime ideal $ in E ( 8 >t P is free if and only ij all the 
elements of ^)5 are zero divisors in 'E P. 

Proof. In view of Lemma 2 one has to show that 

书 n = 0 

for B and B r transcendency bases for E/$ and P/^ if and only 
if every element of $ is a zero divisor. Suppose first that ^3 con¬ 
tains only zero divisors and let P e 艰 fl Then P is 

an element of which is a zero divisor in E ® P. We 

shall show that P is a zero divisor in For this pur¬ 

pose we choose ^ basis [u a ) for E over ^(B) and a basis {^} for 
P over 电 (B’). Then it is easily seen that every element of E ® P 
can be written as a sum ^Q a 0 U a v^ y Q a ^ e 电 (B) 龟 (B’) and ^Q a 0 U a v^ 
= 0 only if every Q a $ = 0. (We leave this as an exercise.) Since 
P is a zero divisor in E (S> P we have an element l^Q a ^u a v^ 9 ^ 0 
such that Pi^QafiUaV^) = 0. Then 'LPQa^Ua.v^ = 0 and since 
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PQ a 0 e we have PQ a ^ = 0 and some Q a $ ^ 0. Thus P 

is a zero divisor in Since is an integral 

domain，this implies P = 0. Hence ^3 fl = 0. Con¬ 
versely, suppose $ fl = 0. Let P be any element of 

Then Lemma 3 implies that there exists a relation of the form 
P n + c\P n ~ l + c 2 P n ~ 2 +■■■ + (» = 0 where the Ci 
We may assume n minimal. This relation shows that c n = 一 P n 
— ciP n ~ l — ... — c n _iP e $ n Hence= 0. Then 

we have P{P n ~ x + CiP n ~ 2 + ■ ■ ■ + c n _i) = 0 and since n was 
minimal P n ~~ l Cl p ^~ 2 + ■ •. + Cn l ^ o. Hence is a zero 
divisor and we have shown that any i 3 e ^3 is a zero divisor. This 
completes the proof. 

The set of nil potent elements of a commutative ring o forms an 
ideal called the (nil)radical 9? of o (Vol. I, p. 173). If ^3 is a prime 
ideal in o and z e 況 ,then z m e ^3 for some integer m. This implies 
that z e Hence 況 is contained in every prime ideal ^)3 of o* 
We have shown in the last section that, if E is any field over $ 
and 伞 is separably algebraically closed in P, then the zero divisors 
of E (8>t P are nilpotent. This and the result just noted implies 
that the radical 9? of E ® P is the only prime ideal in E (g)$ P all 
of whose elements are zero divisors. Hence we can conclude from 
Th. 25 and the fact that every composite of E and P over 牵 is 
equivalent to one determined by a prime ideal in E ® P the follow¬ 
ing 

Theorem 26. If E is an arbitrary extension field of ^ and $ is 
separably algebraically closed in P, then in the sense of equivalence 
there is only one free composite of E/$ and P/$. 

* We shall see in Chapter V that is the intersection of all the prime ideals of o_ 
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The notion of a valuation of a field arises when one attempts to 
assign magnitudes to the elements of a field. The classical case is 
that of the absolute value | a | in the field of real numbers or in the 
field of rational numbers. Of basic importance for the study of 
arithmetic properties of the rational and more generally of number 
fields (finite algebraic extensions of the rationals) are the 多 -adic 
valuations of the field of rational numbers. For a given prime p 
the valuation tp p {a) of the rational number a indicates the power 
of p which divides the rational number a. Valuations play a 
fundamental role also in the study of algebraic function fields. For 
these it is necessary to generalize the notion somewhat so that it 
becomes equivalent to the notion of a place, which was first intro¬ 
duced by Dedekind and Weber in giving a purely algebraic defini¬ 
tion of Riemann surfaces for algebraic functions. Valuation 
theory forms a solid link between algebra and analysis. On the 
one hand, it permits a precise study of algebraic functions and，on 
the other hand, it leads to the introduction of analytic notions 
(convergence ， integration) in the study of arithmetic questions. 

We shall begin our discussion with real valued valuations. One 
can distinguish two types of these: archimedean and non-archime- 
dean. The latter lead to the extension in which the values are 
taken from an ordered commutative group rather than the field of 
real numbers. We shall determine the valuations of the simplest 
types of fields and consider in some detail the problem of extension 
of valuations. Applications to the Hilbert Nullstellensatz and to 
the study of the integral closure of a commutative integral domain 
will be given. 
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1. Real valuations. We shall consider first valuations which are 
real valued and we shall call these real valuations. It is possible 
to give a development of the theory which gives at the same time a 
development of the real number system from the point of view of 
convergence. This adds a small complication，so we shall avoid it 
and assume familiarity on the part of the reader with the basic no¬ 
tions on real numbers which will be needed. 

Definition 1. J real valuation ip of a field $ is a mapping a —> 
<p{a) of $ into the field of real numbers such that 

(i) (p(a) > 0, (p(a) = 0 if and only if a = 0 

(ii) <p(a^) = <p(a)<p(0) 

(iii) + )3) < (p(a) + 

(1) 伞 the field of complex numbers, <p(a) the usual absolute value V^ 2 + 彡 2 
of the complex number a. — a by/ — \ y a t b real. This gives a valuation on 
any subfield, in particular, on the field of real numbers and on the rational field. 

(2) $ the field of rational numbers. Let * be a prime intwer= If a ^ 0 in 

we write a = a f p h where 是 = 0, ±1, ±2, … and a! is a rational number prime 
to p (notation： {a'yp) = 1) in the sense that its numerator and denominator in 
some representation are prime to p. The integer k is uniquely determined by a 
and we write y P (ot) = k y <p p (a) = p~ y p^. Also, we set ^»(0) = <p P (0) = 0. 

Then (i) is evident and (ii) and (iii) are valid. This is obvious if either a — 0 or 
)3 = 0. Suppose a 〆 0, 〆0, and let a = a , p k ) — ^p l where (c/, p) = I = 

p). Then = a 令 ’ p 1 ^ and (c//3’，_p) = 1. Hence v p (a^) = k + / — 

v p (a) + y p (/3), so <p p {ol^) = ^p(a)^ P 05). If k < l t then a + = p\a r + 3’p l - k ) 

and v p (a + /8) > min (v p (a) t v p (0)). Hence <pp(a +/3) < max (<p p (a) t <p p (P)) 
which is a stronger relation than (iii). Hence <p p {a) is a valuation. This is called 
the p-adic valuation of the rational field. 

(3) P = 少 Cv) the extension field of $ by a transcendental element x. Let t(x) 

be an irreducible polynomial in 剩 <v]. If a is a non-zero rational expression, we 
write a = ir(x) k a , where k is an integer and a! is a rational expression which is 
prime to tt ((a^x) = 1) in the sense that it has a representation with numerator 
and denominator prime to 7r. We set Vir(oc) = k and <px = c k where ( is a real 
number, 0 < r < 1. Also we set v T (0) = = 0. One checks as in exam¬ 

ple 2 that <p r is a valuation. A classical case of this type of valuation is that 
in which 少 is the field of complex numbers and is identified with the field 
of rational functions on 中 . Here ir{x) has the form x — r and v T {a{x)) describes 
the behavior of the rational function a(x) in the neighborhood of the point x = r. 
One sees that, if v T (a) = ^ > 0, then a has a zero of order kz.tr and, if v T (a) 
=—k y k > 0 y then a(^) has a pole of order k zt x = r. If v x {a) = 0 } then a has 
neither a zero nor pole at a: = r. It is of interest also to consider the behavior 
of a(x) at infinity. This can be done by introducing another valuation in 伞 (a:). 
If a(^) 5^ 0, we write a(x) = (jSq + + _ • ■ + ^mX m )(yo + y\x + _.. + 7n^ n ) -1 
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where 0 m ^ 0, y n ^ 0. Then ar<» = (|) 0?o + … + /^卜’。 (|) 

+ 7 i d) +. — h 7n) -1 and a{x) has a zero of order n _ m at infinity if 

n 一 zw > 0, a pole of order m 一 n if m 一 w > 0, and has neither a zero nor pole 
at infinity if » = m. We define ^ooW^)) = n — m i — 0 < f < 1, 

^(0) = oo, v?ao(0) = 0. This gives a valuation. This procedure is applicable to 
any x transcendental. 

(4) Any field 伞 with <p(a) = 1 if a ¥ 0 and 史 ⑼ = 0. Such a valuation is 
called We remark that the valuations <px and <p^ of example 3 arc all 

trivial on 

We now list some immediate consequences of the definition of a 
real valuation. We note first that (ii) implies that ^>(1) = 1, 
p(—1) = 1， and (p{ — oi) = (p{a). Also <p{a~ l ) — (p{a)~ l if a 〆0, 
and *p{^) = 1 if is a root of unity. This implies that the only- 
valuation in a finite field is the trivial one. Also we note that 

(1) \<p(a) — (p(0) I < <p(a — 0) 

where | | is the ordinary absolute value. All these assertions are 

readily established and we leave their verification to the reader. 

Definition 2. The real valuations <p x and are called equivalent 
if <pi(a) > <pi(l3) holds for ot y ^ e ^ if and only if <p 2 (a) > ⑻. 

It is natural from the point of view of convergence which we 
shall consider in § 4 to identify valuations that are related as in the 
foregoing definition. This relation leads to the following some¬ 
what surprising consequence. 

Theorem 1. If <pi is equivalent to (p 2i then there exists a positive 
real number s such that ^ 2 ( a ) = ^Pi{ol) s for all a e 

Proof. We may assume that one of the valuations is non-trivial 
and, since the conclusion is symmetric in <pi and <p 2 (<pi = <P 2 8 
we may suppose that (pi is non-trivial. Then there exists an ao in 
中 such that 0 < ^i(ck 0 ) < 1 = Then also 0 < p 2 (a 0 ) < 1 ， 

so (p 2 is non-trivial. Moreover, we can write 沪 2 (a 0 ) = <pi(a 0 ) 8 
where j > 0. In fact, this relation is equivalent to ^ = 
log (p 2 {olq)/\ og <p\{a 0 ) which is positive since iogpi(a： 0 ) < 0 and 
log ^ 2 (^ 0 ) < 0. We wish to show that 

log (p 2 (oi) _ log 
log (p 2 (ao) log^i(ao) 


\ 一 / 
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if a is any element in $ such that 0 < ^i(ck) < 1 and so 0 < 沪 2 (a) 

< 1. The two ratios in (2) are positive. Let m and n be positive 
integers such that mjn > log <pi(a)/\og #i(q ： 0 ). Then m log # 1 ( 0 ：。） 

< n log log^i(a ： o m ) <log^i(a n ) and (pi(a 0 m ) < <Pi(a n ). 

Hence <p 2 (a 0 m ) < ^? 2 (« n ) so, if we re-trace the steps, then we see 
that mjn > log ^ 2 («)/log p 2 (a。). By symmetry (<p 2 is non-trivial), 
if mjn > log p 2 (a)/log # 2 (a。)，then m/n > log a (a)/log fi(a 0 ). 
Since these relations hold for all positive rationals r = we 

have the equality (2). Hence 

log (p 2 (<x) log <p 2 (OiQ) 

- = - =s 

log A (a) log 9 ?i(a ； o) 

and <p 2 (oi) = <Pi((x) s holds for all a with <p\{a) < 1. By taking a— 1 
we see that this holds also if (pi(a) > 1. Moreover, it is clear 
that, if <Pi(a) = 1 = pi(l), then # 2 ( 0 ：) = 1 . Hence <p2( a )= 
<Pi(a) $ for all a. 

Definition 3. A real valuation is called archimedean if (p{n) > i 
for some integer n(= nl = 1 + 1 +1, n times) in the prime 

field. Otherwise the valuation is non-archimedean. 

If $ has characteristic^) 〆0, then any » / 0 in the prime field 
is a root of unity; hence = 1. Consequently, every valuation 
of a field of characteristic p is non-archimedean. We note also 
that any valuation which satisfies (p(a /3) < max ((p(a) y <p ⑻） is 
non-archimedean. For, this can be extended by induction to 
give <p(ai + a 2 + • ■ ■ +a n ) < max 0(A)， - - •, <p(oc n )) and this 

implies uicil <p\n) fpy i J — i. i lie cun vci sc ui lius i csuil vtiiiu. 

also since we have 

Theorem 2. If (p is a non-archimedean real valuation, then 
<p(cx + j3) < max {<p{a) y (p{^)) for every a, 0 in 

Proof. We have 

<p(a + I3) n = <p(a n + (j) a n ~^ +■•• + #) 

< <p(cx) n + <p{a) n ~ l ip{0) + . • • + <p(fi) n 

< (w + 1) max ((p(a) n y <p(^) n ). 
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Hence we have <p(a + ^3) < (n + l) 1/n max (<p(ce) y Since 

lim (w + l) 1/n = 1， this implies that 

(3) (p(a + /3) < max 0(a) ， <p(0)). 

EXERCISES 

In these exercises “valuation” will mean “real valuation.” 

1. Show that, if p is a valuation and j is a real number such that 0 < j < 1 , 
then a —*■ <p{oi) a is a valuation. Show also that, if <p is non-archimedean, then 
a —*■ <p{oi) a is a valuation for any j > 0 . 

2. Establish the following properties of non-archimedean valuations: 

(4) <p{a + /3) = <p(a) if <p(a) > 

(5) If o：i + «2 H — . + a n = 0, then v?(a*) = <p(aj) for some i ^ j. 

3. Let 於 be a valuation in P such that v? is trivial on a subfield 中 of P such that 
P is algebraic over Show that <p is trivial on P. 

4. Let be a non-trivial valuation of $ and let be a non-zero element of 
such that 史 (jS) < 1. Show that <p{d) < 1 if and only if *p(fia n ) < 1,» = 1 , 2, • • 
Use this to prove that, if 少 is a valuation such that <p(y) < 1 implies ^( 7 ) < 1, 
then also <p(y) > 1 implies 屮 (7) > 1 and v?( 7 ) = 1 implies 屮 (7) = 1 . Hence 
show that <p and 屮 are equivalent. 

5. Show that, if <p2 } • • • , are inequivalent non-trivial valuations of a 

field then there exists an a in 中 such that <pi(a) > 1 and 1 for i = 

2, 3 , (Hint: The case « = 2 is an easy consequence of ex. 4. Using this 

and induction one obtains /3 such that 仍⑹ > 1 ， <pj(fi) < 1， _;• = 2 ， 1, 
and 7 such that ^>1(7) > 1 , ^(7) < 1 . If <p n ( 0 ) < 1 , one can take a = for a 
sufficiently lai^e integer k. If <p n (fi>) > 1 , one can take a = 7/8*(1 + / 3 fc ) -1 for k 
sufficiently large.) 

2. Real valuations of the field of rational numbers. We begin 
by determining the archimedean valuations of the rationals. The 
result is the following 

Theorem 3. Any archimedean real valuation of the rationals is 
equivalent to the absolute value valuation. 

Proof (Artiii). Let n and n r be integers > 1 and write n f = a 0 
+ a x n H - h dkn k y 0 < ai < n, a k 9 ^ 0. Then, 

< (p(an) -f~ (p(ai)(p(n) + • • • + (p(ab)<p(p) k * 

Since 0 < <p(a{) < a t - < n y this gives 
<p(n f ) < n{\ + ip(n) + • •. + <p(n) k ) < n{k + 1) max (1 ， <p(n) k ) t 
We have n r > n k so k < log w’/log w and 
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(6) (p(n f ) < n + 1) max(l ， 妒 (”) 1<Jgw ). 

If we replace W by (n f ) r y r a positive integer, we obtain from (6) 


Taking r-th roots we obtain 


l \ log n / j 


max 


r log n f v 

^(nY^y 


/ log n ' 、 


Since lim (ra + b) 1!r — 1 if a 0, (7) implies 


/ 

<p{n r ) < max ^1, <p(n) 


log n\ 
log n \ 


Since (p is archimedean, n r can be chosen so that <p(n f ) > 1; hence 

by (8), 

log n 9 

(9) 1 < <p(n f ) < 

Hence <p(n) > 1, so we can interchange the roles of n and n' to ob¬ 
tain 

i i 

(10) 

for any two positive integers n y n f . Then log <p(n)/log w is a posi¬ 
tive real number s independent of n and <p(n) = n 8 . It follows 
that <p(a) = j a j 8 for every rational number a. Evidently <p(a) is 
equivalent to the absolute value valuation. 

Theorem 4. Any non-trhial non-archimedean real valuation oj 
the rationals is equivalent to a p-adtc valuation for some prime p. 

Proof. We have <p(n) < 1 for every integer n. If <p(n) = 1 for 
every integer, then <p is trivial. Hence there exist non-zero integers 
b such that < 1 • Let ^}3 be th.c collection of*integers b sstisfy— 
ing this condition. This set is an ideal in the ring of integers I 
since (p{b^ — b^) < max (^(^i), 〆〜)）< 1 if 么 e 书 ， and (p(nb) = 
(p{n)<p{b) < 1 if w e /, b Also 屯 is prime since (p{n) = 1 = 
<p(n f ) implies ip{nn f ) = 1. Hence = {p) where /> is a prime. 
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We can write <p{p) = p~ a where j > 0 since 0 < ip{p) < 1. Let 
n be any integer and write n = n’p k where k > 0, (n'yp) = 1. 
Then 〆 艰 so <p{n r ) = 1; hence <p(n) = p~ ks . It follows that 妒 
is the s-th. power of the 夕 -adic valuation determined by p. 

3. Real valuations of $(x) which are trivial on We suppose x 
is transcendental in P = and we shall determine the real 
valuations (p which are trivial on 牵 . Since the prime field is con¬ 
tained in <p(n) = 1 for every integer # 0 in the prime field. 
Hence <p is non-archimedean. We distinguish two cases : 

I. <p(x) < 1. In this case tp{f{x)) < 1 for every f{x) = a 0 + 
+ • • • + a n x n e 中 [*v]. This is clear from the non-archimedean 

property of (p. From now on we assume <p is non-trivial and this 
implies that there exists a polynomial f(x) such that <p(f) < 1. 
Let 艰 be the subset of 牵 [*v] of polynomials / such that <p(/) < 1. 
As in the proof of Theorem 4 one sees that ^ is a prime ideal, 艰 = 
(7r(x)) y in We have = c y 0 < c < 1. If f(x)= 

Tr(x) k g(x) where (tt(^), g(x)) = 1, then tp{f) = c k . Hence <p is the 
valuation <p r discussed in example 3 of § 1. 

II. <p(x) > 1. Let f(x) = a 0 + a x x + • • • + a m x m where a m 

0. Then (p(a m x m ) = (p{x) m > ^(a^) for i < m. Hence tp{f )= 
<p(x) m (cf. ex. 2 in § 1). If we set <p(x) = c~ l y 0 < r < 1, then 
c 一 m . It is easy to check that 沪 is a valuation ^ as de¬ 
fined in example 3 of § 1. 

4. Completion of a field. One of the most important aspects of 
a real valuation is that it leads to the introduction of metric space 
notions for a field. The most convenient form for these is based on 
sequences and convergence. The basic definitions are patterned 
after those of ordinary analysis. 

Definition 4. Let ^ be a field with a real valuation <p. A sequence 
lath k = 1.2. • • • is said to converse in ^ {relative to <s>) if there 
exists an a in $ such that for any real e > 0 there exists an integer 
N = N(e) suck that 

(11) <£>(a — ck«.) < e 

、 ， ■ 、 • *• * 

for all n > N. Then a is unique and is called the limit of {a h ). If 
a = 0, {a*} is a null sequence. A sequence {a：*} is called a Cauchy 
sequence if for any e > 0 there exists an integer N = N(e) such 
that 
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(12) <p{0L m — a n ) < € 

for all m y n > N(e). 


Convergence of series ^ is defined as usual by the conver- 

1 k 

gence of the sequence {j*} of partial sums s k = 2 a v For ex- 

i 

ample，in the rational field with the 多 -adic valuation, the series 

00 


p k ~ l converges to 1 /(I — p) since 
<Pp - = <P P (p n )/<P P (l 


—p) = p~ n < e 


if n is sufficiently large. 

It is easy to see, as in the real case, that any convergent sequence 
is a Cauchy sequence, but the converse need not hold. This leads 
to the following 


Definition 5. A field 龟 is said to be complete with respect to a real 
valuation <p if every Cauchy sequence of elements of $ is convergent 
in 


We shall now carry out for any field $ with a real valuation a 
construction of a completion ^ of This is a field 晏 with the 
following properties : 

1* 1» i^ll CAL&lldlUll 1 丄 dU U1 ^ dUKX ilild O. V dlUiXLlULl ip 

is an extension of the valuation (p of 

2 . $ is 尹 -complete. 

3. The subfield ^ is dense in 蚤 in the sense that every element 
of 蚤 is a limit of a convergent sequence of elements of 争 . 

We consider first the set C of Cauchy sequences {a*} of ele¬ 
ments ak e We shall show that C is a ring relative to the com¬ 
positions {«*} + {/?*} = {a* +/?*} ， { 和 }{ 办 } = {a^}. For this 
and a later application we require the following 

Lemma 1. If { a*}, {/3* } e C, then {a* + 心 } and {a^k} e C. 
If {ait) e C and is not a null sequence、then there exists 77 > 0 and an 
integer N such that ^(o： n ) > rj for all n > N. 

Proof. Given e > 0, determine N Y so that <p(a m — a n ) < e/2 
if n > Ni } and N 2 such that ^(/3 P — /3 ff ) < e /2 if p y q > A^ 2 . 
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Let = max {N u N 2 ) - Then <p(a m — a n — /3 n ) < <p(a m — 
«n) + p(/3 m — /?„) < e/2 + e/2 = e if m, n > N. Hence {a* + 
^k} e C. We note next that there exist positive real numbers s y t 
such that <p(ak) < s for all k and <p(0k) < i for all k\ for，we have 
<p(oi m — <^ N ) <1 if m > N and N is sufficiently large. Hence 
<p(otm) — <p((Xn) < <p(otm — <xn) < 1 so <p(a m ) < (p(a N ) + 1 for all 
m > N. Then if j = max (<p(oii) + 1)，/• = 1 ， 2 ， … ， iV, then 
<p(ak) < s for all k. Similarly we can find t > 0 such that <p(^k) < 
t for all k. Then 

(13) — «n/3n) 

= 一 一 ^ n ^ n ) 

< <p(<Xm)<p(^m — j9») + <p(^n)<p(^m — 0i n ) 

< S<p(3m — 3n) + t(p{a m — Q! n ). 

If we take N x so that <p(^ m — ^ n ) < e/2s for m, n > N', and N 2 
so that <p(a m — a n ) < e/2/ for m y n > Nzy then (13) shows that 
— a n ^ n ) < € if m, H > N = max {N u N 2 ) - Hence 

{a*/?*} e C. Now suppose {o：*；} e C and this is not a null sequence. 
Then there exists e > 0 such that <p(czk) > e for an infinite number 
of k. Also there is an N such that <p(a m — a n ) < e/2 for all 
n > N. There is a /> > such that <p{a p ) > e. Then if n > p y 
fp(oi n ) = <p(oi p — (oc p — a n )) > <p(a p ) — <p(a p — a n ) > e/2 = ??. 
Tallis completes tH.c proof*. 

To see that C is a ring under the indicated compositions we re¬ 
call that the set of unrestricted sequences of elements of $ is a 
ring under component addition and multiplication. This is just 
the complete direct sum of a countable number of copies of 
The 0 element of the ring is {0} and the identity is {1} where here 
we write {a} for the sequence {a*} with ck& = a for k = 1,2, • • ■. 
We call this the constant sequence {a}. It is clear that the set of 
constant sequences is a subring of the ring of sequences and this 
subring is isomorphic to $ under the mapping a —> {a}. Lemma 
1 implies Liia.t lii.6 set C of* Cauclry sequences is s. subririg of tli.c 
ring of sequences and evidently C contains the ring of constant 
sequences. Thus we see that Cis a commutative ring with an ele¬ 
ment 1 = {1} and C contains the subring of constant sequences 
which is isomorphic to 
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We consider next the subset Z of C consisting of the null se¬ 
quences. We have the following 

Lemma 2. Z is a maximal ideal in C. 


Proof. It is easy to see that the difference {«&} — {^} = 
{a* — 13k} of two null sequences is a null sequence. Now let {a*} 
be a null sequence and let { 7 *} be a Cauchy sequence. The proof 
of Lemma 1 shows that there exists a positive real s such that 
<p(yk) < s for all k. If e > 0 we choose N so that <p(oi n ) < e/j for 
all n > N. Then ip(a n y n ) < e for all n > N y so {^ 7 *} is a null 
sequence. Hence Z is an ideal in C. To show that Z is maximal 
we have to show two things: Z 9 ^ C and, if B is any ideal in C con¬ 
taining Z and an element {o：*} ^ Z y then B = C. The first of these 
is clear since no constant sequence 9 ^ {0} is contained in Z. Next 
let B be an ideal in C containing Z and containing the element 
{a ：*} 朱 Z. Lemma 1 shows that there exists a positive tj and an 
integer p such that ^>(a n ) > 7 ] for all n > p. Let = 1 if k < p 
and /?* = a k if k > p. Then {«&} — {} e Z. Consider the 


sequence {/3* -1 }. We have — /3 n -1 ) 




l3 m3 

I 、l » r »l ，彎 ' 

这 n) < i — (x n ) if m y n > p. This implies that e C. 

Since {a*} — {/3*} e Z Q B and {a*} e B, {/3 fc } e B. Hence 1 = 
{j3*~ 1 } {^&} e B and so B = C. 

Lemma 2 implies that the difference ring $ = C/Z is a field. 
We proceed to show that $ is a field with a valuation which has the 

nfnnpffi pq of a rnmnleHnn of 


Theorem 5. Let ^ be a field with a real valuation <p and let ^ = 
C/Z the difference ring of the ring of Cauchy sequences with respect to 
the ideal Z of null sequences. Then ^ is a field which contains a sub¬ 
field isomorphic to $ such that、if 龟 is identified with this subfield, 
then 黾 is a completion of 龟 . 


x^iuui* vv c nave seen uiai me mapping a. —， |is an iso¬ 
morphism of ^ with a subring of C. The canonical homomor¬ 
phism {a} —> {a} + Z is an isomorphism since the only con¬ 
stant sequence contained in Z is {0}. Hence we have the iso¬ 
morphism a —> {ck} + Z of $ into ^ = C/Z. From now on we 
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shall identify a with {a} + Z, $ with its image in 壶 . We show 

next that 圣 has a valuation <p which is an extension of the valua¬ 

tion <p in Now let {a*} e C. Then {^(a*)} is a Cauchy se¬ 
quence of real numbers since |p(Q! m ) 一 <p(<x n ) \ < <p(a m — a n ) and 
{a*} is a Cauchy sequence. Hence, by the completeness of the 
field of real numbers with respect to the absolute value valuation, 
lim (p(ak) exists. Next let {a*’} be another Cauchy sequence such 
that {a*} + Z = {a*'} + Z. This means that <p{a n — a n r ) < e 
for a given e > 0 provided n > N(e). Then — «) | < 

(p{a n — aj) < e if w > A^(e). Hence lim <p{a k ) = lim ip{oL k r ) y so 

this real number is independent of the choice of the element {a*} 
in the coset ^ Z. We now set <p{A) = lim ip{a k ) and 

we proceed to show that ^ is a valuation in First, it is clear 
that <p{A) > 0. \i A = {«&} + Z and = 0, then lim <p{a k )= 
0; hence {«*} is a null sequence, so {a*} e Z and ^ = 0. If B = 
{/?*} + Z y then AB = {o ： A} + Z and <p{AB) = lim = 

lim (p(ak)<p(0k) = ip{A)ip(B). Also A B = {a* + /3*} + Z and 
+ 5) = lim <p(a k + ^k) < lim (〆《*)+ #(/?*))= <p(J) + 
<p(B). Hence ^ is a valuation. A = ck e 争 ， so = {«} + Z, 
then <p(yf) ― lim <p(a) = <p(ol )； hence <p is an extension of the 
valuation ip on We shall show next that 伞 is dense in Let 
A = {a*} + Z be an element of 圣 . Let a k r be the constant se¬ 
quence all of whose terms are a k . Then we have identified — 

f I rr *. i_ tt 7 . _ . i ♦ _ /t a T-y • r 、八 ■ 

au 卞 厶 wim a:*, we asserc cnac nm zr* = /i. ror, u e u is 
given, we can find such that <p(a m — a n ) < eif m ， n > N. Then 
lim <p(a m — a n ) exists and this is < e. On the other hand, ip{A — 


Am) — lini (p(a m — a n ) y so — Am) < e if m > N. Hence 

n—oo 

lim — A and 伞 is dense in It remains to show that 圣 is 


complete. Let \AiA be a Cauchv seauence of elements of 墨 . For 

x V ••/ ¥ J. 

each k we can choose a* e $ C $ such that <p{Ak — ot k ) < ~ 


Then <p(oi m — a n ) = !p(a m — A m + A m — A n A n — a： n ) < 
<p(oc m — Ani) + — A n ) + <p{A n — a n ) < <p{A m — A^) + 



Since { 為 } is a Cauchy sequence, this shows that {a*} 


is a Cauchy sequence of elements of If we now go back to the 
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original $ and take the element A = {a： fc } + Z, o：* in the original 
少 ， then we see easily that lim = A. 

From now on we shall write <p for the valuation <p in 
We now take up the question of uniqueness of the field 
More generally, let 圣 i，/ = 1 ， 2, be a complete field with a valua¬ 
tion and let 中 i be a dense subfield. Suppose s is an isomorphism 

of •i*! onto $2 which is isometric in the sense that ^(^ 8 ) = Pi (a), 
a e 4>i. Let ^ e^i and let {«*} be a sequence of elements of ^>i 
such that lim a k = A. Then {a* s } is a Cauchy sequence in 中 2 , so 
it has a limit B. If {«/} is a second sequence such that lim a k r = 
A y then lim (a k — a k r ) = 0, lim 沪 1 (办 一 a k r ) = 0; hence lim 
<p2( a k — otk s ) = 0 and lim (a k s — a k fs ) = 0. This implies that 
lim ak 8 = B. Hence the mapping s\A — > 5 of into 圣 2 is 
single-valued. It is easy to check that this is a homomorphism. 
Clearly J j on Similarly, we can extend j - 1 to a homo¬ 
morphism j 一 1 of into^i which is defined in the same way as J. 
Then one sees that A 5a ~ l = A for all A and B s ~ ls = B for 
all B e 蚤 2 . This implies that s is surjective and an isomorphism. 
We remark finally that, if h and s 2 are isometric isomorphisms of 
onto $2 which coincide on *i>i, then Ji = s 2 . The proof is clear. 
We have therefore established the following 

Theorem 6, Let U = 1, 2, be a complete field with a valuation 
( p i and a dense subfield of 否 。 Let s be an isofnetric isomorphisfn of 
onto 争 2 . Then s has a unique extension to an isometric isomor¬ 
phism o/^i onto ^ 2 - 

This result implies, in particular, that, if $i and 圣 2 are com¬ 
pletions of the same field 伞 ， then there exists an isometric isomor¬ 
phism of onto 圣 2 / 牵 . We just have to apply the theorem to 

the identity mapping in In this sense the completion is unique 
and we have the right to use the term ： the completion of the field 
否 relative to the real valuation (p. 

EXERCISES 

1 . Let $ be a field with a real valuation <p. Show that the sum, product, and 
difference are continuous functions on 中 in the usual sense. Show also that the 
mapping a —^ a 一 1 is continuous on $*, the set of non-zero elements of 电 

2 . Let ^ be the compietion of Show that the identity mapping is the oniy 
continuous automorphism of 5 over 
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5. Some properties of the field of ^-adic numbers. We look 
first at some properties of any field relative to a non-trivial non- 
archimedean real valuation <p. If $ is such a field, then the subset 
o of elements a such that (p(a) < 1 is a subring of for, if a y 
^ e o y then <p(al3) = (p(a)<p(^) < 1 and <p(a — ^3) < max ((p(a), 
沪 (/?))< 1- The ring o is called the valuation ring of <p. The subset 
p of o of elements 13 such that <p(p) < 1 is an ideal in o, since 
< 1 ， P(/? 2 ) < 1 ， cp(a) < 1 imply - /3 2 ) < 1 and 

(p(a^i) < 1. The elements ce in o which are not in p satisfy <p(a )= 
1; hence (p{a~ l ) = 1 and a： -1 e o. Conversely, if a is a unit in o, 
then (p{oi) < 1, (p{a~ l ) < 1 and (p{a)(p{a~ l ) = 1 imply that <p(a) 
= 1, so a ： ^ p. Thus we see that p is the set of non-units of o. This 
implies that any ideal of o properly containing p contains a unit 
and so coincides with o. Hence p is a maximal ideal in o. If q is 
any ideal properly contained in o, then q contains no units of o; 
consequently q C p. Hence p is the only maximal ideal of o. The 
difference ring o/p is a field which is called the residue field of $ 
relative to ip. 

The set r = {^(ck), ck 5 ^ 0 in «i>} is clearly a subgroup of the 
multiplicative group of positive real numbers, r is called the 
value group of ip. The valuation is called discrete if T is a cyclic 
group. It is easy to see that a subgroup r 〆 1 of the positive reals 
is cyclic if and only if the subset r' of elements < 1 has a maximal 
element. This element is a generator of r. Let <p be discrete and 
let 7 r be an element of ^ such that <p(tt) is the largest element < 1 in 
r. Then 7 r e p the maximal ideal of the valuation ring o and, if ^ 
is any element of p, then < 1 , so 扣一 1 = 

a e o and /3 = air. Then p is the principal ideal (t). Conversely, 
if p is a principal ideal: p = (7r)，then any e p has the form cnr, 
a e o, so <p(/3) = <p(a)<p(7r) < ^(x). Hence <p(ir) is the largest ele¬ 
ment < 1 in r and <p is discrete. Since <p(t) is a generator of r, 
we have for any non-zero a in <p(ce) = for some integer k. 

Then if « = cnr - * ， ^>(e) = ip{a)ip{ir) ~ k = 1, so e is a unit in o. 
Consequently, any non-zero element of 伞 has the form €ir k y k = 
0 , 士 1 ， ± 2 ，… where c is a unit in o. 

Let 伞 be any field with a non-archimedean real valuation <p and 
let 圣 be the completion of relative to (p. We shall now show that 
the value group of $ and 圣 are the same and in a certain sense the 
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same statement can be made for the residue fields. Let a e 圣 . 
Then the density of 争 in 圣 implies that there exists an a in 争 such 
that <p(a — a) < <p(a). Since the valuation is non-archimedean 
we have (p(ct) = <p(a + (a — a)) = max (<p(di) y <p(a 一 a))= 
<p(a). Thus we have an a e 否 such that (p(a) = (p(a) and clearly 
this means that 伞 and # have the same value group r. Next let 5 
be the valuation ring of p its maximal ideal of non-units. If o 
and p are the corresponding subsets of then o = 5 D 中 ， p = 
5 fl 屯 If a e 5 we choose a e 牵 so that <p(a — a) < 1. Then a — 
a e p and so a e o. Hence a = a (mod p) which shows that o + 
p = 5. We have the standard isomorphism ； 


o/p = (o + p)/p = o/(o n p) = o/p. 

By means of this isomorphism we can identify the residue field of 圣 
with that of 

The theory of convergence of series in a complete field with a 
non-archimedean valuation is strikingly simple. The complete- 

OO 

ness implies that a k converges if and only if for any e > 0 there 

i • 

exists an integer N such that <p(a m+ i +. • • + a m +k) < e if m > N 
and k = l y 2, • ■ •. Since the valuation is non-archimedean, 
+ ••• + a m+ k) < max (p(a m+ i). Hence the condition is 
equivalent to <p((x m +i) < e for m > N y ，• = 1,2 ， •••• This is 
equivalent to lim a n = 0. This shows that a series converges if 

00 m 

and only if its w-th term converges to 0. Since ^2 ak = ^2 a i 

i i 


+ £ otj we have ^ max £ a，)) an d ， 

m+l ^ \ 1 / \ \ 1 / \ m +l // 

since tp l ^ aj ) can be made arbitrarily small by taking m large 

m+l / «> \ / m \ 

enough, we have ^f a* J = aA '\im is large enough. If, 

in addition, we have <p{a\) > <p(a 2 ) > (p(ocs) > • • •， then 沪 (S 叫 ) 

r 、 • • v 1 / 

= (p(ai) t Hence f q ；^ j = (p(oti) in this case. 

We now consider the special case of the field R ⑻ which is the 
completion of the rational field R 0 with respect to the 夕 -adic valua- 
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tion <p p (a) = p~ k for a — p k a f y (a f y p) = l - The field is 
called the field of p-adic numbers. Evidently the value group of 
R 0 relative to <p p is the cyclic group generated by p~ l \ hence the 
same result holds for R ⑼ and the valuations of R 0 and 及 (p ) are 
discrete. Let o be the valuation ring of R (p) . The elements of o 
are the 尹 -adic numbers a such that <p p (a) < 1 and these are called 
p-adic integers. It is clear from the definition of <p p that the ra¬ 
tional numbers a which are p-adic integers are those which can be 
written in the form mjn where (n y p) = 1. If o is the valuation 
ring of R 0y p its maximal ideal, then o = 5 fl R 0y p = 5 A Ro- We 
have seen that 5 = o + p. Hence, if a is any 多 -adic integer, then 
there exists a rational number mjn with (n y p) = 1 such that a — 
mjn e p. There exist integers b such that na pb = 1. Then 
mjn = ma + pibm/n) so mjn = ma (mod p). Hence a = ma 
(mod p), which shows that we have o = / + p, where I is the 
ring of integers. It is clear that p fl / = (j>). Hence the residue 
field o/p ^ I/{p) is just the field of p elements. 

Let a be a 夕 -adic integer. Then our argument shows that there 
exists an element a of I (that is, an ordinary integer) such that a — 
a If a = (mod p) y then a — b and so a — b z p. This 
shows that for every ^>-adic integer a we can choose a 0 in { 0 , 1 , 2, 

• • • y p — 1} such that a — a Q z p. We assert that o：i = - (a — a 0 ) 

P 

is a 夕 -adic integer. We note first that p is an element of p such 
that tp(j>) is maximal. Since the value groups of R 0 and R ip) are 
identical, it follows that p is an element of p with maximal <p(p). 
Consequently, the ideal p is principal with p as generator, so if 5 
satisfies <p0) < 1, then ^ = yp where 7 is a 多 -adic integer. In 

particular, a — a 0 = poi Y where «i e 0 . Hence o：i = — (a ： — a Q ) 

_ . P 

e 0 . We can repeat the argument with a ： 1 . Thus we can find a\ — 

0 , 1 ， 2 ， • • • ， 多 一 1 such that «i — ^1 e p and a 2 = - («i — ai) e 0 . 

• P . . 

Then a = a 0 poci = + ot 2 p 2 - Continuing this process 

we obtain 


a = a 0 + a r p -{■ a 2 p 2 + ■ _ _ + a k p k -f~ a k+ ip k+1 
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where 0 < ai < p — \ and ak+i e 5. Then a k+ ip k+1 —> 0 and 
so we have 

(14) a = a 0 - a^p -|- a 2 p 2 + • • •， 0 < a{ < p — l. 

Conversely, consider any series of this form. We may suppose 
this is a m p m + + … where m > 0 y a m 9 ^ 0. Then 

this series converges. If a is its limit，then (p p (a) = <p p (p m )= 
p— m . Hence o ： e 5. We see also that o ： is a unit in o if and only if 
m = 0. Hence the units of 5 are the elements (14) with a 0 9 ^ 0. 
We have seen that the ideal p is the principal ideal generated by p. 
It follows that every element of R ip) has the form p k i where e is a 
unit and k = 1 ，士 1 ，士 Hence every element has the 
form p k (a 0 + dip + • • •) where 0 < < p — 1. 

Let U be the multiplicative group of units in 5. We wish to 
analyze the structure of U 9 and first we shall show that U con¬ 
tains a subgroup isomorphic to the multiplicative group of non¬ 
zero elements of //(p), that is, a cyclic group of orders — 1. Let 
a be one of the numbers 1, 2, •••,/> — 1. We know that a p = a 
-f xp where x el. It follows by induction that a pk = a pk ~ l 
a pk — a pk ~ l _ 

f « T T ^ 11 ^ 

^lilUU. y J - - - O -I ^ u. 丄 L 1V±11^W o Lil<XL 

p k 

(15) ^a = a + + ( a )p 2 +• -- 

is a well-defined element of R^ p \ This is a limit of the sequence 
{“(*)} where 

Now in any field with a valuation one can prove as for the 
reals that lim a k = a y lim h = ^ imply lim (a k ± h) = a 士百 

and lim a k h = (cf. ex. 1, § 4). Hence lim “(*) = “ implies 

lim (“ (*)) p = Since ^ a (/c) = a pk we have lim a pk = and 

lim (a pk ) p = lim a pk+1 = ^ a p . But evidently lim a pk+1 = Hence 
we have = f a . Also ^ a = a (mod p) is clear from (15), and 
since a ^ 0 (mod p), 〆 0. Hence r/ _1 = 1. The same argu¬ 
ment shows that, if a ^ in the set {1, 2, . • 、 p — 1}，then 
tb- Hence we have constructed p — 1 distinct (p — l)-st 
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roots of 1. This is ail we can have in a field. We know also that 
{“} is a cyclic group (Lemma 1， § 1.13). 

Let eeU, so that i = a -j- a x p + a 2 p 2 + •. • where 0 < a < p 
and 0 < at < p. Then = c (mod p) and «i = f a -1 « = 1 
(mod p). We shall call a 夕 -adic integer a \-unit {Einseinheit) if it 
is congruent to 1 modulo p. We have shown that every unit in 
o has the form l = €i^ a where €i is a 1-unit. Let Ui be the set of 1- 
units. Then Ui is a subgroup of U. To see this, let ^i, ^2 e Ui so 
= 1 + e p. Then we have 7}^2 = 1 + 心 + A + H 三 
1 (mod 5), since 沒 1 + 瓦 + e 5. Also, it is easy to see that 

1 - + ^i 2 - (1 + Clearly, 1 一 A + 心 2 —— 

=1 (mod p). Hence f 1 = (1 + 3i) _1 e Ui ， 

In order to study the subgroup U\ of U more closely we find it 

mnvpnipnf fn infrnHnrp fhp PvnnnpnHal in fhp fiplrl of *_ 

adic numbers. We define this by means of the series : 


(16) 


ex P ^ = 1 + fj + yj + 


which we shall show converges for all x e p if ¥ 2. As in § 1, we 
write <p p (x) = p~ v ^ x) and we know that v p {x) is an integer. The 
condition v p {x) = / > 0 is equivalent to ： x e For a rational 
number, v p {x) is the power of p which divides x in the sense that x 
=p v J> ix) y where (jy,p) = 1. In order to prove convergence of (16) 

we evidently need a formula for p p (kl). For this we note that 

of the numbers 1, 2, - •, k are divisible by p where, as usual [z] 
denotes the integral part of the real number z. (These are p y 1p y 




Similarly 


'k' 


of the numbers 1, 2 , …，是 are 


ft 

divisible by p 2 y — are divisible by p 3 , etc. This implies that 
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assume p 7 ^ 1. Then if v p {x) = / > 1 and 々 > 0 ， v p {x k /k\) > 

k - >0. We can include ^ = 0 in this by taking 

%⑼ =°°- The inequalities show that x k /k\ e p if ^ > 0 and 
lim x k /k\ = 0. Hence (16) is convergent and exp x is defined for 
all e p. Moreover, since x h /k \ e p for 々 > 0, exp x is an element 
of 0 and exp = 1 (mod p). Hence exp x e Ui. If x 9 ^ 0 and 
p p (x) = / > 1 , then p p (x 2 /2 !) = 2 / > / and, if k > 2 y then 

v p {x h /k\) > k(^l - It follows that, if e / > 1, 

then 


(17) exp x — 1 — x e p l+1 . 

We shall now show that, if x,y e then 

(18) exp (x y) = (exp ^)(exp_y). 


Let 


X — y — V — Z — V ^ ~^y) K 

— ^ 7 1 y x n 一 ^ 7 a > — ^ y . 

0 0 允！ o «! 


Since 


(尤 ^ 




k\ 

^2n 一 XnY n 


0 /! (k-f)\ 

l + k<2n /! 是！ 
Z>»or 
k>n 


The inequalities noted before imply lim (Z 2n — X n Y n ) = 0. 
Since lim X n = exp x y lim Y n = exp jy, lim Z 2n — exp (x + y) y 
this gives (18). This equation and the fact that exp x bUi 
establish a homomorphism of the additive group (p, +) into U\. 
We shall show that the mapping x —> exp x is in fact an iso¬ 
morphism of (p, +) onto Ui ， To see that the mapping is an iso- 
morohism. it suffices to show that x 0 imolies exD x ^ 1. Thus 

x ^ i 1 

suppose p p { x ) = / 5^ oo, so ,v e p 1 , ^ f +1 . Then it is clear from (17) 
that exp x 

Next consider any element of U\. This has the form 1 + 
jep. Set Xi = y and consider (1 + y) exp (—>fi). By (17), 
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exp (—Afi) = 1 — Xi Zi where z x e p 2 ; hence 

(1 + jy) exp (-Xi) = (1 + xi)(l - xi - Zi) 

=1 + (Zi - Xi 2 + ^lZl) 

= 1+^2 

where = 2 工 一 xi 2 + X\Zi e - Suppose we have already deter¬ 
mined elements x 2 , …， such that Xi e and 

(1 + y) exp (—Xi — X 2 一 . - - — Xk) = 1 + 

where Xk+i e p fc+1 . Then 

(1 + y) exp ( 一 * x*i — X 2 — ••一 尤 *+i) 

=(1 +jy) exp (—Xi — x 2 - x k ) exp (—>f* + i) 

=(1 + ^+i) exp (-A+i) 

=(1 + Xfc + i)(l — X/c+i + z k+1 ), 

where z &+1 e fi fc+2 and (1 + ^& +3 )(1 — x k+i + 2 * +1 ) = 1 + x k+2 
where Xk +2 = z *+i 一 *v*+i 2 + ^fc+iZi+i e p* +2 . This shows that 
for any integer w > 1 we have xi, X 2 y • • • ， ^ n , Xi e p% such that 

n oo 

/•i I \ / \ 飞 \ _ *4 / 1 _L1 \ f-trM • 

(i 十 J) exp ( — △ 叫 = 丄 （moa f )• men x = 2 ^ x k is an 
element of p and we assert that exp >? = 1 - y. Let X n = 2^ Xi. 

i 

Then exp (—x) exp X n = exp (X n — x) = 1 (mod p n+i ) since 
X n — x e p n+1 . Now one verifies as for p that, if z! = 1 (mod 
p n+1 ) and z 2 = 1 (mod p n+1 )，then z x z 2 = 1 (mod p n+1 ). Hence 
we can conclude from (1 +jy) exp ( — X n ) = 1 (mod p n+1 ) and 
exp (—>r) exp X n = 1 (mod 5 n+1 ) that 

(1 + y) exp (—>f) = 1 (mod p n+1 ). 

Since n is arbitrary, this gives (1 + y) exp ( 一 x) = 1 and 1 + = 

exp x as required. This shows that x —> exp x e p is surjective 
on U\. Hence we have proved the following 

Theorem 7. Let p be the maximal ideal in the ring 5 of p-adic 
integers ， p 9 ^ 2 y and let XJ\ be the group of elements = 1 (mod p). 
Then the exponential mapping x —> exp x is an isomorphism of the 
additive group (p, +) onto the multiplicative group U\ of \-units o / q . 
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Remark. It is natural to establish the fact that x —> exp x is 
surjective by giving the inverse function log (1 + y) = y — 


- 1 - -- which is defined for all jy e p (ex. 4 below). Then 

2 3 


one has to show that exp (log (1 + j)) = 1 + j. The details of 
this are somewhat lengthy. For this reason we have preferred the 
above proof that x —> exp x is surjective since it does not require 
the explicit definition of the inverse. The reader may refer to 
Hasse’s Zahlentheorie^ Berlin 1949 ， pp. 188- 199， for a complete 
treatment of these questions. 

It is clear from Theorem 7 that the group has no elements of 
finite order. Hence if Z denotes the group of {p — l)-st roots 
of 1 which we constructed before, then U\ fl Z = 1. We have 
seen that every element of the group of units XJ of o is a product of 
an element of Z and an element of U\. Hence we have U = Ui X 


Z (direct product). 

As an application of these results we consider the question of 
solvability of equations of the form x 2 = m \n p-adic fields where 
m is an ordinary integer prime to p and p 7 ^ 2 . Then m eU and 
we can write m = r}^ a where rj e Ui and m = a (mod p), 0 < a < 
p. It is clear that ，\i a 2 = m for a e R (p \ then <p p {a) = 1, so if a 
solution of x 2 = fn exists in R then this solution must belong to 
U. Hence it has the form X “ where “is one of the {p — l)-st 
roots of 1 and X e U\. It follows from U = Ui X Z that X 2 = rj, 


tb 2 = Ta- We now note that the equation x 2 = rj has a solution 
for any rj e U\. Using the isomorphism of Ui with ( 节 ， +)，it 
suffices to see that the mappings —> 2 x is an automorphism of the 
latter group. This is clear since 2~ l bU and x —> 2~ l x maps ^ 
into itself and is the inverse of the mapping x —> lx. Hence we 
see that the equation jc 2 = w is solvable in if and only if 
tb 2 = Ta is solvable. It is easy to see that the condition for this is 
that x 2 = m or x 2 = a (mod 多 ) is solvable，that is，w is a quadratic 
residue modulo p. Hence x 2 = m is solvable in R^ p \ p 7 ^ 2 
(m y p) = 1 if and only if x 2 = m (mod p) is solvable in integers. 


that is, if and only if ^ = 1 where ( 二 ) is the Legendre symbol. 


For example, if p = 5 and m = —1, then 2 2 = —l (mod 5) so 
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(—^)=1. Hence V—1 exists in the 5-adic field. On the other 
hand ， © = — 1, so does not exist in this field. 


EXERCISES 

1. Obtain the 5-adic expansion of the form (14) for the 5-adic int^er f. 

2. Show that the field of p-adic numbers is uncountable for any p = 2, 3, 
5, • • • • Use this to prove the existence of _p-adic numbers which are transcen¬ 
dental over the rational subfield. 


3. Use the binomial expansion of (1 — 2x)^ to obtain a convergent series for 
= g-(l — 10) ^ in the 5-adic field. 


4. Define lc^ (1 +jy) = y 


2 3 


…. Show that this series converges 


for all jv e p if p ^ 2. Show that log (1 +^i)(l +^ 2 ) = log (1 十 jyj) + 
lpg (1 + y 2 ) } yi e p. . . 

5. Show that the equation = 4 is solvable in the field of 5-adic numbers. 


6. Show that in the field of 2-adic numbers the exponential mapping is an 
isomorphism of p 2 onto the group of elements of 0 which are = 1 (mod ^ 2 ). 


6. Hensel’s lemma. There is another, more powerful, method 
for handling equations in 夕 -adic fields and more generally in com¬ 
plete fields with a discrete non-archimedean real valuation. This 
is based on a fundamental deducibility criterion for polynomials 
which is known as 


Hensel’s lemma. Let ^ be a complete field relative to a non- 
archimedean discrete real valuation ip. Let o be the valuation ring of 
p its maximal prime ideal y A = o/p the residue field and let a —► 
= a ^ be the canonical homomorphism of 0 onto A. Suppose 
j{x) e oM has the property that its image f*(x) = y(x)r](x) in A[x] 
where y\{x)) = 1 and the leading coefficient of y{x) is 1. Then 

f{x) = g{x)h{x) in o[x] where g*(x) = y(x) 9 h*(x) = ”0)，deg g(x) 
=deg y(x^ and g{x) has leading coefficient 1 = 


Proof, Let deg/(x) = n y deg y(x) = r < n. We can choose 
hi(x) eo[x] so that &*(>) = y(x), hi*(x) = ”0)， deg gi(x) 
= r y deg h\ (x) < n — r y leading coefficient of ^i(^) is 1. Then we 


have f{x) = gi{x)h\{x) (mod p) in the sense that the coefficients 
are congruent (mod p). We proceed to determine two sequences 


of polynomials {^*(^)}, {hh{x)) y k = 1 ， 2，•• •，in o[x] such that: 
(i) gh{x) = gh+i{x) (mod p fc ), h k {x) = h k+l {x) (mod p*) ， ⑻ /㈤ = 
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gk(x)hk(x) (mod p*) ， (iii) deg g k (x) = r y deg hk(x) < n — r, 
leading coefficient of 幻 t(*v) = 1. We can begin these sequences 
with the gi(x) and h\{x) which we have chosen. Hence we may 
suppose that the sequences have already been constructed for 
k < s. We set = g 8 (x) + h 8+ i{x) = h s {x) + 

v(x)tt 8 } where p = (tt) (as in § 5). Then (i) will hold for any choice 
of u(x) and v(x) in oM. We seek to satisfy (ii). This requires that 

/W E bW + u(x)T 8 ][h 9 (x) + »(jv)tt 8 ] 

^ ga(x)h 8 (x) + + h 8 {x)u{x)]i： s (mod p 8+1 ) 

or 

(19) f{x) — g 8 {x)h s {x) = + h^uix)]^ (mod p 8+1 ). 

Since/(jf) = g s {^)h s {x) (mod p 8 ) we can write/(>c) — g 8 {x)h s {x) = 
Tr 8 (a(x) where w(x) e o[>f]. Since deg/(>f) = n and deg g 8 (^)^s(x) 

< n we may suppose deg oj(x) < n. It is clear that (19) will hold 
if 

(20) 口 W + h B {x)u{x) = <a{x) (mod p). 

Now it is clear from (i) that《《*(>?)== y(x) and h 8 *(x)= 
vM, so we consider the equation 

(21) 7 ( 咖 + rj(x)u*(x) = o)*(x) 

in A[x]. Since (y(x), = 1， there exist polynomials ce(x), 13(x) 

in Af^f] such that <x(x)y(x) + ^(x)rj(x) = 1. Multiplication by 
gives polynomials k(x), X(^) such that K(x)y(x) + \(x)r}(x) 
=(a*(x). We can write X(^) = y(x)fi(x) + p(x) where deg p(x) 

< r and then we obtain 

= K(x)y(x) + (tWmM + 

=(k(x) + n(x)n(x))y(x) 4 - p(x)v(x). 

- ^ r--» r f \ r • r • \ r 

Then deg p(x)tj(x) < n while deg < n. Since deg y(x) = r, 

the foregoing relation shows that the degree of (k(x) + 

does not exceed n — r. If we call this polynomial <t(x), we have 

<r(x)y(x) + p(x)v(x) = oJ*(x) y 

where deg p(x) < r and deg <r{x) < n — r. Then we can choose 
u{x) and v{x) eoM so that u*(x) = p(x), v*(x) = <r{x) y deg u(x) 




232 


VALUATION THEORY 


=deg p(x) < r y deg v(x) < n — r. Then (21) holds and 
= 《 sOv) + u(x)Tr s y h s +i(x) -j- h s (x) + v(x)t 8 satisfy also 
(Hi). This completes the proof of the existence of the sequence 
{hk(x)}y k = … satisfying (i) ，（ ii)，and (iii). The 

conditions (i) and (iii) and the completeness of imply that the 
sequences \hk{x)} converge to polynomials h{x) in 

the sense that the sequences of coefficients of like powers of x con¬ 
verge to those of g(x) y h(x). Moreover, we have deg = r, 
deg h(x) < n — r y leading coefficient of = 1. It follows also 
from (ii) that f{x) = g{x)h{x) and this completes the proof. 

EXERCISES 

1. Use Hensel’s lemma to prove that in the field of _p-adic numbers there 

exists a such thatf a p—1 = 1* = a (mod 5) where a is any int^er prime to p. 

Also use this to obtain another proof of the existence of \ /一 1 and in the 
5-adic field. 

2. Hypotheses on 中 as in Hensel’s lemma. Let f(x) = aox n + + •. • + 

a n e oM satisfy: ao, « n e t) but there exists « r , 1 < r < » — 1, such that a T ^ p. 
Then /(x) is reducible in oM. Use this to show that, if g{x) = + aif 1 

+ • •. + is an irreducible polynomial in $[;c] and cx n e 0, then all the ai e o. 

7. Construction of complete fields with given residue fields. 

Let △ be a given field. We consider the problem of constructing 
complete fields with non-archimedean real valuations such that 
the residue field is the given field A. We shall give two construc¬ 
tions : the first, in which the complete field contains A and so has 
the same characteristic as A ； the second, in which A is perfect of 
characteristic p 〆 Q and the complete field is of characteristic 0 . 
A special case of the latter is A = / p and the complete field is 
the field of 夕 -adic numbers. 

We consider first the field ^ = △( 专 ）where ^ is transcendental 
over A. We introduce the order function v by u(cx (^))= 是 if a(^) 
= 右 */3( 专 ) 7 ( 0 _1 where /3(^) and y(^) are polynomials not divisible 
by We define a valuation <p by <p(a(^)) = c v{ai ^\ c a fixed real 
number 0 < r < 1 (cf. example 3, § 1). Let 圣 be the completion 
of ^ relative to <p. Since 9 ? is trivial on △，it is clear that <p is non- 
archimedean. Hence its extension to 蜃 ， which we shall denote by 
(p also, is non-archimedean. The value group r of $ and of 蚤 
consists of the powers of c y so the valuation is discrete. Let 5 be 
the valuation ring of p its maximal ideal, and let 0 = 5 fl $， 
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p = p fl It is clear that 专 is an element of p for which (p(^) = c 
is maximal. Hence, as in the^>-adic case，every element o ： of $ has 
the form where c e 5, ^ p and k is an integer. We can therefore 
define p(^ k €) = k and it is clear that this coincides on $ with the 
order v which we defined originally in 

We have seen in § 5 that 5 = o + p and this permits us to 
identify the residue fields o/p and o/p. The ring o is the set of 
rational expressions in ^ with coefficients in A which are “finite at 
0 ” in the sense that cx(^)= 卩 ( 专 ) 7 ( 专）一 1 where /3 and y are poly¬ 
nomials and 7 ( 0 ) 9 ^ 0 . The argument in the />-adic case showing 
that 0 = / + p (p. 224) can be used in the present situation to 
prove that 0 = △[£] + p. Since 专 e p，this gives 0 = △ + p and, 
since p fl △ = 0, we have the isomorphism 5 —> 5 + p in o/p of A 
with the residue field 5/p. In this sense we can say that A is the 
residue field of 

Now let a be any element of 0 . Then 0 = △ + p shows that we 
can find 5 0 e A such that o ： — 5 0 c p. Then oti = {a — 5 0 ) 专一 1 e 0 
and we can repeat the argument with this obtaining 5i e A such 
that o：i — e p and a 2 = (o：i — 5i)^ — 1 e 0 . We have a = 5 。 + 
5^ + oc 2 ^ 2 y 0 L 2 e 0 . As in the 声 -adic case, we can continue this 
process and obtain 

(22) a = 5 0 + + 5 2 专 2 + ••• + 5# + a*+i^ +1 

where the 5* e A and 〜 +1 e 5. Since ^(o ： * + i^ +1 ) > ^ + 1, it is 
clear that the sequence {o：^*} is a null sequence. Hence we have 

(23) o ： = 5o + -j- 82 ^ + . ■ .， 5 t . e △， 

for any a e 5. If ^ is any element of ^ we can write ^ = a^~ h 
where ^ is a non-negative integer and a e 0 . Then we have 

(24) 8 = ^~ k ( 8 n + 5^ 4 - 8^ 2 H- . •). 

\ / I \ v ■ a ^ * tm » ^ 

This shows that 蚤 is the set of power series of the form (24) in ^ 
with coefficients in the field A. It is easy to see that the expression 
(24) for 3 is unique, that is, k and the 3 t e A are uniquely deter¬ 
mined by Moreover, the addition and multiplication of ele¬ 
ments of $ are the usual ones for formal power series based on the 
compositions in A. For example, we have (5 0 + + • •.) + 

(eo + +• • •) = (5 0 + € 0 ) + (5i + €i)^ H - for 5；, e { in A and 
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/ 00 \ / 00 \ 00 ^ 

(S )( 2 ) = S where Vk = ^2 5*•€*_»•. It is clear 

that we have a good hold on the field 蚤 as the field of formal power 
series (24). 

We consider next the case in which A is a perfect field of charac¬ 
teristic^ 0 and we shall use this to construct a field 圣 which is a 
generalization of the field of 夕 -adic numbers. The construction 
we shall give is based on Witt vectors which we considered in 
§ 3.4. We begin with the definition of the ring 3 S(St) of Witt 
vectors {of infinite length) based on a commutative algebra SI over 
I p . The elements of 3 B(Sl) are the infinite sequences 

(25) (a 0) a ly a 2> • • •)) a i e % 

where equality is defined component-wise. We can define addi¬ 
tion and multiplication by the formulas (22) of Chap. Ill which 
were used to define these compositions in the ring of Witt 

vectors of length m defined by 31. Then one can verify that 3 B(Sl) 
is a ring. It is more convenient, however, to adopt an equivalent 
but slightly different approach which is a special case of the defini¬ 
tion of an inverse limit of rings. In the present case we are deal¬ 
ing with such a limit for the rings SI = 3Bi( 效 ) ， 3B 2 ( 致 )， ••- with 
the restriction homomorphism R of into We 

associate with the element A = (« 0 , a u • • •) of SB (SI) its projec¬ 
tion A Tm = (a 0y a u • • •, « m _i) in S!!B m ( 效 ) • Then A TmR = (a 0> …， 
a m - 2 ) = I" 1-1 . On the other hand, let \ A m \m = 0, 1 ， 2 , •••} be 
any sequence of elements A m where A m e 3B m (SI) and A-„^ = A m _ u 
w = 1, 2, • • •. Then it is clear that \A m \ = for a unique 
A e Hence we can identify the elements of 3 B(St) with the 

sequences A m e 2 B m (Sl) such that = A m -\. A = 

\A m } and B = {B m \ are two such sequences, we define A B = 
\A m + B m } 9 AB — Since 及 is a ring homomorphism, 

{A m -h Bm) R = A m R + B m R = A m -\ + B m -\ and = 

A m R B m R = Hence A B and AB e It is 

LU Vlitl LU CUdk LilcLL 15 it ^UIIIIIIU LclLl VC I'lllg I Cia.ll VC LU LUC^C 

compositions and that 0 = ( 0 , 0,…）， 1 = ( 1 ， 0 , 0 ,…）. For a 
fixed m, the mapping 7r m ： A —> A Km is a homomorphism of 3S(§I) 
onto 333^(21). Since i Tm has order p m y it is clear that the identity 1 
of 四 （ SI) has infinite order in the additive group (SS(2l)，+)_ 
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Let Sfl m denote the kernel of 7 r™. Then 9 ^™ is the set of elements 
of SS(SI) of the form ( 0 , • • •, 0 , a my a m+ i, • • •). Hence 

00 

(26) 汧 i] 价 2 => 汧 3 => •••， f| 汧饥 = 0 . 

We can use the set to define convergence in 2 B(Sl). If 

{Ah I k = 1, 2, • • •} is a sequence of elements of 333(31)，then we 
say that \ A\t\ converges to the element A of 3B(3!l) (A k —> A) if for 
any positive integer m there exists a positive integer N{m) such 
that A — AkZ 价 for all k > N{m). It is easy to see that the 
limit A is unique and that Ak d — B imply yf* ± 5* —> 
A B and A k Bk —> AB. Suppose {C*| 是 = 0, i ， 2,… } is a 
sequence such that Ck e 9 ^*, k = 1 ， 2， • • •. Set = Co + 
Ci + • • • + CV Then hence the 

sequence of elements {w = 0 , 1 , ■ • •} where ^ m lrm+1 e 
3Bm+i(?l) can be identified with an element A e 3 B(Sl). One 

checks that A k ^ A. Since A h =■ C 0 + Ci + • • • -|- C*, we 

00 

shall indicate the convergence Ak —> yf by writing ^ Ck = A. 

iC ssQ 

We recall that, if 5R is the ideal of elements (0, a u • • • ， a m -i) in 
职效 )， then 沢 is nilpotent (Th. 3 . 12 ). In fact, the proof of this 
result shows that ^fl k is contained in the set of vectors of the form 
(0, ••• ，（ ) ， a k+ u …， This implies that 9 ^ 1 * C in 9S( 效 ). 

«> / m \ 

Hence, if Z e ^i, then ^2 Z k is defined. Since f ^ Z* J (1 — Z) 

k=0 \ 0 / 

oo 

=1 — Z m+1 , it follows that 1 — Z is a unit in 3B(H) with ^ Z k as 

o 

inverse. Since (a 0y • • .)( 0 0 一、 … ） =( 1 , •••) this implies that, 
if a 0 is a unit in 效 ， then (a 0y 〜，•••）is a unit in 四 ( 敦 ) • 

Now let St = A* a perfect field of characteristic p. The formula 
p(a 0y a ly a m _{) = ( 0 , a 0 p y - -,a m _ 2 p ) in ( 效 ） which 
we established in § 3.4 (Equation (27)) implies that p{a^ • • •) 
=(0. a n p . «i p . •••) holds in Iteration of this formula eives 

\ ^ / - N - - ^ O 

-— k ~> 

(27) p k (a 0y 〜， • • •）= ( 0 , • • • ， 0 , a 0 p \ a〆，•••). 

Since SI = A is perfect, the elements can be taken to be arbi- 
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trary elements of A. Hence we have / >*333(A) = 9^* where ^ is the 
ideal we defined before. Also (27) shows that, if A 9 ^ 0 y then 
p k A 7 ^ 0 for k = 1 ， 2， …. Now let A and B be any non-zero 

elements 01 1 iicn wc can wncc = p n = p u wiicrc 

C，D # 价 1 . Then C = (c 0 , …） and D = (d 0y •••) where c 0 9^ 0, 
do ^ 0. Hence CD = (co^O) .. •) ¥ 0 and AB = p kJrl CD ^ 0. 
This shows that 四 (A) is an integral domain. Let $ be the field of 
fractions of 333(A) and consider the subset ^ of $ of elements of 
the form p k C where C e333(A) and 是 = 0, 士 1 ， ±2 ， • • •• Since 
any C e2B(A), ^ p^{A) is a unit in 333(A), it is clear that the non¬ 
zero elements of form a group under multiplication. Since 
is a subring of $ which contains 333(A), it follows that 争 ’ = 争 . 

\i A = p k C y C e3B(A), ^ ^ 1 , then we define the order v{A) = k 
and we define = p~ k y (p(0) = 0. Then p is a real non- 

archimedean valuation of The subring 3B(A) is the set of ele¬ 
ments satisfying ip{A) < 1 and is the ideal of elements B of 
333(A) such that <p{B) < 1. The residue ring is ^(A)/^ which is 
isomorphic to A. The result we noted before on convergence of 
sequences in SS(3l) implies that 争 is complete relative to the valua¬ 
tion <p. We leave it to the reader to check this. Since 1 is of in¬ 
finite order, $ is of characteristic 0. Thus 中 has all the properties 
we required: completeness relative to a non-archimedean real 
valuation, characteristic 0, residue field the given perfect field A 
of characteristic p. If we start with A = I py then the field 牵 we 
obtain in this way is the field ofp-adic numbers. 

8. Ordered groups and valuations. A non-archimedean real val¬ 
uation satisfies <p(a + /3) < max {<p{a) y <p ⑻)， = <p(a) <p(^). 
Hence it is clear that in considering such a valuation the addi¬ 
tion of the reals plays no role. Only the multiplication and 
order of the non-negative reals are involved in the defining proper¬ 
ties. As we shall see, this leads to a generalization of the concept 
of a non-archimedean real valuation to (non-archimedean) valua¬ 
tions with values in any ordered commutative group. Besides the 
increased generality which results from this extension, the 
generalization is essentially simpler and more natural than the 
original concept. We consider first the notion of an ordered 
commutative group. 
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Definition 6. An ordered (commutative) group G is a commuta¬ 
tive group G together with a subset H satisfying the three conditions: 
1) \ 2) if a zG either a e H y a = 1 or a~ x H is closed 

under the multiplication in G. 

If (G y H) is an ordered group, then we let H 一 1 = {^ -1 \b zH}. 
Then condition 2 states that G = H U {1} U H~ l . Moreover, 
these sets are non-overlapping. This is assumed for H and {1} in 
condition 1 and it follows for H~ l and {1} on observing that, if 
1 8 H~ l y then 1 eH contrary to condition 1. Finally, if a eH f\ 
H~ 1 y then a 一 1 zH and 1 = aa~ x eH by condition 3. This again 
contradicts condition 1. 

The positive reals form an ordered group if we take H to be the 
set of elements < 1. We can take H equally well to be the set of 
elements > 1. In fact, if G is any ordered group, then H~ l is 
closed under multiplication and satisfies conditions 1 and 2 of 
Definition 6, so we can obtain another ordered group on replacing 
H by H~\ In any ordered group G we define a < b to mean that 
ab~ x e H. This defines a linear ordering in G, that is, we have the 
following properties : a < b y b < c implies a < c. 2. For any 
pair (a y b) y a/b zG y one and only one of the following holds : a < b y 
a = b K a (as usual we write b > a for a K b). The order in G 
is invariant under multiplication，that is, we have: 3. If a < b y 
then ac < be. Conversely, if a relation a < b\s defined in a group 
G so that properties 1, 2, and 3 hold, then G is ordered by the 
subset H = [a\a < 1}. Clearly condition 1 of Definition 6 holds 
for H. To prove conditions 2 and 3 we note first that, \{ a <b 
and c < d y then ac < be < bd so ac < bd\ hence, a < b\{ and only 
if a~ l > b~ l . In particular, ^ < 1 if and only if a~ l > 1. Since 
any a satisfies one of the conditions: a < 1〆 = 1〆 > 1， it is 
clear that condition 2 of Definition 6 holds. Finally, a < l y 
彡 < 1 imply ab < 1, so H is closed under the multiplication in G. 
We remark also that the ordering defined by H in the manner 
indicated: a < b ab~ Y zH \% the same as the original ordering 
since ab 一 1 e //"means ab~ l < 1 and this holds if and only if a < b. 

If Gi is a subgroup of an ordered group G ordered by the set 
H = {a\a e G y a > 1}，then Gi has an induced ordering defined 
by Hi = Gi f) H. This can be verified directly, or it can be seen 
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by noting that the relation > defined in G gives a relation in Gi 
which satisfies the conditions stated before. If G is ordered by H 
and G' is a second ordered group, ordered by H r y then an isomor¬ 
phism r} of G into G r is called an order-isomorphism if Hrj C H f . 
Also G and G f are order-isomorphic if there exists an order iso¬ 
morphism 7} of G onto G r . In this case one necessarily has Ht\ = 
H f , For example, the group of positive reals under multiplication 

wifh 1-T HpfineH ac Kefnrp i.Q orHer icnmofnhir fr» fhf* nHHif-iire o-frnin 

T T A M m, A A 'W* & i & ▲ a a m m, «_F ▲垂 i M A A V 1 負 r i Jb Wk A A ▼ A 

of all the real numbers ordered by the set H f of negative reals. 
The mapping a —> log a (natural logarithm) is an order isomor¬ 
phism of the first group onto the second one. 

If G is an ordered group, G contains no elements 〆 1 of finite 
order ； for, if a < l (a > 1), then a n < 1 (a n > 1), so a n 9 ^ 1 for 
every positive integer n. A consequence of this property of G is 
that for any fixed integer n the mapping ^ of G is an iso¬ 

morphism of G onto a subgroup of G y which is order preserving if 
n > 1. 

To define general valuations we shall need to consider ordered 
groups V with 0. We define such a system to be an ordered group 
G to which a 0 element has been adjoined; V = G U {0}. The 
ordering in G is extended to V by defining 0 < a for every a eG 
and we define aO = 0 for all a. We can now give the following 

Definition 7. Let ^ be a field and let V be an ordered {commuta¬ 
tive) group with 0. A mapping <p ： a <p(<x) of into V is called a 
valuation if 

(i) <p(a) = 0 if and only if a = 0. 

(ii) <p( a 0) = fOM 卢 ) • 

(iii) <p(a -h 0) < max (<p(a) 3 <p ⑻ )• 

The exact sweep of this definition will become apparent soon. 
At this point it is clear that real non-archimedean valuations are a 
special case in which V is the set of non-negative real numbers. 
On the other hand, it should be noted that the real archimedean 
valuations are not valuations in the present sense. This incon¬ 
sistency in terminology will cause no real difficulty. We shall now 
give an example of a valuation for which ^is not the non-negative 
reals. 
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Example, In this example we shall find it convenient to use the additive 
notation in the group G. The modifications in Definition 7 which are necessi¬ 
tated by this change are obvious, so we shall not write these down. The group G 
we shall consider is the additive group of integer pairs (k, /). We introduce the 
lexicographic order in G, that is, we define (i,/) < l 1 ) if either k < k f or 
k = k r and / < V. One checks that this is a linear ordering preserved under 
addition; hence G is an ordered (additive) group. We let = G U {<»} where 
the ordering is extended to V by setting oo > (A:, /) for every l) e G. Also we 
define (^r, /) + oo = «j. Now let P = 中(匕 77 ), a purely transcendental extension 
of a field $ where is a transcendency basis for P over If 0 eP and 

a 5 *^ 0 , we can write a — where p{^ rf) and 〆在，”） are poly¬ 

nomials in ij with non-zero constant terms, and m and n are int^ers. Then 
we define <p{a) = (w, n). Also we set ^?(0) = «. Then (i) holds. It is easy to 
check that <p{ab) — tp{a) + <p{b) and <p{a + ^) > min (史 (《)， <p{b)). The first of 
these is (ii) in the additive notation and the second can be changed to (iii) by re¬ 
versing the ordering (writing > for <). Hence our function is essentially a 
valuation. 

EXERCISES 

1. Let G be the additive ordered group of integer pairs (k t l) given in the fore¬ 

going example. Let c and e be real numbers such that 0 < f < 1 and e is posi¬ 
tive and irrational. Show that the mapping l) is an isomorphism of 

G into the ordered multiplicative group of positive real numbers P. Show that G 
is not order isomorphic to a subgroup of P. 

2. Let P = rf) and a = ^v n p(^ rjH 77 ) 一 1 where p and q are polynomials 
in 97 with non-zero constant terms, as in the example above. Define yp{a )= 
c m+en where c and e are real numbers, 0 < c < 1, ^ positive irrational. Show 
that ^ is a non-archimedean real valuation which is not discrete. 

3. Define a valuation <p of an integral domain 0 by replacing the field $ in 
Definition 7 by the integral domain 0. Show that any valuation ^ of 0 into V 
has a unique extension to a valuation of the field of fractions $ of 0 . 

4. Let G be an arbitrary (commutative) ordered group and let 0 = $o(G) be 
the group ring over a field $0 of G (Vol. I, ex. 2, p. 95). Show that 0 is an integral 

r 

domain. H a = ^ ctigi, a* 〆 0 in $ 0 , gi e define <p{a) = min gi (in the 

1 

ordering < defined in G). Define 沪 (0) = 0. Show that ^ is a valuation of 0. 
Use exs. 3 and 4 to show that if 〆 is any ordered group with 0, then there exists a 
field $ with a valuation <p of ^ into V such that tp(^) = V* 

9. Valuations, valuation rings, and places. In this section we 
shall establish an equivalence between the concepts of a valuation 
in the sense of Definition 7 and two other concepts ： valuation ring 
and place. The first of these，valuation ring, is an intrinsic notion 
in the sense that its definition does not require any system external 
to the given field 牵 . Moreover, the valuation rings give the link 
between valuations and places. We have already encountered 
these for real non-archimedean valuations. 
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Now let 牵 be any field and let be a valuation with values in 
the ordered group V with 0. We note first that p(l) 2 = <p{\ 2 ) = 
p(l) and, since G contains no elements of finite order 1 ， ^>(1) 
=1. Also 9 ?( —l) 2 = p(l) = 1， so <p(—l) = 1 and <p( — a )= 
(p{ — Y)ip{a) = <p(ot). From aa —1 = 1 we obtain ^?(q ： —1 ) = <p(a ) —1 
and = <p(<x)<p(p) 一 1 . Now let o be the subset of ^ of ele¬ 

ments a such that ip(a) < 1. Then, if a, 3 e o, (p(a — 0) < max 
<p(^)) < 1 an d <p(oi0)= : <p(a)(p(^) < 1. Hence o is a sub¬ 
ring. Now suppose o ： ^ o, then <p(a) > 1 and = ^(ck) —1 

< 1. Hence a 一 1 e o. We therefore see that o is a valuation ring 
(in $) in the sense of the following 

Definition 8. If ^ is a fields a valuation ring o in $ is a subring 
of 电 (containing 1) such that every element of ^ is either in o or is the 

•«/ 、 u / 〆 

inverse of an element of o. 

If o is the subring of elements a satisfying <p(a) < 1 for the 
valuation <p y then o is called the valuation ring of (p> This is a direct 
generalization of the definition we gave before for non-archime- 
dean real valuations. We shall now show that any valuation ring 
gives rise to a valuation <p f for which the given ring is the valua¬ 
tion ring. Suppose o is a valuation ring in 中 . Let [7 be the set of 
units of o, p the set of non-units, p* the set of non-units ¥ 0 ， 
the multiplicative group of non-zero elements of Then 1/ is a 
subgroup of the commutative group and we shall take G / = 
^*/U for our group. We introduce an ordering in G f by letting H r 
be the set of cosets I3U, 13 e p*. It is clear that the product of a 
non-unit of o with any element of o is a non-unit. Hence if j3!, 
(3 2 e p*, then e p*; so if ^iU y /3 2 U y e H\ then (^iU)(^U) 
=e H r . If is any element of G f = then 

^ 9 ^ 0 y and if ^ ^ p* y then either ^ e U or ^ U and /3 i p*. In the 
first case = U, and in the second /3 ^ o, so /3' 1 e o and，since 
尽一 1 e U implies ^ eU, we have 尽一 1 e p*. Hence - 1 = 
^~ l U e H f , Thus we see that G f = H f \J {1} U (H f ) -1 holds. 
Also l = U ^ H r . Hence H f makes G f an ordered group as in 
Definition 6. Next we adjoin a 0 to G f t obtaining F f = G f [j {0 }， 
and we define a mapping <p f of ^ into V r by 

(28) ^(0)=0 ， ^(a) = aUeG / if a ^ 0. 
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The conditions (i) and (ii) for a valuation are clearly satisfied. 
Also (iii) is clear if either a = 0 or ^3 = 0. If ck 〆0 ， 〆0, 
either a/ 3 一 1 eo or -1 e o and we may as well assume the former. 
Then we have a = where 7 e o and <p f (a) = < 〆(/?) 

since (p f (y) = yU < l = U. Also a/ 3 一 1 + 1 e o, so + 

1 ) < 1 and tp\a + /?) = /( 邮一 1 + l)(p f (P) < = max (<p f (ot) y 

\ U A A A f < ^ ^ ^ f\ 了 + A A A 1 A *• C O 、 «« A 4 "] aCL «* 4 

ip \p, j • 丄丄 y^iii ) ii\jiKXzy» x l id ^i&ai ii\Jiu ) anu. ui& 

tion of G f and H f that <p f (a) < 1 is equivalent to o ： e 0 . Hence 0 
is the valuation ring of the valuation 〆• We shall call the valua¬ 
tion (p f the canonical valuation of the valuation ring 0 . 

Now consider again an arbitrary valuation <p of ^ into V — 
(G, 0) where G is a commutative group ordered by H. Let 0 be 
the valuation ring of <p and <p f the canonical valuation of ^ into 
r = (G f y 0) where G f = ^*/U is ordered by H f = \^U \ & e p*}. 
The defiliition (28) gives 〆(()）= 0 ， <p f (a) = all if a 9^ 0. We 
have the homomorphism a —> <p(a) of the multiplicative group 
into G whose kernel is the subgroup U. Hence we have the in¬ 
duced isomorphism ij ： <p f (a) = all —> <p(a) of G r = 电 ’/U into G. 
This is an order isomorphism since, if ^XJ e H f , then 尽 e p*, so 
<p ⑹ < 1. We now see that the given valuation can be factored 
as 妒 = <p f r} where r} is an order isomorphism of G f into G (more pre¬ 
cisely, F f into V). 

These considerations make it natural to lump together the 
valuations of which have the same valuation ring 0 . Accord- 
ingly，we shall say that such valuations are equivalent. 

There is a third concept, that of a place which is also equivalent 
to the concepts of valuation and valuation ring. We define this as 
follows : 

Definition 9. If ^ is a field ， a place ^ is a homomorphism of a 
subring 0 of ^ into a field A such that、if a ^.0 then a _1 e d and 
= 0. {We recall that leo and 少 （ 1) = 1 by our conven¬ 
tions on subrings and homomorphisms.) 

It is clear from the definition that, if ^ is a place, then the sub¬ 
ring 0 given by ^ is a valuation ring. On the other hand, suppose 
0 is any valuation ring and let p be the set of non-units of 0 . Then 
it is clear that，if )3 e p and a eo y aQ e p. In particular, —8 = 
(—1)/3 e p. If /3i and /3 2 e p, we may assume that /3i 卢 2 一 1 eo. 
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Then 曰也 - 1 + 1 e o, so /?i + /3 2 = + 1)^2 e p. Hence p 

is an ideal in o. Since p is the set of non-units of o, it is clear that p 
is maximal and △’ = o/p is a field. Let ^ be the canonical homo¬ 
morphism of o onto △' = o/p. Then it is clear that 夕 ’ and o 
satisfy the defining conditions for a place. We shall call this place 
the canonical place of the valuation ring o. The image of o under 
0^' is △' = o/p where p is the ideal of non-units of o. As in the 
special case of real non-archimedean valuation, we shall call 
the residue field of the valuation ring o. 

Now consider again an arbitrary place ^ of ^ into the field A 
and let o be the valuation ring on which ^ is defined. Let p be the 
ideal of non-units of o. If a e p and a 7 ^ 0 y then a -1 so the 
hypothesis on ^ gives 分 (a) = 0. This holds also if a = 0. 
Hence we see that p is contained in the kernel of 泛 Since p is a 
maximal ideal, this shows that p is the kernel of 0^. The homo¬ 
morphism a —> 少 (a)，a e 0 , therefore gives an isomorphism ^ f {a) 
=a + p —> ^{cx) y and so the place ^ is the resultant of the 
canonical place ^ and an isomorphism of A f into A. As for 
valuations, it is natural to consider as equivalent places that have 
the same valuation ring. 

We have now established the procedures for passing from one of 
the concepts: valuation, valuation ring, place, to any other. 
Clearly, a result on one of these can be translated to the other two. 
In the sequel we shall apply this idea to obtain extensions of 
valuations via extensions of places. The latter amounts to ex¬ 
tensions of homomorphisms, for which we have available the basic 
extension theorems of the Introduction. 

EXERCISES 

1. Let 少 be a place on $ with values in A. Adjoin a new element «； to A and 
define qo + 5 = «j = 5 + «j, 5 e A, 0000 = 00 ， oo5 = «j = 5«j if 5^0 in A. 
Extend 0^ to the whole of $ by defining ^{a) — Verify that 

作 + 奶 = ^(a) + 妒⑹ 

^ - 少 (<x) 妒 (0) 

whenever the right-hand sides are defined. Conversely, assume that is a 
function defined on $ with values in (A, oo), A a field where△ D {<»} = 0 and 
obeys the rules indicated. Assume (29) hold whenever the right-hand sides are 
defined. Let 0 be the inverse image 少一 1 (A). Show that the restriction of ^ to 
0 is a place. This gives an alternative definition of a place. 
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2 . Let 少 be a place with valuation ring 0 . Assume 0^ is an isomorphism. 
Show that 0 = $ and that the canonical valuation of 0 is trivial in the sense that 

史’⑼ = 0, <p f (oc) = 1 if a 5 ^ 0. 

10. Characterization of real non>archimedean valuations. In 

order to apply the general theory of valuations to the case of non- 
archimedean real valuations it is necessary to characterize these 
among all possible valuations of a field. In view of the foregoing 
discussion this is equivalent to the problem of characterizing the 
ordered groups which are order isomorphic to subgroups of the 
multiplicative group of positive reals or ， equivalently, to the 
additive group of all the real numbers with the usual order in this 
group. Hence we seek a characterization of the ordered groups 
which are order isomorphic to subgroups of the additive group of 
real numbers. It will be convenient to use the additive notation 
in all the groups which we shall consider in this section. 

Let G be an ordered group ： If a eG y we define | a | = a if a > 0 
and \a\ = —a if a < 0. We define an isolated subgroup X of G as 
a subgroup such that, if « e X and \b < \a\ y then b z K. Let 
Ki and K 2 be isolated subgroups. Then we assert that either 
C K 2 or K 2 C Ki ， For, if neither of these inclusions holds, 
then there exists a e 欠 1 ， 禽 K 2y and ae K 2 , t K^ y and we may 
suppose that bi > 0. If b 2 > then b\ e K 2 contrary to assump¬ 
tion. Hence & 上 and similarly > b 2 which contradicts the 
fact that G is an ordered group. Thus we have either Ki 3 K 2 or 
K 2 ^ so the set of isolated subgroups is linearly ordered by the 
inclusion relation. The order type of the set of isolated subgroups 
is called the rank of G.* The simplest situation is that of a group 
of rank one in which G 0 and G has no isolated subgroup 
0, G. These groups can be characterized by the archimedean 
property which is familiar for real numbers: 

Lemma. An ordered group G { 9 ^ 0) is of rank one if and only ij 
given any a y b zG with a > 0 there exists a positive integer n such 
that na > b. 

Proof, Suppose first that G contains two elements a y b such 
that a > 0 and na <b for all positive integers n. Let K + denote 
the subset of G of elements u such that 0 < u < ma for some 
oositive inteeer m, is not vacuous since a < 2a and clearly 

1 w 丁 . 

• Cf.j for example ， F. Hausdorffj Mengenlehre y 3rd Ed” Chap. 3 } de Gruyter & Co., 1937. 
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K + is closed under addition. Moreover, K + contains every v such 
that 0 < v < u for some u in K + . Hence if u Y and « 2 e K + and 
U\ < « 2 ，then 0 < u 2 — Ui < U 2 so u<i — U\z K + . It follows 
that the union of K +) 0, and —K +y the set of negatives of the ele¬ 
ments of K +y is a subgroup K of G. Now K is isolated, since, if 
u e K and u > 0, then every v such that 0 < t? < « is in Also 
K 7 ^ G since b 味 K, Hence G is not of rank one. Conversely, 

assume IlUL UI litllK. Ulic itliu let iv UC itll suugiuup 7^ 

G. Since K 9 ^ G there exists a positive eleirient b such that b > a 
for every a e K. Choose a > 0 in K y then na < b for all n = 
1 ， 2, 3， • • ' Hence the archimedean property fails in G. 

It is clear from this criterion that if G is of rank one，then any 
non-zero subgroup of G is of rank one. In particular, any non-zero 
subgroup of the additive group of real numbers is of rank one. 
Moreover, these are essentially all the ordered groups of rank one, 
since we have the following 

Theorem 8. Any ordered group G of rank one is order isomorphic 
to a subgroup of the additive group of real numbers. ' 

Proof. We shall define an order isomorphism 77 of G into the 
additive group R of real numbers. For this purpose we choose a 
« > 0 in G. If » > 0, then there exist pairs (m, n) of positive 
integers m, n such that nv > mu. Thus we may take m = 1 and, 
by the archimedean DroDerty, determine n so that nv > u — \u. 

， x x * 

If q eP y the collection of positive integers, then qnv > qmu if and 
only if nv > mu. Hence if r = m/n = m'!n f y m y n y m r y n f e P y 
then nv > mu if and only if n'v > m'u. The rational numbers r = 
m/n satisfying this condition form a set which we denote as R v . 
If r = m/n and s = m'In f < r y m f ， n f e P, then m r n < mn r . If 
re R vy then nv > mu and nn f v > mn f u > m r nu. Hence n'v > 
m f u so that s e R v . We note next that the set of positive rationals 
R v is bounded above. Otherwise, the result just proved implies 
that R v is the complete set of positive rationals. Hence every 
positive integer k is in R v which means that v > ku y k z P. This 
contradicts the archimedean property of G. We now define v v to 
be the positive real number sup R v . Since R v contains every s < r 
for every r e R vy it is clear that R v and its complementary set R v f 
in the set of positive rationals defines a Dedekind cut. Hence 
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sup R v = inf R v r . Now let v 2 be positive elements of G and let 
mi/rii e R vii ^ 2/^2 ^ where rii e P. Then riiV\ > miu y 
n 2 v 2 > m % u and WiW 2 »i > min 2 u i n\n 2 v% > nim 2 u. Hence 
WiW 2 (i?i + v 2 ) > (历 iw 2 + m 2 ni)u and so mi/n\ + w 2 /« 2 e 
R vi+Vr This implies that (t>i + t> 2 )” 2+ 口 2 ”. On the other 
hand, a repetition of the argument just given shows that, if 
mi/fji e R vi r (that is, n x v x < m Y u) and m 2 /n 2 e R V1 \ then mi/ni + 
m 2 /n 2 e R vi+vs f . Since v n — inf R v f y this implies that (t>i + v^) 11 < 
Vi 1 + v 2 v . Hence 

(30) (口 1 + 卩 2 )” = 卩 1 ” + 口 2 ” 

holds for Vi y v% positive in G. We extend the mapping tj to all of G 
by defining 0” = 0 and ( — v)^ = — ^ if v is positive. It is imme¬ 
diate that (30) holds if either h > 0, i ? 2 > 0, or v Y <0 y v 2 < 0. 
Suppose t?! > 0 and v 2 < 0. If Vi v 2 ^ 0, we write Vi = (t?! + 

V2) ~h ( 一。 2) and obtain = (t?i -f- 口 2)” + ( — 口 2)” = ( 卩 1 + 卩 2)” 一 

v 2 n . Then (i^ + » 2 )” ^+ 口 2 ' If Vi v 2 < 0, then we write 
— v 2 = — (v! + v 2 ) + Vi and obtain { — v 2 ) 1t = ( —(t»i + h))” + 
Vi v . Thus —V 2 1 = — (t>i + v 2 ) v + Vi v and again (30) holds. 
Similarly, (30) holds if t>i < 0 and v 2 > 0. Thus 77 is a group 
homomorphism of G into R. If > 0, then ^ > 0; hence no 
positive element is in the kernel of 7 }. It follows that the kernel is 0 
and 7 } is an isomorphism. Since positive elements are mapped into 
positive elements by 77 , ij is an order isomorphism of G into R. 

There are several observations which should be made on the 
foregoing proof. In the first place it is clear from the definition of 
the isomorphism ij that u v = \. We note next that rj is deter¬ 
mined by this property, that is, if f is any order isomorphism of G 
into R such that 〆 = 1， then ^ = tj. Thus let 彡 > 0 and let 
m!n, n positive integers, satisfy m/rt > v v . Then ml > nv” 
and mu^ > nv' (mu) n > (nv) v . Hence mu > nv and re-tracing the 
steps we obtain mjn > v^. Similarly, m/n > implies w/w > 
v v . Since this holds for arbitrary rationals it follows that v v = 
hence rj — If ^ is any positive real number, then the mapping 
x ^ is an order preserving automorphism of R mapping 

1 —> It follows from this that there exists an order isomor¬ 

phism of G mapping the given positive element u into any positive 
^ in R. Moreover, such an isomorphism is unique. 
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A group of rank one is called discrete if it is order isomorphic 
to the ordered group of integers (positivity as usual). We have 
noted before (§5) that a subgroup of the multiplicative group of 
positive reals is discrete if and only if it contains a largest element 
< 1. This and Theorem 8 imply that an ordered group of rank 
one is discrete if and only if it contains a least positive element. 

EXERCISES 

1. Let i? (n ) denote the additive group of »-tuples x = (fi, • • •, i*n) real 
numbers Define the set of positive elements of R ⑻ by the condition that 
^ > 0 if the first non-zero is > 0. Show that this gives an ordered group. 
Determine the isolated subgroups. 

2. Call an ordered group G of rank n y nz. positive integer, if n is the cardinal 
number of the set of non-zero isolated subgroups. Show that any ordered group 
of rank n is order isomorphic to a subgroup of the group 及 ⑷ of ex. 1. 

3. Call an ordered group G of rank » discrete if the factor groups of successive 
isolated subgroups are all infinite cyclic groups. Show that any such group is 
isomorphic to the subgroup of of w-tuples a = (ai, - - •, a n ) such that 
the ai are integers. 

11. Extension of homomorphisms and valuations. In this 
section we shall prove a fundamental theorem on extension of a 
homomorphism defined on a subring of a field. This result leads 
to a general theorem on extension of valuations from a subfield to a 
field. We prove first the following key lemma. 

Lemma 1. Let o be a subring of a field. and let vx be a proper 
ideal in o. If a is a non-zero element of ^ and o[ck] is the subring of ^ 
generated by o and a, then either mo[a], the ideal generated by m in 
o[ck], is proper in o[a] or mo[a： -1 ] is proper in o[a -1 ]. 

Proof. Suppose the contrary ： mo [a] = o[a：], mofa： -1 ] = ofa： -1 ]. 
Then 1 e mo[a] and 1 e mo[o： _1 ], so we have relations of the form : 

(31) 1 = + + ••• + Mrn，e m, 

(32) 1 = p 0 <x~ n + ^ia~ (n_1> +•••+〜Vj e m. 

Since m o, we have m > 0 and n > 0 and we may assume m y n 
are minimal for the relations (31) and (32). Also we may assume 
m > n. Then (32) implies that a m = voa m ~ n + ^io： m ~ n+1 + • _ . 
+ v n <x m ; hence 

(33) a m (l - v n ) = P Q a m ~ n + •. . + 〜一 W 1 . 
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Multiplication of (31) by 1 — gives 
(34) \ — v n = mo( 1 — + Mi(l — 

+ • • • + 一 Pn)' 

Hence, by (33 )， 

1 ~Pn = M0( W" + • • . + Pn-l^ 1 ) 

+ Mi(l - 一 i + • • _ + /x m (l — p n ). 

Since the v, e m, this gives another relation like (31) with m re¬ 
placed by m — l contrary to the minimality of m. Hence the 
proof is complete. 

If ^ is a place which is a homomorphism of a subring o of the 
field 少 into the field A, then we shall say that ^ is L-valued. Our 
main result is an extension theorem for homomorphisms to places, 
as follows. 

Theorem 9. Let o 0 be a subring of a field $ and let ^ be a homo- 

^ rt _ A 1 re /t 4 广， ！ 11 A ， x* / ^ A 1 4^ ^/ T it y* ytAy% It /* 

rrk\jf rrk Oj vq * ♦，鮝 c ^c/jc<4> jtct-i* 必办》 ± r^ort c %4>r^ uc 

extended to an ^-valued place ^ on 

Proof. We consider the collection of extensions of the homo¬ 
morphism where ^ is a homomorphism into of a subring o’ 
of 中 containing oo. These can be partially ordered in the usual 
manner: 少 '< 少 " if 夕 "is an extension of 0". Then, as usual, we 
can apply Zorn’s lemma to obtain a maximal extension 淨 which is 
defined on a subring o of The proof will be completed by show¬ 
ing that o is a valuation ring. Then ^ will be an ^-valued place 
for Let m be the kernel of Since 1 —> 1, m o. Since 
has no zero-divisors 〆 0 , m is a prime ideal on o. Consequently, 
the complementary set M of m in o is multiplicatively closed and 
0 ^ M. Let o / be the subset of ^ of elements of the form a/3 一 1 
where a y ^ e o and ^ e M. Then o f is a subring of $ containing o 
and ^ can be extended to a homomorphism of o f into 0 by de¬ 

fining^ (a/3 -1 ) = 少 (a) 少⑻ 一 1 (I of Introd.). Since ^ is maximal 
we have = o. This implies that the image of o under ^ is a 
subfield E of 0 ； for, if 0 〆 7 = ^(/3), /3 e 0 , then ^ e M y so /3 _1 e 
o’ = 0 and 7 _1 = is in the image of 0 . Now let a be any 

element 〆 0 of We shall show that either a or a -1 e 0 , which 
is what is needed to prove that 0 is a valuation ring and 分 is a place. 
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Now Lemma i shows that mo [a] c o[a] or mo[a： —A ] C o[o： —i ] and 
we may as well assume the former. Then we shall show that ^ can 
be extended to a homomorphism of o[ck] into S 2 . This and the 

- m 一 1 4 C 1 1 4 1 T T 备 ^ n A ^^7^ A ^ 1 *V r 

U1 ^ will llllUl^ Client U ： t T T C C^lldiu,u LiJL^ LFl^l ^ - 

nomial rings 啦 ] and E[^], x an indeterminate, and we extend 夕 to a 
homomorphism of o[>f] onto E[^] sending x — x. Let ^ be the 
ideal of Dolynomials r(V) e oUl such that r(a) = 0 and let be its 

▲ r \ r ■ _ \ f 

image in E[x] under the extension of 淨 . Since the homomorphism 
of o[>c] is surjective, % f is an ideal in E[*v】. Also 班’ c E[^]. Other- 

r 

wise, there exists a polynomial 2 e o[jc] such that X^i<x l = 0 

r 0 

and 2 = 1- Then 少 (/3。） = 1 and 少 (⑹ = 0 if / > 0, so 

o 

1 r\ _ “」/**_— C 一 • «s. f\ j_T_ _ _1 ^ r\ i f\ 

丄 —po e nx ana p t * e m ior i ^ \j. i nen cnc rciauon ^jp{a = \j 

gives 1 = 1— 2/3〆’ =(1 一卩 o) + 2 ( — ⑹ Since 1 — /3 0 , 

i>0 

e m, this implies that 1 e mo[a] contrary to hypothesis. Hence 
we see that ST is a proper ideal in E[*v] and, since E[>f] is a principal 
ideal domain, ST = (f(x)) where f(x) is either 0 or a polynomial of 
positive degree. In the first case, we choose any element 7 in 
and in the second case we choose y eil so that /(y) = 0 . This 
can be done since S2 is algebraically closed. Now our choice of 7 
amounts to this: is any polynomial in o[^] such that^(o：)= 

0, then ( 7 ) = 0 for the image M in E[^]. Hence the exten¬ 
sion theorem IV / of the Introduction shows that 少 can be ex¬ 
tended to a homomorphism of o[ck] into A sending a into y. This 
completes the proof. 

Suppose now that <p 0 is a valuation of a sub field ^0 the field 

Let o 0 be the valuation ring of <p 0y p 0 the ideal of non-units, U 0 the 
multiplicative group of units of o 0 . We have seen that <p 0 is 
equivalent to the canonical valuation <p 0 f into the group ^o*/Uq 
where the positive elements of this group are the cosets ^oUo, 
/ 3 0 0 in po- We also have the canonical place 少 0 ’ of 中 0 deter¬ 

mined by o 0 . This is the homomorphism a 0 —> ck 0 + Po of o 0 
into the residue field o 0 /po* We can imbed o 0 /p 0 in an algebrai¬ 
cally closed field SI Then 分 0 ’ can be considered as an U-yalued 
place on 伞 0 . Since H is algebraically closed，the extension 
theorem states that 分 0 can be extended to an ^-valued place ^ on 
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Let o be the valuation ring in $ on which ^ is defined and let p 
be the ideal of non-units of o. Since ^ is an extension of o 2 Oo 
and since p and p 0 are respectively the kernels of ^ and p 3 p 0 . 
Hence we have o fl 伞 0 2 o 0 and p D ^> 0 2 Po* If ^ e o fl 伞 0 and 
/3 i Oo, then /3 -1 e po ^ P) but this implies that /3 ^ o. Hence o fl 
= o 0 . Since p and p 0 are the ideals of non-units of o and o 0 
respectively, the relation o fl = o 0 implies p D ^ Po* 
Hence p D 4» 0 = Po and Z7 fl 中 0 = ?7 0 where U is the set of units 
of o. These relations imply that ^qUq —> ^oU y /3 0 e is an 
order isomorphism of the ordered group ^o*/U 0 into ^*/U 
ordered by the set of elements ^U y 0 e p. If we apply this iso¬ 
morphism to the canonical valuation <p 0 f } we obtain an equivalent 
valuation 沪 0 〃 of into the group ^*/U. We also have the 
canonical valuation <p r of ^ into ^*/U and the definitions show 
that (p r is an extension of the valuation 沪 0 〃. In this sense we have 
obtained an “extension” of the given valuation of 伞 0 to a valua¬ 
tion on 

We shall be interested particularly in the case in which ^ is 
finite dimensional over and the given valuation <p 0 is of rank 1. 
In the general case，if 沪 is a valuation of a field 伞 into V — (G y 0 )， 

▲ A C C w A 1 . ， a 丨 4 ■* A 1 1 A 

uicii ujlc auugiuuu vj ^ji v<xiuca ipyvcjy ul \j m id ujlg 

value group of <p. We shall need the following 

Lemma 2. Let ip be a valuation of a field a subfield of 

finite co-dimension in Then the value group of 龟 is order iso¬ 
morphic to a subgroup of the value group of 争 。 {relative to the re¬ 
striction of ip). 

Proof. Let ^ e and let aj" 1 + a 2 ^ n3 + _ • _ + a^ nk = 0 where 
the a{ 〆 0 in and n Y > n 2 > ••- > n k . As in the case of 

non-archimedean real valuations, if <p(^i) > <p(^i) y i 〆 1， then 

Hence our relation implies that there exist i < j 
such that (p(a^ ni ) = <p(o^ ni ). Then n, ) = v? —1 ). If 

[牵：伞 o] = w, then we may assume that w t . — wy < w； hence <p(^) ni 
is in the value group of 中 0 _ This shows that for any a in the value 
group G of a nl is in the value group Go of 牵 0 . On the other 
hand, we have seen that a —> a nt is an order preserving iso¬ 
morphism of G onto a subgroup. Hence G is order isomorphic to a 
subgroup of G 0 . 
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This result and Theorem 8 imply that the value group of $ is of 
rank 1 (discrete of rank 1) if and only if the same is true for the 
value group of 争 0 . 

We shall now see how all of this applies to real valuations. Let 
<po be a non-trivial non-archimedean valuation of a field 中 0 into the 
non-negative reals and let 牵 be a finite dimensional extension of 
金 0 . Then we know that <p 0 = (Po f v where (po is the canonical 

1 11 ^ WT"4 各 wn 111 汽各 4 A C .• 4 a 

y AlUCXtl^ll 'arQ CLZyZy\J^lCLL^^JL WlLi Jl V aiUCXCl^H 1 VQ \J1 %pQ 0,11 U, // Id 

an order isomorphism of the value group G 0 ’ of <p 0 f into the posi¬ 
tive reals P. Also we have just seen that we have a valuation ring 
o of $ and an order isomomhism f of Gn into the value erouD G f of 

i l 

the canonical valuation (p f determined by o such that (p f (oi 0 )= 
(oio) for all a 0 e 争 0 . Since G 0 f is of rank 1 the same is true of 
G f and consequently we have an order isomorphism X of G r into 
P. Thus we have the following diagram of mappings ： 


中。 ^ Go’ ^ P 
I / I I 


^0 

V 

r 

1 




9 > kj > Jr 

<p f 

X 


where i is the inclusion mapping and the first rectangle is commu¬ 
tative ： i<p f = (po f ^. Assume G 0 ’ _ 1 and let 5 be some element 9 ^ 
1 in Gq. Then we can choose X so that = 5” and then we shall 
have 7 。价 =y 。'” for all < 7 (/ e Gq (§ 10). This means that the 
second rectangle in our diagram is also commutative. Then 
<p = (p r \ is a real non-archimedean valuation which extends the 
given valuation <p 0 on $ 0 ； for if a 0 e $ 0 , then <po(a 0 ) = (po’”)(a 0 ) 
=(Vo’r 入 )( 《 o) = (^ 入 )(4 = <p(oto)- If Gq = 1, then Lemma 2 
shows that necessarily G 7 = 1. Then rj and X are unique and 
commutativity holds. This case is, of course, trivial at the out¬ 
set, since it is the one in which 仰 is a trivial valuation. We have 
therefore proved the following 

Theorem 10. Let 抑 be a non-archimedean real valuation on a 
field. $0 and let 龟 be a finite dimensional extension field of Then 
there exists a real valuation on $ which is an extension oj ip. 
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12, Application of &e extension theorem : Hilbert Nullstel- 
lensatz. Before continuing our study of valuations we digress 
slightly to take up some important applications of the homomor¬ 
phism extension theorem (Th. 9). The first of these, Hilbert’s 
Nullstellensatz, plays an important role in algebraic geometry. 
We shall give it in its original ideal-theoretic form. 

We consider a polynomial algebra 争 x 2) … ， x n ] in indeter- 
minates Xi over a field Let Q be the algebraic closure of If 
f(xi y • • • ， x n ) e and the ^ are elements of S2 such that 

/( 专 1 ， •••，&) =0, then we shall call (^i, • • • ， 右 „) an {algebraic) zero 
of /(xi, - - • ，尤 n). If is a set of polynomials contained in 
• • •， 尤《】， then we define a zero oj S to an «-tuple (专 1 ， •. • ，专 n )， 

e il y which is a zero for every f eS. Our main result concerns 
the zeros of a proper prime ideal 艰 in 伞 [ 心， … ， *v„]. This is the 
following 

Theorem 11. Let ^ be a prime ideal in 少 [ 心 ， • • •, Xv\ y ^ a field) 
and suppose 沿 〆 （ 1) (= ^[xi, • • •, ^„]). Let 《 ( 々 ，• * ■, x n ) be a 
polynomial not contained in Then there exist ^ in the algebraic 
closure Q, of ^ such that (^，• • •, is a zero for ^)3 and is not a zero 

t 

forg{x u • - •, Xn). 

Proof. Since 沿 〆 （ 1) ， 伞 [Xi，• • • ， x „]/ 艰 is an algebra over 伞 
which is ¥ 0 and this is generated over ^ by the cosets yi = Xi 
+ 艰 ， /• = 1 ， 2, …， W. Also $[ 7 i, • • • , 7n]= 牵 Oi, • • •， Xn]/^ 
is an integral domain so this can be imbedded in its field of frac¬ 
tions P = ^(-yi, 72 , - - s T«)* Suppose first that all the y% are 
algebraic. Then P is an algebraic extension of $ so we have an 
isomorphism of P/^> into the algebraic closure Suppose 

—> |iin this isomorphism. Then if /(x 1} •••,>?„) e ^P,/(7i, • • •， 
7 „) = 0 and so /(&，•. 专 „) =0. Hence ( 专 i 专 „) is a 
zero of 艰 . On the other hand ，《 ( 々 ，• • • ， x „) 祕书 so 《 ( 71 ，•••，？《) 
5^ 0 ； hence ^ ■(在 1 ， • •. ， 在 n ) ^ 0. This proves the theorem in this 
case. Next assume that not all the are algebraic. We may 
suppose that the 々 ’s are ordered so that { 71 , y 2) - • 7r} (r > 1 ) is 

a transcendency basis for P/4>. Since ^(^ 1 , • ■ - y x n ) ^ 艰， 《 ( 7 i, • • •， 
7 „) ^ 0 in P so ^( 71 , • ■ Tn ) -1 exists in P. This element and the 
elements 7 r+i, ■ ■ ■, t« are algebraic over $( 71 , • • . ， 7 r ) and so 
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they satisfy algebraic equations of the form 
(35) tfoCVl，• • - } yr)x m + «i(Tl, - - - 

+ . • • + . . • ， 7r) = 0 

where the «； are polynomials in the U. = 1， * • •, r, and a 0 (y lf 
" m yJr) 5^ 0. For each y r+ i y ■ ■ ■, 7n and ^(ti, • * *, Tn) -1 we 
choose such an equation and we let a(yi y … ， y r ) be the product 
of the leading coefficients of these equations. Since a{x\ y • • - , x r ) 
〆0， we may choose 匕 ， • • ^ in the infinite field S2 so that 

•••，&) 9 ^ 0 (Vol. I ， p. 112). Since the 1 < j < r y are 
algebraically independent, we have an algebra homomorphism of 
中 [7i, • • •, Tr] into 卩/争 such that yj —> By the extension 
theorem (Theorem 9) this homomorphism can be extended to an 
valued place ^ on P. Since ^ is an extension of an algebra 
homomorphism, ^ is the identity on $ and so ^ is an algebra 
homomorphism into We note next that the 7 *, r + 1 < 

k < n y are in the valuation ring oof ^. Otherwise, = 0. 

On the other hand, we have an equation of the form 

^o(7l) • • •, 7r) + «i(7i) … ， 7r)7* _1 

H - h «m(7l， …， = 0, 

and applying^*, weobtain« 0 (^, •••，&)= ^(«o(Ti, - - - , Tr)) = 0. 
This contradicts the facts that a(^ iy • • •, t r ) ¥ 0 and a(y 1} • • •， 
y r ) has a 0 (yi y • • • ， y r ) as a factor. A similar argument shows that 
^(g(yu * - - ,Tn)) 5^ 0. Now let h = ^(yk) y r + \ < k < n. 
Then we assert that (专 1 ，专 2 ， • • •，^«) satisfies the conditions of the 
theorem. In the first place, if J{x\, • • *v n ) e 书 ， then f{y\, •. 、 
7 „) = 0 and applying ^ we have /(^, • • •, =0. Next we see 

that 名 (6, •. .， 专 „) = ^(g(y u - * •, 7n)) 9^ 0. 

The Hilbert Nullsteiiensatz is the extension of Theorem li from 
prime ideals to arbitrary ideals in 牵 [<Vi, • • • ， x n ]- To obtain this 
we need a characterization of the (nil)radical of an ideal of a 

173). The result we require is that ， 
if SI is an ideal in a commutative ring 0 , then the radical 5R ( 班 ） is the 
intersection fl 艰 of" the prime ideals ^ containing SI. If 0 is 
Noetherian, this result is an easy consequence of the decomposi¬ 
tion theorem for ideals into primary ideals (Vol. I, p. 176, ex. 2, p. 
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i8i). Although this is all we need here it is of interest to estab¬ 
lish this result in the general case. We prove first the following 

Lemma 1. Let o be a commutative ring i SI an ideal in o and S a 
non-vacuous multiplicatively closed subset of q such that % C\ S = 0. 
Then there exists a prime ideal in o such that H and 沿 fl 
=0. 

Proof. Let U be the collection of ideals 58 in o such that: 1. 
58 2 SI, 2. SB fl 6" = 0. Then TJ is non-vacuous since We 

order the elements of U by inclusion. Let 厂 be a linearly ordered 
subset of U and let S = N SB. Then S fl 6* = 0 and (S 3 SI. 

SBeF 

Moreover, it is easy to check that S is an ideal. Hence (E e U and 
CS iq nrmpf KnnnH fnt* 1/ . T^hiiQ TT inHurtiirp anH 

so we can apply Zorn’s lemma to conclude that U contains a 
maximal element 私 Let i = 1,2, be elements of o not con¬ 
tained in Then the ideal Sl t - generated by a{ and 牮 properly 
contains 沿 and contains Since 书 is maximal in U y it follows 
that i U which means that SI; fl S 〆 0. Let Si e Sli fl 6*. If 
we take into account the form of the elements of ^ we see that 
S{ = Xiai + p% where Xi e o and pi e sp. Then 

(36) S = SiS 2 = XiX2^1^2 + P 

where e Since S is multiplicatively closed ，j e *S*. If a^a 2 e 
then (36) implies that j e 书 contrary to 艰 fl 6* = 0. Hence we see 
that a^a 2 ^ ^ so we have shown that a x 吏艰， a 2 《艰 implies a x a 2 i 
Hence sp is a prime ideal satisfying the required conditions. 

We can now prove 

Theorem 12. Let % be an ideal in the commutative ring o. Then 
the radical 況 （ SI) = D 书 Me intersection of the prime ideals con¬ 
taining SI. 

Proof. Let a e 9? ( 效 ） and let 艰 be a prime ideal containing St. A 
suitable power a n b % so a n z ^3. Since ^ is prime, this implies 
that a e^. Hence 9?(Sl) C ^ and 沉 ( 效 ） G fl 來 for the prime ideals 
沿 containing SI. Next let a i SR(Sl) and let S = {a n y n = \ y 2 y 
•.. Then 6* fl SI = 0 and S is multiplicatively closed. Hence 
the lemma implies that there exists a prime ideal 书 containing SI 
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such that a Hence a is not contained in the intersection of the 
prime ideals containing 乳 Thus we have proved that fl ^ C 
9 ? ( 致 ) and so by the earlier inclusion ， 沉 ( 致 ) =fl 弘 

Theorems 11 and 12 imply the 

Hilbert Nullstellensatz. Let SI be an ideal in the polynomial 
algebra 牵 x 2y • • . ， x n ] 3 ^ a field 、 indeterminates y and let 0 be 
the algebraic closure of 龟 . Then a polynomial ^(^i, • • . ， <v„) e 5R ( 致） 
i}and only if g{^ y • • •，^) = Ofor every zero (^i, ■ • ^ e 0, of 

the ideal %, 

Proof. Let V denote the set of zeros (^i, • • •，^ e S2, of SI. 
Suppose 《 (*Vi ，• - - , x n ) e 5 R(Sl). Then e SI for some positive 
integer n. Hence 兄 ( 专 1 ， _. = 0 for every (^-) e V and 

g(^u •••，&)= 0 for every (^-) e V. Conversely, let 《 (•Vi，• • • ， x n ) 
be a polynomial such that ^(^i, • • •, =0 for every (^-) e V. 

Let 沿 be a prime ideal containing ?l and let fVbt the set of zeros of 

ATI SR ^ 9T IV C~ J/ anH rnnc^nnf 1 v art t. • • . t ^ = O fot* 

* ** r r ， *^*.* ^-* 、 V A.A WH V* J ^ y ^ 7iy V* -A 

every ( 匕 ） e W. It follows from Theorem 11 that g(xi y • _ _ Xn) e 
艰 . Thus 文 is contained in every prime ideal containing 班 and so, 
by Theorem 12, g e 5 R(SI). This completes the proof. 

We shall give next an application of the existence of an alge¬ 
braic zero of a prime ideal to a theorem on finite generation of a 
field. We recall that we saw long ago (Lemma 2, § 1.5) that, if 
7 i, y 2 , • • •，Yn are algebraic over then the field P = 牵 ( 7 i, 
•.• ， 7 n) coincides with the algebra y 2 , • • •, 7 n ] generated 

by the 7 ；. We can now prove the following converse of this result. 

Theorem 13. If the algebra P = 中 [ 71 ， 72 ， • • •, y n ] over $ gener¬ 
ated by the yi is a field、then the 7 ； are algebraic over 4>. 

Proof. Let 到 Xi, X 2 , … ， x n ] be the polynomial algebra over $ in 
indeterminates Xi and consider the homomorphism of this algebra 
onto P/^> mapping Xi —> 1 < i < n. Let 艰 be the kernel of 

the homomorphism. Since P is a field , 艰 is a maximal ideal. If 
is the algebraic closure of then we have seen that we can find 
( 专 1 ，专 2 ,… ，专 n) i n 卩 such that /(^i, • • •, = 0 for every fe% 

By IV of the Introduction we have a homomorphism of P = 
争 [ 71 ， 72 , • * •, 7 n] over 牵 onto 到专 1 ，专 2 , ..•，&] such that % — > 匕， 
!</'<». Since P is a field, this homomorphism is an isomor- 
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phism. Since ^ is algebraic, it follows that is algebraic, 1 < 
i < n, 

EXERCISE 

1. Let P = $[ 71 , 72 , • • •, Tn] be a finitely generated commutative algebra 
over 少 and let 9? be the ideal of nilpotent elements. Show that 況 is the inter¬ 
section of the maximal ideals of 

13. Application of the extension theorem : integral closure. We 
shall apply the extension theorem next to obtain an important 
characterization of the integral closure of a subring of a field. Let 
q be a subring of the field 金 . We recall that an element a e 中 is 
called integral over q or g-integral if there exists a polynomial 
f(x) e qM with leading coefficient 1 such that /(a) = 0. The set 
© of elements of $ which are g-integral is called the integral 
cIgsuts of g in We shall characterize this set. In the proof we 
shall need the following 

Lemma 1. If o is a commutative ring {with an identity 1), any 
proper ideal SI of o can be imbedded in a maximal ideal. 

Proof. The proof is obtained as a special case of the argument 
in the proof of Lemma 1 of § 12. We let *S" = {1 }，so is multipli- 
catively closed and 6* fl = 0. Let U be the set of ideals 58 such 
that SB 3 SI and 59 is proper (so that 58 fl 6* = 0). Then U con¬ 
tains a maximal element 艰 . It is immediate that 艰 is a maximal 
ideal containing St 

Theorem 14 (Krull). Let 兔 be a subring containing 1 in a field 
Then the integral closure ^ of ^ in $ is D o, the intersection of all the 
valuation rings of $ which contain q. 

Proof. Let a ： e © so that we have a relation a n + 7 ia n_1 
+ . • • + 7n = 0, w > 1, e q. Let 妒 be a valuation whose valua¬ 
tion ring o contains q. If a then < 1. But 1 = 

—Tick -1 — — y n a~ n and < 1. Hence every <p(yia~ l ) < 

1 and this is impossible since the relation gives 1 = 沪 (1) < 
max ( 9 ?( 7 iQ： — *)) < 1. Hence a ： e o so we have proved that © is con¬ 
tained in fl o for the valuation rings containing q. Next suppose 
a ： ^ Then a 一 1 is not a unit in the ring q[ck _1 ], since otherwise 
its inverse a = Yol + Yia 一 1 + • ■ - + 7 „_io ： — yi e a, and hence 
a n = yocx 11-1 + 7 io： n— 2 -f- ■ ■ • 4~ 7«—i so o ： e ©. Since a： -1 is not 
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a unit in 0 [a -1 ]， the principal ideal a _1 g[a： _1 ] is properly contained 
in q[ck - 1 ]. By Lemma 1 there exists a maximal ideal m in g[a _1 ] 
containing a _ 1 0 [a _1 】. Then g[a _1 ]/m is a field which can be im¬ 
bedded in an algebraically closed field 0. The canonical homo¬ 
morphism of 一 ” onto g[cK _1 ]/m can be considered as a homo¬ 
morphism of g[cK -1 ] into S2. The extension theorem gives an U- 
valued place ^ whose valuation ring o contains gfa' 1 ]. The 
ideal p of non-units of o contains m, hence, a _1 . It follows that 
a Thus a 多 © implies a 韋 fl o for the valuation rings o con¬ 
taining g. We therefore have © = D o and the proof is complete. 

The subring q is called integrally closed in if ® = q. Then 
we have the following 

Corollary. If ^ is a subring of then the set % of %-integral ele¬ 
ments is a subring of ^ containing q and © is integrally closed in 

Proof. The first statement is clear since © is an intersection of 
subrings of $ and since © certainly contains q* Also the set of ©- 
integral elements is the intersection fl o for the valuation rings 
containing © and hence containing q. On the other hand, if o is a 
valuation ring containing g, then o 3 ©. Hence the intersection 
of the valuation rings containing @ is the same as that of the 
valuation rings containing g, so this is Hence © is integrally 
closed. 

EXERCISES 

1. (Artin). Let 0 be a subring of a field and let ai, aa> • • • ， a r be elements of 中 . 
Suppose that for each i there exists a positive int^er n t such that = 
Pi(ai, a ； 2 > .' • > oc r ) where P* is a polynomial of total degree < Show that every 
a ； is Q-integral. 

2. (Artin). Let Q be as in ex. 1 and let 肌 be a subring of which is a finitely- 
generated Q-module. Show that every element of 9D? is g-integral (cf. Vol. Ij p. 
182 ). 

3, A commutative integral domain Q Is called integrally closed if it Is integrally- 
closed in its field of fractions. Show that if g is Gaussian (that is, unique facto¬ 
rization holds), then fl is integrally closed. 

4, (Cohn). Show that a subalgebra §1 of 中 a field, x an indeterminate ， 
has a single generator If and only If SI Is Int^rally closed. (Hint: Use Luroth's 
theorem and Th. 14.) 

14. Finite dimensional extensions of complete fields. In the 
remainder of this chapter we return to the consideration of real 
valuations (archimedean as well as non-archimedean). We shall 



VALUATION THEORY 


257 


begin by considering the problem of extending a valuation on a 
complete field $ to a finite dimensional extension field. Our first 
objective is to prove uniqueness of the extension. For this we re¬ 
quire 

Lemma 1. Let ^ be complete with respect to a n on-trivial real 
valuation tp and let P be an extension field of ^ with a valuation tp 
which is an extension of that of Suppose u 2y u r are ele¬ 
ments of P which are ^-independent. Then a sequence {a n ), = 

r 

a n iUi y a n { e is a Cauchy sequence in P if and only if the r 

t =sl 

sequences {«„；}, i = 1, 2, …, r, are Cauchy sequences in 4>. 

Proof. It is immediate that, if the {«„i} are Cauchy sequences, 
then so is {«„}. Conversely, suppose {a n } is Cauchy. If r = 1, 
then it is clear that {a„i} is Cauchy. We shall now prove our 
assertion for arbitrary r by induction. If the sequence {a： nr } is a 
Cauchy sequence, then the sequence \b n ) y b n = a n — a nr u r is a 

r 一 1 

Cauchy sequence. Since b n = y] a n jUj the required result follows 

i 

by induction. The proof will now be completed by showing that 
the assumption that {a„ r } is not Cauchy leads to a contradiction. 
We make this assumption. Then there exists a real e > 0 such 
that for any positive N there exist p y q > N such that <p(a pr — 
a gr ) > €. Hence there exist pairs of positive integers (pk y qk) y Pi 
〈夕 2 < . . •，• such that <p(a Pkr — a qkr ) > e. Then 
(a Pk r — a«r*r) _1 exists and we can form the sequence {bk} where 

(37) bk = {oL Pkr 一 C)Lq k r) 一 

We have — < - and {a Pk — a g J is a null sequence. 

疙 r 一 1 

Hence [b k ] is a null sequence. On the other hand, ^ 

+ u r and this implies that, if Ck = then {r*} is a Cauchy 

sequence. Then the r — 1 sequences j - =1,2, 

are Cauchy sequences. Since 中 is complete, lim = ft- exists. 

r 一 1 t 一 1 

Since lim b h = 0 we get from b k = ^ + u r> 0 = ^ 

l l 
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+ u r . This contradicts the linear independence of the «’s and 
completes the proof. 

We note two important consequences of this lemma ： (1) If {a n } 
is a null sequence，then all the sequences {c^i} are null sequences. 
(2) If [P：$] < oo, then P is complete. The first of these is clear 
since the {a n i} are Cauchy sequences. Hence lim a n i = oa exists 
and XaiU{ = 0. Hence every ai = 0 by the linear indepen¬ 
dence of the Ui. To prove the second statement we suppose 
that (ui, u 2) ■ • u r ) is a basis. Then if {a n } is Cauchy, every 
{a ： n i} is Cauchy and so lim a n i = oti exists and lim a n = 'Eaitu. 

We can now prove 

Theorem 15. Let V be a finite dimensional extension field of a 
field which is complete with respect to a non-trivial real valuation <p. 
Then if tp can be extended to a real valuation of P, this valuation is 
unique and is given by the formula 

(38) ip{p) = ^(A^ P |*(p)) 1/n , n = [P: 刮 . 

Proof. Assume the extension <p exists and suppose there exists a 
p e P such that (38) does not hold. Then (p(p n ) 9 ^ <p(N{p)) y so 
p ¥ 0 and either <p{p n ) < <p(N(p)) or <p(p n ) > <p(N(p)). By re¬ 
placing p by p _1 , if necessary, we may suppose <p(p n ) < <p(N(p)). 
Set <r = pW(p)- 1 . Then <p(<r) < 1 and N(<r) = N(p n )N( fi )~ n 
= 1. Since < 1. we have lim tr* = 0. If («i, 的 ，… is a 

n 

basis and <r k = ^2 then lim a-* = 0 implies that lim au — 0 

i=l 

for every i. Since the norm of an element e = yi e ^ is a 

homogeneous polynomial of the n-th degree in the yi with fixed 
coefficients, it is clear that lim aki = 0 for every i implies that 
lim N(<r k ) — 0. This contradicts N(a k ) = N((r) k = 1. 

We have seen before that any non-archimedean real valuation 
on a subfield can be extended. Hence in the non-archimedean 
case the formula (38) provides a valuation for the finite dimen¬ 
sional extension P. It remains to consider the archimedean case. 
The extension theorem in this case will be obtained by a complete 
determination of the fields which are complete with respect to an 
archimedean real valuation. We shall show that the only such 
fields are the field of real numbers and the field of complex numbers. 
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Lemma 2. Let V be a quadratic extension of a field ^ which is 
complete with respect to a real archimedean valuation ip. Then ip can 
be extended to a valuation of P. 

Proof. We recall that the existence of an archimedean valua¬ 
tion implies that the characteristic is 0. Hence P is Galois over 中 . 
Let a —> a be the automorphism of P/$ which is not the identity. 
Then the trace and norm of a 8 P are T{a) = a + a, N(a) = aa 
and we have a 2 — T{oe)a + N{oi) = 0 for any a e P. We shall 
show that <p(a) = (p{N{a))^ defines a valuation of P. If a e 中， 
N(a) = a 2 . This implies that the mapping defined on P is an 
extension of the <p which is given on 中 . We evidently have <p(a)= 
0 only if a = 0 and the multiplicative property of the norm implies 
that = <p(a)(p(0). Hence all one needs to show is: <p(a + 

< <p(a) + (p(J3). This will follow if we can show that <p{a + 1) < 
(p{a) + 1 ； for, <p{a -\- ^) < <p(a) + ^(j3) is clear if 尽 = 0， and if 
jS 〆0, then 

<p(ol + /8) = ^((ajS -1 + 1)/8) = + 1 )WjS). 

Hence, if + 1) < p(aj3 _1 ) + 1， then 

咖 + /S) < (^(ajS -1 ) + l)p(jS) = (^(«)^(j8) _1 + 1)P ⑻ 

= <p{a) + <p{0). 

Now jp(a + 1) < <p(ol) + 1 holds if a e 中 so we suppose that 
a ^ Then P = 伞 (a) and x 2 — T(a)x + N(a) is the min¬ 
imum polynomial of a and N(a +1) = (ct + l)(a + l) = oca 
+ « + « + 1 = N(a) + T(a) + 1. Hence (p(a + 1) < <p(a) 
+ 1 is equivalent to <p(a + l) 2 < <p{a) 2 + 2^(a) + 1 and to 

(39) <p(l + T{a) + N{a)) < 1 + 2<p{N{ol)) h + <p(N(a)), 

If we use the addition property of p in 中 it is clear that (39) will 
hold if (p(T(a)) < 2<p(N(a))^. Hence we suppose that <p(T(a)) 
> 2<p(N(a))^ or <p(T(a)) 2 > 知 (#(«))• We write ^ = T(a), 
b = N(a) y so we are assuming <p(a) 2 > We shall show 

that this implies that a e 中 which will contradict our assumption. 
Hence the proof will be completed by proving 

Lemma 3. Let ^ be a field which is complete relative to a real 
valuation <p and let x 2 — ax b = 0 be an equation with coefficients 
a’ b in 电 such that ipia)' 2, > 4^(^). Then the equation has roots in 龟. 
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Proof. A non-zero root a of this equation will be a root of 
a = a — ba~ l . We shall obtain such a root as a limit of a 
sequence \a n ] where a n is defined recursively by ai = \a y a n+i = 
a — ba n ~ l . We show first that no a n = 0 so the definition works 
for all n. We have <p(ai) = > 0 and we may suppose that 

(p{a n ) > Then 

<p(^n+i) = — ^ n -1 ) > <p(a) — (p(i>)<p(a n ) 

> <p(a) — ( 彡 ) 妒 ⑷- 1 

> <p(a) — h<p{a) 2 <p{a)~ l = 

Hence <p(a n ) > \<p{a) > 0 holds for all n — 1 ， 2, 3 ， • . • and every 
a n 9 ^ 0. Now we have a n+2 — a n+1 = ba n ^~ 1 a n ~ 1 {a n j r \ — a n ); 
and (p{a n ^x)~ l (p{a n )~ l < 4<p(a ) _2 ； hence 


(40) 


4 咖 

^(^n+2 一 ^n+l) ^ ~ Z ~ 7^ ^(^n + l 一 ^n)< 

<p{ar 


If we set r = A<p{b)/<p{a) 2 we have 0 < r < 1 and we may iterate 
(40) to obtain <p{a n+2 — ^n+i) < r n c where c = <p(a 2 — ^i). This 
inequality implies easily that \a n ] is a Cauchy sequence. Hence 
a = lim a n exists and since <p(a n ) > ^<p(a) >0， ct 〆 0. Hence 
the recursion formula a n+1 = a — ba n ~ l gives a = a — ba~ l so 
a 2 一 da b = 0. 

We are now ready to prove 


Theorem 16 (Ostrowski). The only fields which are complete 
relative to a real archimedean valuation are the field of real numbers 

Am ^ n 1 ^ 八： 一六 AA/* 1 f% »A « m 办 

Proof. Let 少 be complete relative to the archimedean valua¬ 
tion (p. Then is of characteristic 0 and so it contains the ra¬ 
tion als. Since any real archimedean valuation of the rati on als is 
equivalent to the absolute value valuation and 中 is complete, it is 
clear that 中 contains the field of real numbers. If 中 contains an 
element i such that i 2 - 1. then 由 contains the field C of com¬ 

plex numbers. Otherwise, we adjoin i to ^ and obtain ^{i) which 
contains C. By Lemma 2, <p can be extended to a real valuation 
of ^>(/). Also we have seen that ^(i) is complete. The theorem 
will therefore follow if we can show that，if 中 is complete with 
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respect to an archimedean valuation and ^ 3 C, then ^> = C. 
Since the restriction of <p to the real subfield (the completion of 
the rationals) is equivalent to the absolute value valuation， 
Theorem 15 shows that <p is equivalent to the absolute vaiue 
valuation on C. 

Now suppose 中 ]C and let ct e 中 ， i C. Let r = inf <p(a — c) 
for c e C. Then we claim that there exists a e C such that 
<p(a — Co) = r. First, it is clear that r = inf (p(a — c) for all c 
such that <p{a — c) < r + 1 and, if C\ and c 2 are two complex 
numbers satisfying <p(a 一 Ci) < r + 1， <p(a — c 2 ) < r + 1, then 
<p(ci — c 2 ) < 2r + 2. Hence the c satisfying <p(a — c) < r + 1 
form a closed and bounded set in C. Since <p(a — c) is a con¬ 
tinuous function of c it is clear that there exists a c 0 such that 
<p(a — c 0 ) = r. Since a ^ C we have r > 0. If we replace a by 
a — <r 0 we may assume that c 0 — 0. Then we have <p(a) = r > 0 
and <p(a — c) > r for every c e C. We shall now show that we 
have (p(a — c) = r for every complex c with <p(c) < r. To see 
this we let n be any positive integer and we consider a n — c n = 
(a c)(a — tc) ... (a — t n ~ l c) where e is a primitive w-th root 
of 1 contained in C. Then 


<p(a — c)<p(a 一 ec) ... <p(a — c n—1 r) 


<p(a n — c n ) < <p(ot) n + . 


Since <p(a — € k c) > r, we obtain 


(p(ol — c)r n ~ l < p(o：) n (1 + :((:; n ) = r 7 
Hence 


(f)> 


<p(a — c) < r 




r 


y) 


so if <p(c) < r y then lim «)") = 1 gives the asserted re¬ 
lation <p{ot — c) = r. We can now replace a by a — c for any c 
such that <p(c) < r and we obtain <p(a — 2c) = r. If we repeat 
this process we obtain <p(a — nc) = r for all n = 1, 2, • - * and all c 
such that (p{c) < r. This amounts to saying that <p{ot — c) = r if 
<p(c) < nr and, since n is arbitrary, we have <p(a — c) = r for all 
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c e C. Then if ci y c 2 e C y <p(ci — ^ ^>(a — fi) + <p{ol — c 2 ) = 

2r which is absurd since ip is equivalent to the absolute value 
valuation on C. Thus we must have C = ^ and the theorem is 
proved. 

The extension theorem for valuations for complete fields relative 
to an archimedean valuation becomes trivial in view of Ostrowski’s 
theorem. If is complete relative to an archimedean valuation, 
then 中 is either the reals or the complexes. In the first case, the 
only finite dimensional extensions are 中 and the field of complex 
numbers. In the second, the only possibility is 中. In all cases the 
extension theorem is clear. If we combine this with the earlier 
results we obtain the following 

Theorem 17. If 龟 is complete relative to a real valuation <p and P 
is a finite dimensional extension of then the valuation can be ex¬ 
tended in one and only one way to P. The extension is given by the 
formula (38). Moreover y P is complete relative to its valuation. 

15. Extension of real valuations to finite dimensional extension 
fields. We now take up the problem of determining all the ex¬ 
tensions of a real valuation defined in a field 中 to a finite dimen¬ 
sional extension field P/ 中 . The case in which 中 is complete has 
been treated in the last section. We shall use the result obtained 
there to treat the general case. Let $ be the completion of 少 rela¬ 
tive to ip and denote the valuation in $ which extends that in ip 
by <p. Now suppose (E, s y t) is a field composite of P/ 中 and $/^>: 
E is a field over s and t are isomorphisms of P/ 中 and 蚤 / 中 
respectively into E/ 中 ， and E is generated by P® and Since 
[P: 中] =w < oo we have [E : < n < <x>. The valuation ^ in $ 
can be transferred to by defining (ptioL 1 ) = a e 冬 . Clearly 

<pt coincides with <p on Since $ is complete relative to 尹, it is 
clear that is complete relative to <p t - Since E is a finite dimen¬ 
sional extension the real valuation has a unique extension 
to a real valuation ^ on E. Let 少 a be the restriction of ^ to the 
subfield P* and transfer to P by 少 (p) = ^ 8 (p*). Then it is clear 
that ^ is a real valuation on P which extends <p. 

Thus we have a process for associating with every composite 
(E, s y t) of P and $ a real valuation ^ on P which extends ip. We 
shall show that this correspondence between the composites and 
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the extensions of the valuations is 1-1 and surjective, if we identify 
equivalent composites. First，suppose the two composites 
(Ei, Si, /i) and (E 2 , s 2y h) of P / 中 and 蚤 / 中 are equivalent. Then 
we have an isomorphism u of Ei/^ onto E 2 / 中 such that a tlU = 
a h y a e ^ and p* lW = p 82 , p e P. For the valuations on P 1 and P 2 
we have ^> h {ct h ) = ^(«) = Hence ^ h {ot hu ) = 

Let 1^1 and 孑 2 be the valuations of Ei and E 2 respectively, which 
extend and Now 孑三 《 iOvi), 7 i e Ei, defines a real 
valuation on E 2 such that for a hu (e we have i? 2 ’( 5 flW )= 
^i{oL h ) = tp h {a h ) = ^ h {a hu ). Thus 《 2 ' is an extension of the 
valuation ip h on Since is complete, this extension is unique 
and so it coincides with 孓 2. Hence we have 孓 1(71)= 孓 2(7 i w ) for 
every 71 e E x . This implies that the restrictions \// 81 and to 
P ® 1 and P 32 satisfy ^ 8l (p Sl ) = ^ ai (p SlW ) = 4« 2 (〆 2 ). Hence the cor¬ 
responding valuations 沴 1 and yf/ 2 on P satisfy ^i(p) = ^ Sl (p Sl )= 
^* 2 (p* 2 ) = + 2 (p). Thus equivalent composites give the same val¬ 
uation. 

Conversely, assume 少 i(p) = ^ 2 (p) for the valuations 少 1 ，少 2 of P 
determined by the composites (Ei, s ly / x ) and (E 2 , s 2i h ) - Then 
we have ^ ai (p Sl ) = ^ a2 (p® 2 ), p bP. Next we observe that E», i = 1,2, 
is the closure of P®* in the topology defined by the valuation in E t *. 
Clearly, this closure contains 丞 〜 and P 8 % hence E t -, since this field 
is generated by ⑯ and P a \ It is now clear that E; is a completion 
of P s< relative to the valuation \f/ 8i in the sense of Definition 5. 
Consequently, by Theorem 6, the isomorphism p Sl —> p 82 of P n 
onto P* 2 has a unique extension to an isometric isomorphism u of 
Ei onto E 2 . We have ^i(ti)= 少 2 ( 7 i w ) for the valuations of E»- 
and p 8lU = p 82 . Since ^ t{ is the closure of ^ in E t - and since u is the 
identity on 中 ， it is clear that u maps onto Hence the re¬ 
striction of u to ^ tl is an isometric isomorphism which is the 
identity on On the other hand, the mapping a h —» a h has 
these same properties since <pt x {oL h ) = = <p t2 (a ts ). Hence by 

Theorem 6 y a 11 —> a h coincides with the mapping u. Hence we 
have ot tlU = a. h and so (Ei, Ji, / 1 ) and (E 2 , s 2y h) are equivalent. 

It remains to show that every valuation ^ on P which is an ex¬ 
tension of <p can be obtained from a composite in the manner 
indicated. To see this we let E be the completion of P relative to 
^ and let s denote the canonical imbedding (isomorphism) of P 
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into E. Now we have an isomorphism t of the completion $ into 
the closure of 中 in E. The subfield of E generated by and P s 
is a finite dimensional extension of so it is complete relative to 
the valuation obtained from E. It follows that this coincides 
with E. Hence we have a composite (E, s t t) and one checks that 
the valuation of P obtained from this composite is the given 
valuation yp. We can now state the following 

Theorem 18. Let V be a finite dimensional extension field of a 
field 电 with a real valuation <p and let $ be the completion of 龟 . Then 
the extensions of to valuations \j/ in P are in 1-1 correspondence 
with the equivalence classes of composites (E, s y /) of P/^> and 

In § 1.16 we have established a 1-1 correspondence between the 
equivalence classes of composites (E, s y t) and the maximal ideals 
of the algebra 丞 P. We have seen that, if 3 is a maximal ideal 
in $ ® P, then this determines a composite whose field is E = 
( 枣 P)/^. Distinct ^ give inequivalent composites and every 
composite is equivalent to one obtained from a maximal ideal 义 
We have seen also that the number of maximal ideals is finite and, 
if 34, ^ 2 y * * *, ^ are the distinct maximal ideals in $ <8) P and 
9? = D Sh then (f P)/9? = E! ㊉ E 2 ® …㊉ E A where Ey 注 
($ (g> P)/3*y. The field E,‘ is the completion of P relative to a 
valuation A、We shall call [Ey：$] = Wy the local dimensionality of 
P determined by \f/j\ Then we have 

= [($ (8) P)：$] — [9 ?： $] 

(41) = [p: 刮一 [ 況 :$] 

=n — < n. 

Moreover, Swy = « if and only if 9? = 0. Since $ (8) P can be 
considered a finite dimensional algebra over VII of the Intro¬ 
duction implies that ($ (g) P)/^ 1 is a field if and only if it is an 
integral domain. Hence 3* is maximal in ($ <8) P) if and only if 3* 
is prime. Hence, by Theorem 12 ， 门 = 況 is the radical of the 
algebra $ <8) P, that is , 況 is the set of nilpotent elements of $ (8> P 
and 況 = 0 if and only if $ <g) P has no non-zero nilpotent ele¬ 
ments. If P is separable over 中 we have $ P = E! ㊉ E 2 
©* * *0 Ea where the E // 中 are fields which can be determined ex- 
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plicitly from the minimum polynomial/^) of a primitive element 
^ of P over 中 （§ 1.16). Since a direct sum of fields contains no 
non-zero nilpotents, it is clear that $ P has zero radical 況 if P is 
separable over 中 . Consequently, the formula (41) becomes 

(42) n — Xn 3 - 

in this case. 

EXERCISE 

1. Determine the number of extensions of the p-adic valuation of the rationals 
to the cyclotomic field of 5-th roots of 1 for f : = 3,5,11. 

16. Ramification index and residue degree. Let ^ be a field 
with a non-trivial non-archimedean real valuation <p and let y 
be the value group, o/ p the residue field of 少 relative to <p (§5). 
Suppose P is a finite dimensional extension field，☆ an extension of 
the valuation to P, r the corresponding value group, O/P the 
residue field of P. Since O and 汜 are the sets of elements p satis¬ 
fying 少 (p) < 1 ， 4/{p) < 1 respectively it is clear that o C 0 and 
p = o 门屯 . Hence we can identify the residue field o/p with the 
subfield (o + 奶 of the residue field O / 史 . In this way we can 
consider the dimensionality [O/^'.o/p] = / which we shall call the 
residue degree of the valuation ^ of the extension P/ 少 . It is clear 
also that the value group -y is a subgroup of r and we shall call the 
index ^ of 7 in r the ramification index of If p 8 P then we can 
multiply p by a suitable non-zero element of p to obtain an 
element of 汜 . Hence we can choose elements of ^ as representa¬ 
tives of the cosets of 7 in r. Both the residue degree and the 
ramification index are finite and, in fact, we have 

Lemma 1. ef < n = [P: 中 ]. 

Proof. Let pi, P 2 , • • •, p/j be elements of D which are linearly 
independent over (0 + ^)/^. Thus if a t - are elements of 0 and 
Sa»pt e then every a t - b p. Let Tr ly t 2 , - - 7r Cl be elements of ^ 
such that the cosets 少 ( 71 ^) 7 ， - ^(7r ei )y are distinct in r/ 7 . We 
assert that the ei/i elements piWj are ^-independent. Thus sup¬ 
pose Xaijp^TTj = 0 where the aij e 中 . We shall show first that, if 
the ai 8 ^ and 〆 0， then e 7 . If XaiPi 9 ^ 0, then 

some (X{ 9 ^ 0 and we may assume that 0 〆 ^(«i) > Then 
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ifj8 t * = atQ：! -1 , < 1, so is in the valuation ring o of <p. We 

have 2a t *p t * = ai(X^ip{). Also < 1 and since j8i = 1 and 

the e o, it is clear that < 1 would contradict the 

linear independence of the p ； over (o + /$• Hence we see that 

)p(E^iPi) = 1 and so 少 (Sow) = ^(«i)(^(Sj8 t *p t *)) = ^(«i) e y. We 
now return to our relation XaijPiTj = 0, aij e Assume there 
exists a. j so that 少 (So^-pt-) 〆 0. Then we have distinct j y say 
j = 1, 2, so that 少 (XotupiTi)= 屮 (2av2PiTT2) 〆 0 (ex. 2, § 1). Then 
^(Sa l - 1 p t -)^(7Ti) = ^\^ai 2 pi)^{^ 2 ) ^ 0 and the cosets 7 少 (in)= 
y\p(w 2 ) by the result we have proved. This contradicts the choice 
of the 7r’s. Hence we see that we must have = 0 or 

2a t -j*pt- = 0 for every j. The argument used before based on the 
linear independence over (o + ^3)/^3 of the p t * now implies that 
every = 0. This proves our assertion that the e\f\ elements 
Piirj are 中 -independent. Hence ^1/1 < n. Evidently the defini¬ 
tions of e\ and/i now imply that ej <n. 

Lemma 2. ef = n if is discrete and 龟 is complete relative to <p. 

Proof. Since <p is discrete the valuation ^ in P is discrete. 
Moreover, P is complete. The groups y and r are cyclic and T/y 
is cyclic of order e. Let w and {3 be elements of ^3 and p respec¬ 
tively such that 屮 (t) and yp(0) = <p(0) are maximal. Any non¬ 
zero element of P has the form e7r fc where ^p(e) = 1 and 是 = 0, 
士 1 ，士 2 ， • * •. Hence 少 (it) is a generator of r. If 卢 = r}Tr e， where 
= 1 and e / > 0 since f3 e p Q then 少 (tt) 6 ' e <y so 〆 is divis¬ 
ible by the order e of the coset 少 (tt) 7. On the other hand, ^(x) e = 
yp(Tr e 、= ^(jS 7 ) for some j8 / e p and = 0 k where 少⑺ =1. 
Hence 沴 (x e )= 沴 (jS” = ^((r}^ e， ) k ) = ^(7r c， *). Hence e = e f k. It 
follows that k = 1, e r = e y and so we have the relation j3 = 7 /tt% 
少 (77) ~ \ y e the order of Yjy. Let pi, p 2 ，. • • ， p/ be elements of D 
such that the cosets pi + ^ form a basis for the field D / 屯 over the 
subfield (0 + ^3)/^3 ~ o/p. We shall show that the elements 
PtTT 7 , 1 < i </ 9 0<j<e — 1 form a basis for P over 中 . Since 
^(7r)7 is of order e y 沴 (1 )， 少 (7r)，. • • ， ^{ir e ~ l ) are in distinct cosets 
relative to 7; hence the proof of Lemma 1 shows that the elements 
PtV are 中 -independent. It remains to show that every element of 
P is a 少 -linear combination of these elements and we shall show 
first that every element of 0 is a linear combination with co- 
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efficients in o of the elements p^. Let ^ e O. Then ^/(v )= 
\p{-K k ) for some k >0. We can write k = m\e j\ where Wi > 
0, 0 <>i < ^ - 1. Then 屮 W = 伸 〜 so ju = ~ l v 

satisfies i j {jx) = 1. The definition of the pi shows that there exist 

f 

elements a lt -eo such that ju — ^ Then \p(Saupi) 

l 

=^(/x) = 1 and，if Pi = — Saiip,*), then ^{v-i) < yf/(v). 

We have 

(43) v = = ^^(Saupi) + ^i- 

We may repeat this argument with pi and obtain a sequence v it 
P 2 y ' ' such that 

(44) ^_i = & mk Tr jh (^a k iPi) + v k 

where the b o, > 0, 0 < jk ^ ^ — 1 j = 1 and 

4^{vk) < yp{vk~\). Then (44) implies that ^(vk-i) = ^(^ mi Tr ik ). It 
follows that Pk —>■ 0, f3 mk —> 0, and (XakiPi)l3 mk — 0. The last 
implies that every infinite series whose terms form a subse¬ 
quence of the sequence k = l y 2, . . • ， converges. 

By (43) and (44) we have 

(45) v = ^ mi T Jl (Xaupi) + j8 m2 7r J * 2 (Sa2iPi) + ••• 

+ ^^^(Eakipi) + Vk. 

Since Vk — 0 and the coefficients of the various powers V， 0 < 
j < e — 1, in (45) converge, we obtain from (45) that v = X^ijpiTr^ 
0 < j < e — ly where /S" e o. Now let v be any element of P. 
Then we can find a power of ^ so that v^~ k e O. Then we obtain 
v — where 如 e o so every element of P is a 中 -linear 

combination of the p{w J . 

We can now prove 

Theorem 19. Let ^ be a field with a non-archimedean real valua¬ 
tion. Let Y be a finite dimensional extension field of yf/ u ^ 2y • •. ， 
少 h the different valuations of P which extend <p and let e^fi be the 
ramification index and residue degree of P/^ relative to \J/{. Then 

(46) 2 e <fi < « = [P : 中 ] 

1 
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and 

(47) Z) eifi = n 

i 

holds if P is separable over 电 and <p is discrete. 

Proof. Let Ei be the completion of P relative to 少 Then for 壶 
the completion of 中 and rii = [E t ‘ ： 中 ] we have < n and = 
n for P separable over 屯 Also we have seen in § 5 that E»- and P 
have the same value group relative to and 蚤 and 中 have the 
same value group relative to <p. Hence the ramification index e{ of 
P over 中 relative to is the same as that of E t * over 壶 . Similarly, 
§5 and the definitions show that the residue degree 力 of P / 中 
relative to is the same as that of E/ 圣 . By Lemmas 1 and 2 we 
have e{/i < « t * and eifi = if the valuation is discrete. Hence 
^Siji < Ttrii < n m every case and — n if P / 中 is 

separable and <p is discrete. 

EXERCISE 

1. Determine the residue degrees and ramification indices in the cases given in 
ex. 1 of § 15. 
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In this chapter we shall consider the theory of formally real 
fields which is due to Artin and Schreier. A basic algebraic 
property of the field of real numbers is that the only relations of 
the form 2Ja t - 2 = 0 which can hold in this field are the trivial ones: 
0 2 + 0 2 + ... + 0 2 = 0. This observation led Artin and Schreier 
to call any field having this property formally real. Any such 
field can be ordered and, on the other hand, any ordered field is 
formally real. Of central interest in the theory are the real closed 
fields, which are the formally real fields maximal under algebraic 
extension. A real closed field has a unique ordering which can 
be specified by the requirement that a > 0 in such a field if and 
only if a = 卢 2 〆 0. Also，if P is real closed，then P(\/ — 1) is 
algebraically closed. Any formally real field can be imbedded in 
a real closed field which is algebraic over the given field. More¬ 
over, if the original field is ordered, then the imbedding can be 

A ‘ •‘‘ Ik A {t M 、 A 、 M A 1 八内 a!*% , y*% 

ou LitaL Litw u 丄 丄 ig m i gcii clik , 

extension is an extension of that of the given field. Such a real 
closed extension of an ordered field is essentially unique and is 
called the real closure of the ordered field. 

The classical application of the Artin-Schreier theory is to the 
problem of determining which elements of a field are representable 
as sums of squares of elements of the field. For finite algebraic 
extensions of the rationals this has a simple answer which is due 
to Hilbert and to Landau (Th. 11). The theory of formally real 
fields led Artin to the solution of Hilbert’s problem on the resolu¬ 
tion of positive definite rational functions as surris of squares. 
We shall give a proof of Artin’s theorem (Th. 12). 
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The most important development of the theory of formally real 
fields subsequent to the original work of Artin and Schreier is the 
metamathematical principle due to Tarski which asserts that any 
elementary statement of algebra which is valid for one real closed 
field is valid for every real closed field. This is based on an aigo- 
rithm for deciding the solvability in a real closed field of a finite 
system of polynomial equations and inequalities with rational 
coefficients. Such a decision method was given originally by 
Tarski. We shall give an alternative one due to Seidenberg. 

In the last section we shall establish the Artin-Schreier charac¬ 
terization of real closed fields as the fields which are not alge¬ 
braically closed but are of finite co-dimension in algebraically 
closed fields. 

1. Ordered fields and formally real fields. We have defined 
ordered groups in the last chapter (§ 5.7). In a similar manner 
one has the following 

Definition 1. An ordered field ^ is a field 电 together with a subset 
P {the set of positive elements) oj^ such that ： (1) 0 ^ P, (2) 1/ a e 
then either a e P y a = 0, or —a e P y (3) P is closed under addition 
and multiplication. 

Since any field contains more than one element, it is clear that 
the subset P is not vacuous. If N denotes the set { —a\a e P} y 
then (2) states that ^ = P U )0} U N. Moreover, it is clear 
from (1) that P D {0j = 0 and N 0 )0} = 0. Also P C\ N = 
0 since, if a e P D N y then —a e P fl N and so 0 = a + ( — a) e 
P contrary to (1). Hence the decomposition # = P U {0} U N 
is one into non-overlapping sets. It is clear that N is closed 
under addition since ( — a) + { — 0) = — (a 0) e N if a, j3 e P. 
On the other hand, ( — — = a(3 e P if —a y —j3 e N. 

We can introduce a partial ordering in the ordered field 中 (or 
more precisely P) by defining a > jS if a — ^ e P, Then if 
a，13 are any two elements of ^>, we have the trichotomy: one and 
only one of the relations a>j8,o ： = j8,/8>a holds. Thus ^ is 
linearly ordered by the relation a > (3. If a > then a + 7 > 
芦 + 7 and a8 > if 5 > 0. Conversely, we can define an ordered 
field by means of a linear ordering > such that a > ^ implies 
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a + 7 > 卢 + 7 and > ^5 if 5 > 0. Let P denote the set of 
elements a > 0. Then it is immediate that 中 ， P is an ordered 
field in the original sense and that the relation > defined by 中 ， P 
is the given ordering relation. 

As usual, it is convenient to write a < ^ for > a. The 
elementary properties of the ordering in the field of real numbers 
are readily established. We list some of these: a > 0 implies 
a -1 > 0 and a > ^ > 0 implies jS— 1 > a -1 > 0. If a > 卢 ， then 
— a < —j3 and，if a > and -y > 5, then a + 7 > + 5. As 

usual, one defines |a| = a if a > 0 and a| = — a if a < 0, and 
one proves that |a + ]8| < |«| + |jS| and a^ \ = \a\ [. 

If <l> / is a subfield of an ordered field P y then ^ is ordered 
relative to P r = D P. We shall call this the induced ordering 
in Evidently a! > in P f if and only if ol > in ^ P, 
If P and 中 ’ ， P' are any two ordered fields, then an isomorphism 
j of into 中 'is called an order isomorphism (or an isomorphism 
of the ordered fields) if P 8 c P f . This implies that N s c the 
set of negatives of the elements of P r and, if s is surjective, then 
P 8 = P f and N 8 = N\ 

In any ordered field 少 ， a 〆 0 implies a 2 > 0. Hence if a 2y 
* * •, a r are 〆()，then 2a t * 2 > 0. This shows that any ordered 
field is formally real in the sense of the following 

Definition 2. A field ^ is called formally real if the only relations 

r 

of the form z an 2 = 0 in ^ are those for which every a t * = 0. 

i = \ 

It is immediate that 中 is formally real if and only if — 1 is not 
a sum of squares of elements of If the characteristic of is 
p 9 ^ 0y then 0 = 1 2 + l 2 + • * * + l 2 {p terms); hence it is clear 
that formally real fields are necessarily of characteristic 0. 

In any field 中 let 2( 中 ） denote the subset of elements which are 
sums of squares. Evidently 2( 少 ） contains 0 and is closed under 
addition and multiplication. Moreover，we have seen that 中 is 
formally real if and only if — 1 ^ 2( 中 ). If jS ^ 0 is in 2( 中 )， then 
j3 _1 e 2 ( 中)； for, we have /3 = 2^ t * 2 and so 一 1 = j3(j3 -1 ) 2 = 
S(/8tj3 -1 ) 2 . We note also that, if ^ is not formally real and not of 
characteristic two, then 2( 中） = 中； for, —1 e 2( 中） and, if a is any 
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element of 中 ， then 



e 2( 中 ） since 2( 中 ） is closed under addition and multiplication. It 
will be useful to state these results on 2( 中 ） in the following 

Lemma. Let ^ be a field and let 2 (^) be the subset of 龟 of elements 
which are sums of sauares. Then 2^ is closed under addition and 

« / 2. \ y 

multiplication and contains 线一 1 for every 3 〆 0 /w 2( 中 ). If 龟 is not 
formally real and not of characteristic two, then S ( 中 ) =#• 


EXERCISES 

1. Show that the field of rational numbers can be ordered in one and only one 
way. 

2. Show that the field i?o(\/2) where i?o is the field of rational numbers has 
exactly two distinct orderings. 

3. Let 中 be an ordered field, f{x) = x n aix n ~ l H — • + a n a polynomial 
with coefficients In Let M = max (1, |ai| + \az | + - — |- |a n |). Show that 
every root of J{x) in $ is contained in the Interval —M < at < M. 

4. Show that any purely transcendental extension of a formally real field is 
formally real, 

5. Let Rq be the rationals and let $ = i?o(^) where ^ is transcendental. Show 
that $ has a non-countable number of distinct orderings, 

6. Let ^ be a formally real field and let ^(# n ) denote the set of » X « sym¬ 
metric matrices with entries in Show that is formally real in the sense 

that X^i 2 = 0, A{ e implies that every A{ = 0. 

7. Let {x t y) be a symmetric bilinear form on an n dimensional vector space 肌 
over $ where ^ Is an ordered field. Let {j3i, 办 ， •, • ,0 n } be a diagonal matrix for 
(x,y). Prove the following extension of Sylvester's theorem (Vol. II ， p, 156) : 
The number of positive 氏 is an invariant of (x y y). 

8. An ordered field is called archimedean if, given any « > 0, > 0, there 

exists an integer n such that »a > )3 (equivalently, given a > 0, there exists an 
Integer n such that n > a). Let P be an ordered field, $ a subfield with the in¬ 
duced ordering. Show that P is archimedean if: 1) $ is archimedean and 2) 
[P:^>] -< oo, (Hint: Use ex, 3,) 

9. Prove that any archimedean ordered field is order Isomorphic to a sub¬ 
field of the field R of real numbers (cf. Th. 5.8). 

10. (Cohn), Let $ be ordered with P as the set of positive elements. Show 
that $(^), ^ transcendental over $ can be ordered by choosing as set Pj of posi¬ 
tive elements those elements which have the form ^ r fg~ l where)3 e P and/ and 《 
are polynomials in ^ with constant term 1. Show that $( 专 ） is not archimedean 
ordered. 

11. (Cohn). Let $ be ordered and let rj be algebraically independent over $ 
in 牵 ( 右 , ”). Order $ ( 右 ） as in ex. 10 and then repeat the process for tj) con- 
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sidering this as the purely transcendental extension 中 (!)(t/) of t(|). Show that 
every element of 中 ( 专 ,”）is majorized by an element of $(”) but that there exists 
no element of $(”）between ^ and 右 2 . 

12, Let P be an ordered field , 中 a subfield. Let p be the set of elements )3 of P 
such that |/31 < |a| for every ck 〆 0 in 中 and let 0 = {7 e P| 7 p Cl p}. Show 
that 0 is a valuation ring In P containing $ and that p Is the ideal of non-units of 
0 . Show that the residue field o/p can be ordered by defining 7 H- p > 0 if 
7 ^ p and 7 > 0 In P. Show that o/p is an extension of 中 (identified with 
($ + p)/p) which is an archtmedean extension of $ in the sense that every Interval 
(a t b) y a y bz o/p, contains an element of 

2. Real closed fields. The deeper properties of formally real 
fields concern real closed fields which are defined as follows. 

Definition 3. A field. ^ is called real closed if ^ is formally real 
and no proper algebraic extension of 电 is formally real. 

We shaii show first that any real closed field can be ordered in 
one and only one way. This is an easy consequence of the following 

Theorem 1. If 龟 is real closed, then any element of 龟 is either a 
square or the negative of a square. 

Proof. Let a be an element of ^ which is not a square. Then 
we can construct the proper algebraic extension 12 = ^>(-\/a). 
This field is not formally real, so there exist jS t *, j{ not all 0 in 中 
such that + 7t"\/a) 2 = 0. This gives 2(j8 t * 2 + 7 »- 2 a) + 
2(2j8 l -7t*)v / a = 0. Since \/~a ^ we have = 0 and 2j8 t - 2 + 

aSji 2 = 0. Since 中 is formally real, Xy{ 2 9 ^ 0. Then —a = 
(2j8t 2 ) (Syv 2 ) -1 . Using the properties of the set 2(^) of sums of 
squares stated in the lemma of § 1, it follows that —ae 2(*1*). 
Since — 1 #2( 中 ） by the formal reality of this implies that 
a <2 ⑻. Thus we have shown that, if an element of 中 is not a 
square, then it is not a sum of squares. In other words, if a e 2( 中)， 
then a is a square. Moreover, we have seen that, if a is not a 
square, then —ae 2($) and this now implies that —a is a square. 
This is what we wished to show. 

We can now prove 

Theorem 2. Any real closed field can be ordered in one and only 
one way. Any automorphism of such a field is an order isomorphism. 

Proof. Let P be the subset of non-zero squares in the real 
closed field 屯 Then 0 ^ P and, if a 5 ^ 0 and a ^ P y then —a e P 




274 


ARTIN-SCHREIER THEORY 


by Theorem 1. If a = 0 2 and y = 8 2 e P y then a -\~ y e P. Other¬ 
wise, a + T = — e 2 where € e 中 . This gives 卢 2 + 5 2 + € 2 = 0 
contrary to the formal reality of Hence we see that the sub¬ 
set P satisfies the conditions 1, 2, 3 for an ordered field and P 
is such a field. Let P r be any subset of ^ which gives an ordering. 
If a e P, a = jS 2 0. Then a > 0 in the ordering given by P\ 
Hence P r 3 P. This implies that P f = P so the ordering in 中 
is uniquely determined. If s is an automorphism of then it is 
clear that s maps the set P of non-zero squares into itself. Hence 
s is an order isomorphism of 

The question of the existence of real closed fields is easily 
settled. In fact, we have the following 

Theorem 3. Let ^ be a formally realfield and let 12 be an algebraic 
closure of 中 . Then Q contains a real closedfield A containing 争 . 

Proof. We consider the collection of formally real subfields of 

containing 中 . This collection is not vacuous since it contains 中 . 
Moreover, it is clear that the collection is inductive, so, by Zorn’s 
lemma, it contains a maximal element A. If A is not real closed, 
then it has a proper algebraic extension A f which is formally real. 

Sinrf 1 Q alcr^Krairallv wf 1 v ciirmnce flia f \ f O 

(ex. 1, p. 147). This contradicts the maximality of A in 12. Hence 
A is real closed. 

Evidently Theorems 2 and 3 and the existence of an algebraic 
closure for any field imply the following corollaries. 

Corollary 1. Any formally real field can be imbedded in a real 
closed field which is algebraic over the given field. 

Corollary 2. Any formally real field can be ordered. 

If 中 is real closed, then — 1 is not a square in 中 so 中 (■%/_ 1) 
〕 少 . We shall show that 4>(V — 1) is algebraically closed and we 
shall see that this property is characteristic of real closed fields. 
For this purpose we prove first the following result. 

Theorem 4. If 龟 is real closed，then every polynomial of odd 
degree with coefficients in $ has a root belonging to 

Proof. The result is clear for polynomials of degree 1 and we 
use induction on the degree n of fix). If fix) is reducible, one of 
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its factors is of odd degree so it has a root in 中 . Hence we may 
assume f{x) is irreducible. Let A = ^(6) where /($) = 0. Then 
△ 〕中 ， so A is not formally real ； Hence we have a relation 
X<pi($) 2 = —1 where <pi(x) is a polynomial in x of degree <n — 1. 
The relation indicated implies that X<pi(x) 2 = —1 + /(x)g(x). 
The leading coefficient of 2^(^) 2 is positive in the ordering in 中 
and the degree of this polynomial is even and <2(n — 1). It 
follows that deg is odd and <2(w — 1) — n = n — 2. 
Hence there exists a 芦 e 中 such that g({3) = 0. Substituting this 

in the relation X<pi(x) 2 = —1 + /(x)g(x) gives X<pi(l3) 2 = —1 
contrary to the formal reality of 

We shall prove next the following generalization to real closed 
fields of the so-called fundamental theorem of algebra. The proof 
is patterned rather closely after one of Gauss’ proofs of the classical 
result. 

Theorem 5. Let ^ be an ordered field such that ： (1) positive ele¬ 
ments in ^ have square roots in (2) any polynomial of odd degree 
with coefficients in ^ has a root in 龟 . Then a/ — 1 # 中 and ^(a/—T) 
is algebraically closed. 

Proof. Since 中 is real, it is clear that V — 1 i Consider 
中 (V — 1) Z) Let p —> p be the automorphism of <!>(■%/ — 1) 
over 中 such that i = — / for i = V — 1. If f{x) e #(\/ — 1)M, 
then / {x)f{x) e and if this has a root in 中 (\/ — 1), then f{x) 
has a root in ^>(V—1). Hence the algebraic closure of 中 (V — 1) 
will follow if we can show that every non-constant polynomial with 
coefficients in 中 has a root in 中 (V — 1). This holds by ( 2 ) if the 
degree of the polynomial is odd. We show next that every ele¬ 
ment of $(V_ 1) has a square root in this field. First, if a e 中 
and a > 0, then, by (1), a = 卢 2 , ^ Next if a e and a < 0, 
then — a = jS 2 and a = (\/ — l) 2 j8 2 . Now let p = a + i = 
V—1, a, j8 in )8 0. Consider the element ^ + T}i y ^ t\ in 

We have (名 + r}i) 2 = — rj 2 -2^qi so + rji) 2 = ct + 和 is 

equivalent to 

(1) — r} 2 = a, 2^n = j3. 

Since 芦 〆 0 we may (by multiplying by a suitable element of 中） 
assume that 卢 = 2 , so the second equation becomes 畜 77 = 1 . This 
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i— _ i 」 *r s- — 1 nni_ _ n .. 一 _ — / i_ s-2 > — 2 

noius li ^ 丄 11 仁 11 cne nrsc equaoun uecomes 一 $ ~ = a 

or 入一入 — 1 = a for 入 =| 2 . Then we have X 2 一 aX 一 1 = 0 
which has the solution (a + V^ 2 + 4)/2 in since a 2 + 4 > 0. 
Also a. -j~ \/ a 2 + 4 > 0 since ol -}- \/c? -j~ 4 < 0 leads to 4 < 0. 
Hence there exists a | 〆 0 in 中 such that | 2 = 皆 (a + V^a 2 + 4). 
Then — a^ 2 = 1 and 芒 2 — 2 = a. Hence | and i\ = 1 

satisfy (1) with 3 = 2. We have therefore proved that every 
element of ^>(\/ — 1) has a square root in this field. Consequently 
there exists no extension field △ of ^(a/—T) such that 

= 2 . 


We proceed to use this fact to prove that every polynomial of 
positive degree with coefficients in 中 has a root in 中 Let 

/Yv 、 VkP- enroll a r^r^lvnnmianH \t>t "R! Kf 1 a finer fif'lH rwif^r d> n( 

J ▼ J m " r M, rn. J ▲▲▲ AAA WA » ■» VV A a •V▲ 邊 > 、^ • 

(x 2 + \)f{x). We may assume that E 3 ^>(\/— 1). Since the 
the characteristic is 0, E is Galois over 金 . Let G be its Galois group 
and let (G: 1) = 2 e m where m is odd. By Sylow’s theorem G has 
a subgroup H of order 2 C . Let A be the subfield over 少 of H- 
invariants. Then [E ： A] = 2 e and [A：$] = m. Since 少 has no 


proper odd dimensional extension field we must have △= 中 and 
w = 1. Hence G = H has order 2 e . Such a group is solvable. If 
e > 1， it follows easily from Galois theory that E contains a sub¬ 


field T over 中 (\/ 一 1) such that [r: 中 (V^I)] = 2. This con¬ 
tradicts what we proved before. Hence e = 1， so [E:4>] = 2 and 
E = 少(\/一 1). This shows that ^>(\/— 1) is a splitting field of 
(x 2 + 1)/(^) and that f{x) has a root of 中 (v^ — 1). Hence 中 (V^T) 


is algebraically closed. 

If 少 is a real closed field, then we have seen that 中 can be ordered 
in exactly one way. The proof of Theorem 2 shows that this 
ordering is obtained by specifying that a > 0 if a = 卢 2 ，卢 〆 0. 
Hence we see that every real closed field is ordered and satisfies 
condition (1) of Theorem 5. Theorem 4 shows that every real 
closed field satisfies condition (2) of Theorem 5. Hence we have 
the following 


Corollary. If 龟 is a real closedfield y then \/ —1 丰电 and 中 (V — l) 
is algebraically closed. 


We shall prove next the converse of this, namely, 




ARTIN-SCHREIER THEORY 


277 


Theorem 6. If 龟 is a field such that V— 1 ^ and ^(V — 1) is 
algebraically closed，then 龟 is real closed. 

Proof. Suppose # satisfies the conditions. We note first that 
the irreducible polynomials of positive degrees in ^[x] have degree 
1 or 2. Let /(x) be such a polynomial and let 0 be a root of f{x) 
contained in = 中 (V^ — 1). Then = deg f{x) and 

[^►(0)：^] < [Q：#] = 2. Hence deg f{x) — 1 or 2 as asserted. Now 
let a, jS 〆 0 e 中 and consider the polynomial 

(2) g{x) = (x 2 — a) 2 + jS 2 = (x 2 — a — 0f)(x 2 — a + ^i) 

=(x - (a^i) H ){x + (a + 

{x — {a — j8/) M ) {x + (« — ^i) H ) y 

where i = V —1. This polynomial belongs to 中 M and has no 
linear factors in 中 [x] since 士 a 士卢中 . Hence g(x) is a product 
of two irreducible quadratic polynomials. The one divisible by 
x — (a -cannot be 

(■X 1 — （at + 由 ) (>v + (ct + = x 2 一 （a + 决)； 

for, this would imply that a + 拆 e 中 . Hence the polynomial in 
question is either 

(^ — (a + ^i) (x — (a — I3i) 
or 

/ / I *\ / * / /■» *\ 

W — p 十 pt) ~){X 十 （a — pi) ~). 

Either possibility implies that (a 2 + j8 2 )^ e ^>. Since a and j8 were 
arbitrary non-zero elements of we have proved that the sum 
of two squares of elements in # is a square. Induction shows 
that every sum of squares is a square in 屯 Since — 1 is not a 
square, this implies that — 1 is not a sum of squares in ^ and so 中 
is formally real. If P is a proper algebraic extension of 7 中 ， then 
P is isomorphic to 12 = 中 (\/ — 1). Then P is not formally real 
and so 少 is real closed. This completes the proof of Theorem 6. 

The corollary to Theorem 5 and Theorem 6 give the charac- 
terizationof real closed fields by the properties that \/— 1 i- ^ 
and 少 (*\/ 二 1) is algebraically closed. We remark also that there 
is another characterization involved in our discussion, namely, 
an ordered field is real closed if and only if it satisfies conditions 
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(1) and (2) of Theorem 5， that is, positive elements of 中 have 
square roots in 中 and polynomials of odd degree with coefficients in 
中 have roots in 中 . This is easily deduced from our results. We 
derive next the following useful consequence of one of our charac¬ 
terizations of real closed fields. 

Corollary. If V is a real closed extension field of a field then 
the subfield k of elements of P which are algebraic over 龟 is real 
closed. 

Proof. Let Q = P(V — 1). Then 12 is algebraically closed. 
Hence the subfield r of elements of 12 which are algebraic over 中 
is algebraically closed. If a + j8*\/ — 1, a, 8 P, is in T, then so is 
<x — 1 . Hence a = 蚤 (ct + — 1 + a — j3\/ —— 1 ) e T. 

Then e T. Since a, e P we see that a, e A. It follows that 
r = A(\ / — 1). Since \/ — l ^ A, we see that A fulfills the condi¬ 
tions of Theorem 6. Hence A is a real closed field. 

EXERCISE 

1. Let be algebraically closed, $ formally real. Show that S2/$ contains a 
real closed subfield P/$ such that 0 = P( \/—1 )• In particular, show that 
every algebraically closed field of characteristic 0 contains a real closed subfield 
P such that 0 = P( \/— 1). 

3. Sturm’s theorem. In this section we shall derive a classical 
result, Sturm’s theorem, which permits us to determine the exact 
number of roots in a real closed field of a polynomial equation 
/(x) = 0. This result is fundamental in the sequel. In deriving 
it we shall follow rather closely Weber’s exposition in Lehrbuch der 
Algebra (1898), Vol. I, pp. 301-313. We shall need first the follow¬ 
ing basic result. 

Lemma. Let ^ be a real closed field and j{x) a polyn omial with 
coefficients in 4>. Suppose a and ^ are elements of ^ such that f{a) 
<0 while / ⑹ > 0. Then there exists a y between a and j8 such 
that /(t) = 0 . 

Proof. We recall that the only irreducible polynomials in ^[x] 
are the linear ones and the quadratic ones. Let 兄 (x) = x 2 -\~ 
lix v e 中 [<v] be irreducible. We assert that necessarily ii 2 — 4p < 
0. This is clear from the formulas for the roots of a quadratic 
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equation. We can now set 4v — ii 2 = 45 2 where 5 is a non-zero 
element of 中 and we have 

/ ju \ 2 

(3) g(x) = .v 2 + + ^ = ( ^ + ~ ) + 5 2 . 

Evidently this formula shows that g(rj) > 0 for every 77 in 
Now let f(x) y a, be as in the statement of the theorem. In 
中 [>v] we have the factorization 

(4) f{x) = p(x — Pi)(x 一 P2) * • • (x — Pk)gi(x) - - - 

where gi(x) is an irreducible quadratic with leading coefficient 1 . 
Suppose none of the p t * is between a and /3. Then for each /, 
a — pi and (3 — pi have the same sign (both positive or both 
negative). Since gj(a) > 0 and gj{0) > 0 ， 1 <j < /, this implies 
that J{ol) and /(j 8 ) have the same sign，contrary to hypothesis. 
Hence there is a p t * between a and / 8 . This completes the proof. 

Let 由 be a real closed field and let be a polynomial of r»osi- 
tive degree with coefficients in 中 . Following Weber, we shall say 
that a sequence of polynomials 

(5) /oW = /W ， /iW ， … ， Js{x) 

is a Sturm sequence of polynomials for fix) for the interval [a, 0\ 
(that is y a < x < ^) if the /i(x) e 中 M and satisfy the following 
conditions: 

(i) f 8 (x) has no roots in [a, j3], 

(ii) / 0 (a) 7 ^ 0 , f o ( 0 ) 7 ^ 0 . 

(iii) If 7 e [a, 0\ is a root of /j(x ) 9 0 < j < s 9 then 

fj-i(y)/j+i(y) < 0 

(iv) If /(y) = 0, 7 e [a, 0\ y then there exist intervals 71 < ^ < 
y and y < x < y 2 such that fo(x)/i(x) < 0 for x in the 
first of these and / 0 W/ 1 W > 0 for x in the second. 
(This amounts to saying that fo(x)/i(x) is an increasing 
function of x Rt x = 7.) 

We shall establish the existence of such sequences for any 
polynomial with distinct roots, but first we shall see how such a 
sequence can be used to determine the number of roots of f{x) in 
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the open interval (a, jS) (that is, a < ^ < |3). We consider the 
number of variations in sign of the sequence 

/o(«), /i(«), ■••,/*(«) 

/。 ⑻， A ⑹， …， M 0) 

of elements of 中 . If 7 = { 71 ， 72 , . * • ， 7 m} is a finite sequence of 
non-zero elements of 中 , then we define the number of variations in 
sign of 7 to be the number of i y 1 < i < w — 1, such that 7i7i+i 
< 0. If 7 = {71, 72, • • 7m} is an arbitrary sequence of ele¬ 

ments of then we define the number of variations in sign of 7 
to be the number of variations in sign of the abbreviated sequence 
y f obtained by dropping the 0’s in 7 . For example, 

{1,0, 0,2, -1, 0, 3,4, -2} 

has three variations in sign. 

We can now state 

Theorem 7. Let f{x) be a polynomial oj positive degree with co¬ 
efficients in a real closed field ^ and let fo{x) = f{x) y f\{x) y • ■ 
f s {x) be a Sturm sequence for fix) for the interval [a, 0\. Then the 
number of distinct roots of f{x) in (a, 0) is V a — V 办 where ， in 
general V 、 denotes the number of variations in sign of the sequence 

{/oW,/i(7)，. • • ，力 (7)}. 

Proof. The interval [a, j3] is decomposed into subintervals by 
the roots of the polynomials fj{x) of the given Sturm sequence. 
Thus we have a sequence a = a。< «i < •… < a m = ^ such 
that none of the fj{x) has a root in c^+i). Choose a/ e 
(ai_i, oii ), 丄 s l w (e.g., a t - = 卞 oi{)) anu ier y ai > De 

the number of variations in sign of the sequence {/,(«/), j = 
0, 1 ， … ， jj. Evidently, 

— y^ = V a — V0Ci f — V a i+1 /) - ^a m > ~ V 

1 

so we shall try to compute V a — V ai ，’ V ai > — V ai ^ y V am ，一 V 
We have f Q {a) 0, / o (0) 7 ^ 0, / 8 (a f ) ^ 0, /«(a/) ^ 0. Suppose 
first that no fj{oi) = 0 y 0 < j < s. Then /*(«)/*(«/) > 0 for 
是 = 0 ， … ， j, since, otherwise, by the lemma, one of the fk{x) has 
a root in (a, ai) contrary to the property of the intervals (a»-, 
ctf + i). Hence we have V a = V ai > in the case under consideration. 
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Next let //a) = 0 for some 乂 0 < j < s. Then (a) 

< 0 ， by (iii). Sinceand fj{x) have no roots in (a, ai), 
we have 力 — 办 )//-〆％') > 0 and /y+iC^/y+iCa/) > 0. Hence 

r f f\ r / /、 / A t , 11 , i - r / 、 r / \ j 

/y-U«i ^ yj. iz ronows mac jj-i\a), u, ana 

fj-i(ai) y fj(oii) y contribute the same number of varia¬ 

tions of sign to V a and V ai > respectively. Taking into account all 
the j we see that V a — V ax > = 0. A similar argument shows that 
V am > — Fp = 0. Also the same argument shows that, if a», 1 < 
i < m — l y is not a root of f{x) = fo{x) then again V ai - — F a . +l t 
= 0. It remains to consider what happens if /(«i) = 0 for 1 < 
i < m — l. Then, by (iv) and the choice of the a/ y we have 
/o(«/)/i(a/) < 0 and /oCai+iO/i («»+/) > 0. Then the se¬ 
quence / 0 (a/), /i («»0 has one variation in sign while the sequence 
i /o(«i+i / )i has none. The argument used before shows 

that f j+ i{oti) and / ； _i(«»+/), 力 ( 叫 +1 ’)， 

/j+ifat+iO have the same number of variations of sign if j > 1. 
Hence we see that V ai ，一 V aiJrX > = 1 if /(a») = 0. We have 
therefore shown that F ai ，一 V ai+l > = 0 or 1 according as /(a») 
〆 0 or /(a t ) = 0. Hence 

Til 一 1 

— 厂 3 = 7a — X ( 厂 a/ — 厂 a <+1 0 + 厂 a/ — ^ 

1 

is the number of af such that /(«»•) = 0. 

Now let f{x) be an arbitrary polynomial. We define the 
standard sequence for f{x) by 

/oW = /W, f\{x) = f r {x) (formal derivative of f{x)) y 

M x ) = ^iW/iW - Mx) y deg / 2 < deg / x 

» » • 

螫 螫螫 

⑺ /i-i(x) = gi(x)/i(x) - f i+1 (x) y deg/ l+ i < deg 力 

* » • 

» ■ * 

/ s -l(x) = q s (x)/ 8 (x). 

Thus the fi{x) are obtained by modifying the Euclid algorithm 
for finding the highest common factor of f{x) and f r {x) in such a 
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way that the last polynomial obtained at each stage is the nega¬ 
tive of the remainder in the division process. Clearly, f 8 {x) is 
the highest common factor of f{x) and f r {x) and this is a divisor 
of all the fi{x). Now set gi(x) = and consider the 

sequence 

⑻ go(x) t gi(x) y - - - y gs(x). 

We proceed to show that this is a Sturm sequence for for 

any interval [a, 0\ such that 《 0 (a) 〆0, go ⑹ 〆 0. Clearly (ii) 
in the definition of Sturm sequences is satisfied. Also (i) holds 
since= 1. Dividing the polynomials in (7) by f s {x) gives 
the relation &■_!(>) = qj{x)gj{x) - 幻 +iO )，0 < j < s. Suppose 
幻 ( 7 ) = 0. Then 幻 -iOy) 〆 0 and 《 y+i( 7 ) 〆0， since otherwise 
the relations indicated would imply that all the ^*( 7 ) = 0 from 
a certain point on contrary to^ 8 (^) = 1 . Thus 1 ( 7 )^+ 1 ( 7 ) ^ 
0 and, since ^-_i( 7 )= 幻 ( 7 ) 幻 (7) 一 ^+ 1 ( 7 ) = -^+ 1 ( 7 ), we have 
^■-1 ( 7 )^ 7 + 1 ( 7 ) < 0 and (iii) holds. Now suppose that 兄 0 ( 7 ) = Ofor 
y in [a, 0\, Then we have /(x) = (x — y) e k(x), e > 0 y h(y) 7 ^ 0 
and f f {x) = {x — y) e h f {x) + e{x — y) e ~ l h{x). Also J 8 { x ) = {x — 
7 ) e-1 ^(.v) where k{y) ^ 0. Hence h{x) = k{x)l{x) where /( 7 ) 〆 
0 and h r (x) = k(x)m(x). These relations give 

⑼ 《oW = (x - 7),W ， ,(7) 〆 0 

《lW = («V — y)m(x) + el{x) 

so gi (7) = el{y) 7 ^ 0. Now choose an interval [71, 72 ] containing 
7 in its interior such that l{x) 〆 0 and 〆 0 in [y ly 72 ]. Then 
the lemma implies that ^i(^) and l{x) are either both positive or 
both negative in [ 7 ^ y 2 ] so ^1 {x)l(x) > 0 in [ 7 ^ y 2 ]. Hence 
= («v — y)gi {x)l{x) has the same sign as ^ — 7 in [71, y 2 ] 
SO < oin 7i < ^ < 7 and^oW^iW > 0 in 7 < x < 72. 

This shows that (iv) holds and so (8) is a Sturm sequence for 《。 ㈤. 

If f{x) has no multiple roots, then f{x) and f f {x) have 1 as 
highest common factor. Then the sequence {/oWi /1 W> •. 
/a(^)} differs from {^oW, ^1 Wi * ■ • ，兄 《(%)1 by a non-zero multi¬ 
plier in Hence the sequence of fi{x) is a Sturm sequence for 
f{x) = Jq{x). If f{x) has multiple roots, then the standard se¬ 
quence (7) will not be a Sturm sequence for an interval contain¬ 
ing a multiple root. Nevertheless, we can still use the standard 
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sequence to determine the number of distinct roots of f{x) in 
(a y j 8 ). This is the content of 

Sturm’s theorem. Let f{x) be any polynomial of positive degree 
with coefficients in a real closed field ^ and let {/oW = f{x、) y f\{x )= 
f r {x) y ...，/«(《)} be the standard sequence (7) for f{x). Assume 
[a y 0\ is an interval such that /(a) 〆0, / ⑹ 〆 0. Then the number 
of distinct roots of f{x) in {a, 0) is V a — where V、 denotes 
the number of variations in sign of {/ 。 ( 7 ) ， /i( 7 ) ， ... ， /«( 7 )} • 

Proof. Let gi(x) = as above. Then apart from 

multiplicities, the polynomials/(^) and^ 0 («) have the same roots in 
in (a, j 8 ) (ex. 7, p. 40). Since the sequence j is a Sturm se¬ 
quence for the number of these roots is V a {g) — V^{g) where 
Vyijg) is the number of variations in sign in {^( 7 )). Since 

fi{y) = gi(y)/s(y) and / 8 ((X) 〆0, 力⑻ 〆 0 

it is clear that V a {g) = V a and V^(g) = V Hence V a — 
gives the number of distinct roots of f{x) in (a, 0). 

We have seen that the roots of f{x) = x n aiX n ~ l +••* + “„ 
in 中 are in the interval [—M y M\ where M = max (1 ， |^i| + 
|^ 2 1 + * * * + |^n|) (ex. 3, § 1). If we set ju = 1 + |^i | + * * * + |^n|, 
then the roots of f{x) in 少 are in ( 一 /i ， m). If fo{ x ) = f\{x) y 
... ， fsi x ) i s the standard sequence (7) for f{x), then the number 
of roots of f{x) in $ is — where is the number of varia¬ 
tions in sign in )/ 0 ( 7 ), /i(t), … ， / 8 (t)}. This gives a construc¬ 
tive way of determining the number of roots of f{x) in Some¬ 
times it is preferable to use instead of /x a bound 77 which is a 
polynomial in the a 《,For this purpose we note that 1 + > 

\ai\y so we can take 77 = 1 + 2(1 + a/) = (w + 1 ) + 

Then the roots in 中 lie in (u). 

EXERCISES 

In all of these exercises $ is a real closed field. 

1. Prove Rolle’s theorem: If /(x) e 中 [v] has roots a, )3 in a < /3, then there 
exists a 7 in$, a< 7</3 such that / ^ 7 ) = 0. 

2. Prove the mean value theorem for polynomials: Ifa < )3, then there exists a 

7 , a < 7 < )3 such that/(/3) -/(a) = (j 8 — <x)f(y). • 

3. Prove that/(^) has a maximum on any closed finite interval, [a, )3]. 

4. (Budan’s theorem). Let f(x) have degree n and assume at < )3 in 金 are not 
roots of f{x). Let fV y denote the number of variations in sign in the sequences: 
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* * * yJ Kn> {y)" Prove that fV a — exceeds the number of roots of 
J{x) in ^ in (at, )3) counting the multiplicities of these roots by a non-n 項 ative 
even integer. 

5. Deduce from ex. 4 Descartes* rule: Let f{x) = a^x n + + • ■ ■ + 

ocix n ~ l t otQ 〆 0, 〆0, ccf e 中 . Let P denote the number of variations in sign in 
the sequence («o, o ： i, * • •, a；). Show that P exceeds the number of positive roots 
oif{x) y counting multiplicities, by a non-n^ative even integer. 

4. Real closure of an ordered field. We have seen that every 
formally real field can be imbedded in a real closed field. In 
particular, this applies to ordered fields. We shall now show that, 
if 中 is an ordered field, then there exists a real closed algebraic 
extension field △ of 中 whose (unique) ordering is an extension 
of that of 少 . Moreover, we shall see that △ is essentially unique. 
To prove the existence of A we need the following 

Lemma. Let ^ be an ordered field 々 an algebraic closure of 电 and 
let E be the subfield of obtained by adjoining to 电 the square 
roots of the positive elements of 龟 . Then E is formally real. 

Proof. Suppose we have a relation = 0 in E. Then the 

are contained in a finite dimensional extension field of the form 
• • •，where the 氏 are positive elements of 
Hence it suffices to show that every subfield 盃 (V^ ， V"/8 2 , • • •， 
\^Wr)> > 0, of E is formally real. We prove this by induction 

on the dimensionality of the subfield and for this it is convenient 
to prove the apparently stronger statement that, if ^y^i 2 = 0 
for 7 f > 0 in $ and ^ in … ， V^)，then every 

It = 0. This is clear for 中 since this is an ordered field. 

Suppose it holds for subfields of the indicated form of lower 

dimensionality than that of T = 中 (a/^ ，• • • ， V^). We may 
assume that r ] H = 中 (V^，• • • ， \/^- 1)3 so the result holds 
for H. Now assume = 0, ^ e r, > 0 in 中 . Write ^ = 

T1-* -I™ Mr. ^ p H Then 4 - -U 9 丫■•产 

"I t 1 j & ， r— 7 j ■/ & j v ■ ‘ - • v f j, w i fr I — 厂厂 # u I 猶 \— § 1 / ▼ r^r 

= 0. Since t H, 2^^ = 0, so 'Ey^ru 2 + ^ r y^i 2 = 0. 

Since 7 “ ^ r yi e ji > 0, ^ r y { > 0, and rn, U e H, every rn and 

= 0. Then every ^ = 0 and the result is valid for r. 

Definition 4. Let ^ be an ordered field. Then an extension field 
L of ^ is called a real closure of ^ if (1) A is real closed^ (2) A is 
algebraic over (3) the ordering of A is an extension of that of 

We can now prove the following basic result. 
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Theorem 8. Every ordered field ^ has a real closure. If and 
电 2 are ordered fields with the real closures Ai and A 2j respectively ， 
then any order isomorphism of onto ^2 has a unique extension to 
an isomorphism of A l onto A 2 . The extension is an order isomor¬ 
phism. 

Proof. Let $ be an ordered field，an algebraic closure of 
Let E be the subfield of 12 obtained by adjoining to ^ the square 
roots of all the positive elements of Then E is formally real 
and Q is an algebraic closure of E. We have seen that there exists 
a real closed subfield A of 12/E (Th. 3). Suppose 卢 e 伞 and 卢 > 0. 
Then ^ = p 2 y p e A. Hence jS > 0 in A so the ordering in A is an 
extension of that of 少 . Hence A is a real closure of 中. 

Next let 电 “ i = 1,2, be ordered fields, A t - a real closure of 
and let a —> a be an order isomorphism of onto We wish 
to extend the given isomorphism to an isomorphism of A x onto 
△ 2 . We note first that, if f{x) e$i[^], then f{x) and its image 
J{x) under a —> 3 have the same number of roots in and A 2 
respectively. We have seen that there exists a 卩 > 0 in 盃 1 such 
that every root of f{x) in is contained in ( —m)* Moreover, 
by Sturm’s Theorem, the number of roots of f{x) in A x in the in¬ 
terval (—m ，M)，hence the total number of roots oi f{x) in A lt is 
given by V where V y is the number of variations in sign of 
the standard sequence (7) for /at 7 . Since the standard sequence 
of / is contained in all of this carries over to J{x) and A 2 . 

Hence the number of roots of f{x) in A 2 is the same as the number 
of roots of f{x) in A x . We note next that, if F = {pi, p 2y * * ■, Pn} 
is a finite subset of A l4 then there exists a subfield Ti of △!/ 中 con¬ 
taining F and an isomorphism t of into A 2 which extends a —> 
a and is such that，if pi < P 2 < • • • < Pn) then pi T < P 2 T < < 

Pn ， For this purpose let f{x) be a polynomial in 少办] which has 
the elements pi，1 < i < n y cr； = Vpy+i — pj, 1 < j < n — l, 
among its roots. We note that the a-j e since is real closed 
and py + i — pj > 0 (proof of Th. 2). Let be the finite dimen- 

OlUliai CA LtliaiUIl Ul clLCU uy LUC IUULS U1 JW) m LXi ， ± HCil 

Ti = and, if.g'W is the minimum polynomial of 61 over ^ ly 

g(x) has a root d 2 in A 2 . We have an isomorphism t of I\ onto 
中 2 ( 沒 2 ) such that a T = a y a e^i, and Bi = $ 2 . then p,- +1 r — pf = 
(Pj+i — Pj) T = (o/) 2 > 0. Hence Pi r < P 2 T < * * * < Pn in A 2 as 
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required. We shall now define a mapping rj of into A 2 in the 
following way: Let p be an element of Ax and let h(x) be its mini¬ 
mum polynomial over Let the roots of h{x) in be pi < 
P2 < ... < Pm and suppose pk = p. Then Ji{x) has exactly m 
roots p/ < P2 7 < * * * < Pm in A 2 and we now set p n = p k \ Evi¬ 
dently a n = a, a e 中 1， and it is easy to see that 77 is 1-1 and surjec¬ 
tive. We assert that, if p, <7 e A x , then (p + o*)” = 〆 + 
(pa-y = pV” so that 77 is an isomorphism of into A 2 extending 
a —> 3 . Let F be a finite subset of A x which includes the roots 
in Ai of the minimum polynomials over of /> ， cr, p + <r and per. 
Then we have seen that there exist a subfield Fi of over 
containing F and an isomorphism r of Ti in A 2 extending a —> 5 
such that r preserves the order of the elements of F. As before, 
let h{x) be the minimum polynomial of p over and let pi < 
P 2 < ■ * * < Pm be the roots of h{x) contained in A x . Then p t - e F 
and pi T < p2 < ■ ■ * < pm r . We have H{pi T ) = 0 and it follows 
from the definition of 77 that p v = p r . Similarly, we see that <r n = 
(T ? y (p + <t) t, = (p + (r) T , {p<tY' = (per) 7 . Since r is an isomorphism, 
this implies that (p + cr)” = 〆 + cr” ，（ per)” = pV* 1 . Hence rj is an 
isomorphism of Ai onto A 2 extending the given isomorphism of 
onto 牵 2 . Now let be any isomorphism of onto A 2 . Since t] 
maps squares into squares it is clear that t\ is an order isomor¬ 
phism. Suppose also that 77’ extends the mapping a —> 3. Let 
p e Ai and let pi < P2 < * * * < pm be the roots in A l of the mini¬ 
mum polynomial h{x) of p over ^>i. Then pi”’ < p 2 ”’ < • • • < 
are the roots in A 2 of It follows that p v， = Hence the 

extension rf is unique. This completes the proof of the theorem. 

If and A 2 are two real closures of a given ordered field 少， 
then the identity mapping on 中 can be extended to an order iso¬ 
morphism of onto A 2 . In this sense real closures are equivalent 
and we may therefore speak of the real closure of 


EXERCISES 

1. Let $ be an ordered field, A an extension field such that the only relations 

of the form = 0 with positive in $ and 匕 in A are those in which every 

= 0. Show that A can be ordered in such a way that its ordering is an ex¬ 
tension of that of 

2. Let 中 be an ordered field, A a real closed extension field whose order is an ex¬ 
tension of that of Show that A contains a real closure of 
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5. Real cdgebraic numbers. We have seen that the field 及 0 of 
rational numbers has a unique ordering (ex. 1, § 1). This ordered 
field has a real closure A 0 which is determined up to isomorphism. 
We shall call any real closure A 0 of Rq the field of real algebraic 
numbers. Clearly 12。 = A 0 (V —1) is an algebraic closure of R 0y 
and we shall call this field the field of algebraic numbers. 

Now let r = R 0 ($) be a finite dimensional extension field of the 
rationals. Then \f n = [r ： i? 0 ], we have n distinct isomorphisms 
of T /R 0 into O 0 /i?o* These are determined by mapping 6 —> di y 
1 < i < n y where j^i , 汐 • • • ，汐 n} is the set of roots of the mini¬ 
mum polynomial g(x) of $ in O 0 * Let 0 2i • • •, be those $i 
which belong to A 0 . We shall call these the real conjugates of 6, 
We agree to set r = 0 if 0 has no real conjugates. Let r；, l < i < 
r, be the isomorphism of r/i? 0 into A 0 /R 0 such that B Ti = Bi. Then 
the ordering of Ro{9i) ^ A 0 imposed by the unique ordering in 
△o provides an ordering of r ： We define p > 0 for p e r if and 
only if p Ti > 0. We shall refer to this ordering of r as the order¬ 
ing determined by Now suppose we have any ordering of r 
and let A be a real closure of r relative to this ordering. Since T 
is algebraic over R 0i it is clear that A is a real closure of R 0 . Con¬ 
sequently, we have an order isomorphism r of A/R 0 onto A 0 /R 0 . 
The restriction of r to r coincides with one of the r t - and it is clear 
that the given ordering of r is the same as the ordering determined 
by Ti ， Finally, suppose r t - and ry provide the same ordering of r. 
Then we have an order preserving isomorphism of Ro{B t ) onto 
Ro(6j) such that 6{ —> $j. Since A 0 is a real closure of Ro(0{) and 
of Ro(6j) y by Theorem 8, we have an automorphism of A 0 (over 
Ro) sending 6{ into 6j. On the other hand, since A 0 is a real closure 
of Roy Theorem 8 shows also that the identity is the only auto¬ 
morphism of A 0 over R 0 . Hence we must have 6j = Bi ， These 
results establish the following 

Theorem 9. Let Y be a finite dimensional extension of the field 
of rational numbers. Then the number of distinct orderings of Y is 
the same as the number of isomorphisms o/Y/R Q into the field A 0 /i? 0 
oj real algebraic numbers. 

In particular, this number cannot exceed [r : i? 0 ] and there are 
iiu uiucmigs ui ± — ii tuiu uiuy ii luc iiiiiiiiiiuin puiyuumitii 

of $ over R 0 has no real roots, that is, no roots in A 0 . 
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We shall now apply this result to obtain a theorem of Hilbert 
and Landau which gives a necessary and sufficient condition that 
an element of r = Ro(6) y 9 algebraic, is a sum of squares in this 
field. First, let 中 be any field of characteristic and，as in 
§ 1， let 2($) be the subset of ^ of elements of the form 2a t - 2 , 
ai e 伞 . Next, we introduce the following definition. 

Definition 5. An element p of a field is called totally positive if 
p > 0 in every ordering of the field. 

In particular, it will be understood that in a field which has no 
ordering, then every element is totally positive. Thus every 
element of a field which is not formally real is totally positive. 
We have the following general criterion 

Theorem 10. Let ^ be a field of characteristic ^2. Then an 
element p ^ 0 in ^ is totally positive in 龟 if and only if p is a sum of 
squares of elements of 龟 . 

Proof. If 0 p = then clearly p > 0 in every ordering of 
伞 . Conversely, assume p 〆 0 is not a sum of squares in 中 . Let 
Q be an algebraic closure of ^ and consider the collection of sub¬ 
fields E of in which p is not a sum of squares. This collection 
contains 中 and is inductive; hence it contains a maximal element 
P. Now P is formally real; otherwise，the lemma of § 1 shows 
that every element of P is a sum of squares, but we know that p 
is not a sum of squares in P. Then P can be ordered. We note 
next that —p is a square in P. Otherwise, we have the field 
P(V —p) in 12 and this properly contains P. Hence in this field 
we must have p = 2 ( 匕 + ^iV—p ) 2 , 右 7?i in P. This gives p = 
X^i 2 — pXrn 2 + — p). It follows that 2^^- = 0 so 

p(l + Xrji 2 ) = Then 1 + Xrji 2 # 0 by the formal reality 

of P; hence p = (S^- 2 )(l + 2?^ 2 ) _1 is a sum of squares in P by 
the lemma of § 1. This contradicts the choice of P. Hence we 
see that — p = 卢 2 ,卢 e P. This implies that —p > 0 and p < 0 in 
every ordering of P. Since P can be ordered, the induced order¬ 
ing in 9 gives an ordering of in which p < 0. Thus p is not 
totally positive. 

This criterion and the result we obtained before on the form of 
the orderings of a finite dimensional extension of the rationals 
evidently imply the following 
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Theorem 11 (Hilbert-Landau) . Let Y be a finite dimensional 
extension field of rationals and let ri, t 2 , ■ * *, r r (r >0) be the dif¬ 
ferent isomorphisms o/Y/Rq into the field of real algebraic numbers. 
Then an element p # 0 of T is a sum of squares in r if and only if 

f 户 U JOT I = l y Ly •••，；"• 

EXERCISES 

1. Let $ be an ordered field and A a formally real field over Let p be an 
element of A which cannot be written in the form 

(10) ^>0in$, 

in the larger field. Show that there exists an algebraic extension P of A such 
that p is not of the form (10) in P (^ t * in P) but p has this form in every proper 
algebraic extension P’ of P. Show that every positive element of $ is a square in 
P and hence that p is a sum of squares in any P r ID P, P r algebraic over P. 
Prove that P is real closed and that the ordering in P is an extension of that of 
Prove that p < 0 in the ordering of P. Hence prove the following theorem: A 
necessary and sufficient condition that an element p of A have the form (10) in A 
is that p > 0 in every ordering of A which extends the ordering of 

2. Let ^ be an ordered field, △ the real closure of 中 and T a finite dimensional 
extension of Prove the following generalization of Theorem 9: If r is the 
number of isomorphisms of r/$ into A/$, then r is the number of ways of ex¬ 
tending the ordering of $ to an ordering of T. 

6. Positive definite rational functions. One of the problems 
proposed by Hilbert in his address to the 1900 Paris Congress of 
Mathematicians was the following: Let 0 be a rational function 
of n variables with rational coefficients such that Q{k\ y * * •, ^n) > 
0 for all real ( 匕 ， • •. ， ^ n ) for which Q is defined. Then is Q neces¬ 
sarily a sum of squares of rational functions with rational coef¬ 
ficients? * By a rational function with rational coefficients we 
mean a mapping ( 匕 ， •••，！„)— • • • ，！ n) where Q(x ly • • •， 

x n ) is a rational expression in indeterminates Xi with rational coef¬ 
ficients. The domain of definition of Q is the set of real w-tuples 
(名 1， • • •，D for which the denominator of Q{x\ y • • • ， x n ) is not 0. 
In 1927 Artin gave an affirmative answer to Hilbert’s question 
and proved the following stronger result. 

Theorem 12 (Artin). Let ^ be a field of real numbers (that is y a 
subfield of the field R of ordinary real numbers) which has a unique 

x ui5 15 ivnuwn xxiiucri & i /ui pruuicin* acc !-/• jnuucrt, ivxatncTnatfjicnc rruvtc7ne y 
Gottinger Nachrichten, 1900 , p. 284 or Gosammelte Abhandlungen y Vol. 3 , p. 317 . 
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ordering and let Q be a rational function with coefficients in 电 which 
is rationally definite in the sense that Q(^i y •.. ，专 n) > 0 for all 
rational ( 匕 ) for which Q is defined. Then Q is a sum of squares of 
rational junctions with coefficients in 

Instances of fields 少 which satisfy the condition are: the rational 
field，any real closed subfield of real numbers, the field of all real 
numbers. If we take 中 to be the first of these, then Artin’s 
theorem gives a stronger result than that suggested by Hilbert. 
Let ^ be as in the theorem and consider the field ^{Xi)= 盃 x 2) 
• • •， x n ) in indeterminates Xi with coefficients in This field is 
formally real (ex. 4, § 1). According to Theorem 10, Q(x ly - - ' 9 x n ) 
〆 0 in 中 (a) is a sum of squares in this field if and only if Q > 0 
in every ordering of Hence Theorem 12 will follow if we 

can show that, if 0 # 0 is rationally definite, then 0 > 0 in every 
ordering of This will follow from the following 

Theorem 13. Let 龟 be a field of real numbers ， = 少 ( 心 ， • • •， 
x n ) the field of rational expressions in n indeterminates Xi with 
coefficients in $ and suppose an ordering has been given to 
which extends the ordering of 龟 as a subfield of the field of real num¬ 
bers, Suppose - - • ,Xn)y . . • ， Jk{x\ y - - .，ij a finite set of 

elements of Then there exists a rational n-tuple (ai, • • • ， a n ) 

such that for every j y 1 < j < k y • • •， x n ) is defined at (a^) 

and fj and fj{a '，• • ■, a n ) have the same sign in the sense that 

• • •， a n ) ^ 0 according as Jj ^ 0 in the given ordering 

Suppose that this result holds and let 中 be as in Theorem 12. 
Let 0 5^ 0 be an element of ^(xi) which is not a sum of squares in 
伞 (A). Then we know that there exists an ordering of for 
which Q <. 0. Since 伞 has only one ordering, the ordering of 
^(Xi) is an extension of that of 中 . Hence Theorem 13 gives a set 
(a{) y ai rational, such that Q{a^} < 0. Then Q is not rationally 
definite. Hence we see that, if Q is rationally definite，then it is a 
sum of squares of elements of ^(xi) and this is Artin’s theorem. 

We shall prove Theorem 13 — after some necessary preliminaries 
— by induction on the number n of x { . The result is clear if w = 0 
since in this case ^(xi) = so the functions are just constant 
functions. It remains to prove the inductive step, so we assume 
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the result for 中 (心， • • Xn) and we shall prove it for 伞 (Xi, • • •， 
x ni y)y where y is an extra indeterminate. We shall see also that 
it is, in essence, sufficient to consider polynomials in y with coef¬ 
ficients in 电 (Xi). Let Fi(x{ y y) y • • •， Fkix^y) eThen we 
shall call a property P of this set of polynomials in y rationally 
specializable if there exists a set of elements ^i(xi) y • • •，in 
^(Xt) such that, if (a 1} …， a n ) is any rational w-tuple for which 
•.. ，屮 h is defined and 1 < l < h y has the same sign as 

)f/i (in a given ordering of then the coefficients of all the 

P'jixby) are defined at (a iy . . •，and the polynomials F^aiyy), 

• - •， Fk(a iy y) have the property P. We shall require two results 
on specializable properties which we state as lemmas. 

Lemma 1. The property that F(xi y y) = y m + + 

• • • + has precisely r roots tn the real closure of is 

rationally specializable. 

Proof. We are assuming that $ is a subfield of the field of real 
numbers and 伞 is ordered by the ordering of the field of real num¬ 
bers. The subfield of the latter of elements which are algebraic 
over $ is a real closure A of ^ (Cor. to Th. 6 and ex. 2, § 4). The 
assertion of the lemma is that there exist ^i> 少 2 ， * * *, iAa in ^(xi) 
such that if (a ly …， a n ) is any rational w-tuple such that every 
\pi is defined at (a lt • • •， a n ) and • • •, a n ) has the same sign 

as )j/iy then F(ai y y) is defined and the number of its real roots (or 
roots in A) is r. Let F 0 = F(x iy y), F iy •. • ， F 8 he the standard 
sequence for F(x“ y) (as in (7)). If (a 1} …， a n ) is a rational n~ 
tuple for which the non-zero coefficients of the Fj and of the quo¬ 
tients Qj as in (7) are defined and have non-zero values in 
then F 0 (^i, jy), …， F a (a iy y) is the standard sequence for F(a iy y) 

m 

=F 0 (a iy y). Let rj(xi) = ^ + (w + 1). Then we have 

J = 1 

seen (p. 283) that the r roots of F{x^y) in the real closure of 
中(尤 i) lie in the interval ( — ”， 77 ). By Sturm’s theorem the differ¬ 
ence in the variations in sign between the two sequences 
一 7))y F\{xi y 一 ， F 8 (^Xi ， 一 7}) and Fo{xi t 77 )^ Fi(,X{ y 77 ), 

• • • y F 8 (x iy r}) is r. Now let [ypiixi), • • •, ^h{xi)} be the set of 
elements of ^(xi) consisting of the coefficients of the standard 
sequence for F and of the quotients Qj in this sequence, and the 
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elements Fj{x iy —ri(xiy • • _ ， x n )) y Fj(xi, ri(xi y - - •, ^ n )), 0 <j < s. 
Then it is clear from Sturm’s theorem that, if (a ly - - - , a n ) is a 
rational w-tuple such that the 少 ’s are defined at {a u • ■ a n ) and 
every ^i{a u ■ ■ •, a n ) has the same sign as yj/ ty then F(a ii y) is 
defined and has exactly r roots in △ in ( — 77(^1, • • • ， a n ) y ri(a ly • • •， 
a n )). If we refer to the result on bounds for the roots again we see 
that there are no real roots of F{ai y y) outside of the indicated 
interval. Hence r is the number of real roots of 

Lemma 2. Let , Ftix^y)} be a sequence of poly¬ 

nomials {not necessarily distinct) belonging to ^(x{) [jy]. Assume 
the leading coefficients are 1 . The property that Fj{Xi y y) has a 
root pj in the real closure P of and pi < f>2 < … < Pt is 

rationally specializable. 

Proof. The elements p k and (py+i — py)^, 1 <i < / 一 1 ， are 
contained in P and these generate a finite dimensional extension 
field A of ^(xi) which has a primitive element B. Let g(xi,y) be 
the minimum polynomial of 6 over We have pk = (fkixi, B) y 

(Pj+i - Pj) H = $) where <p k (x iy y) y y) e 企 ( 々 )[)]• Since 

pk) = 0, F k {x iy <Pk{xi>yy)) has B as root and since g(xi, y) 
is the minimum polynomial of 6 y we have 

(11) Fk(xt,<Pk(xi> y y)) = G k (x i) y)g(x i) y) y 1 < k < t. 

Similarly the relation p i+ i — pj = aj(x{, d ) 2 or (pj + i{xi y d) — 
<Pj{xi y 6 ) = (Tj(xi y 6) 2 gives a relation 

(12) — ipjixi.y) — (Tj{x iy y ) 2 

= Hj{x i) y)g(x i ,y) ) 1 <j<t-l y 

in Since (fj{Xi y 0) 〆 0 it has an inverse Tj(xi, B) in A and 

so we have relations of the form 

( 13 ) ^j{ x iyy) r j{ x iyy) - 1 = kj{ x iyy)si x i>y) 

in ^(^t)[jy]. Let • • •, x n ) j be a finite set of elements of 

^(Xi) which includes the coefficients of the F h {x{,y) y all the coef¬ 
ficients of the polynomials in y appearing in (11), (12), and ( 13 ) 
and a set of elements given in Lemma 1 to insure that g(ai, y) 
has a real root 7. Moreover, if the are chosen so that every 
is defined, then substitution of 7 for y in every polynomial 
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which occurs in (11) ， (12), and (13) is permissible. Substituting 
y = y \n (11) we see that F k {a iy y) has the root jS* = 料 ( 和， 7 ). 
Substitutingjy = -y in (12) we see that ft- +1 — ft- = <pj + i(a iy y) — 
<Pj(ai,y) = (Tj(a iy y) 2 > 0. By (13)，we have 7 » t ， <y)= 
1 . Hence 々 ( 和， 7 ) 〆 0 and ft +1 > 馬 . Thus we see that F^ai, y) 
has the real root ft- and (3i < (3 2 〈… < (3 t as required. 

We can now give the 

Proof of Theorem 13 . As we have seen before, it suffices to 
prove that, if the theorem holds for 少 ( 仏 • • • ， x n ) y then it holds 
for 中 (Xi，•. . ， x ni y) y y an extra indeterminate. Let be a real 
closure of the ordered field y) y P the real closure of ^(x{) con¬ 
tained in P’. We are given a finite set of elements F(x{ y y) of 
y) and we have to show that rational Ui and b can be chosen 
so that F{a iy b) is defined and has the same sign as F{xi y y) in the 
ordering in P' and this holds for every F in the given set. We can 
write F = <p(x u •. • y Xn)Pi{x iy y) ei - - - Ph{x iy y) eh where <p{x u - - •, 
x n ) e is an integer, Pj{Xi y y) is irreducible in $(^i)[jy] and 

has leading coefficient 1， and the Pj(x“y) are distinct. If a iy b 
have the property that <p(a\ y - •• ，〜 ) ， Pj(a iy b) are defined and 
have the same sign as (p and P iy 1 <j < h y then F(a lt • • • y a ni b) 
is defined and has the same sign as F. This remark shows that 
we may as well suppose that the given set consists of elements 
<p b ^(xi) and F b such that every Fis irreducible in ^(^i)[_y] 

and has leading coefficient 1. Let pi < p 2 < … < 内 be the roots 
in P of the given set {i 7 } of polynomials in y. We can form a 
sequence F u F 2y • • . ， F t whose terms are in {F} so that pj is a 
root of Fj. Since the F are irreducible and the field is of charac¬ 
teristic 0, the roots of F are distinct. Also distinct F's are relatively 
prime. Hence if Gix^y) is the product of the distinct F’s, then 
G has distinct roots. By Lemma 1， we can find elements • • • ，屮 h 
in ^{Xi) such that, if • • •, a n are rational and every fi is 
defined at (a u ••• ， a n ) and \pi(a u ••• ， a n ) has the same sign 
as 1 < / < h, then G{a iy y) is defined and has t real roots. 
By Lemma 2, we have elements ■••，#& so that, if the a*s 

are rational and … ， a n ) is defined and has the same sign 

as yp mi h \ < m < k y then F^a^y) is defined and has a real 
root ft- so that A < 卢 2 < • • • < 氏 . We now add to the al¬ 
ready given all the elements ip of the set given initially and the 
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discriminant 8 of G(xi y y), which is different from 0, since G 
has distinct roots. By the induction hypothesis, we can choose 
rational ai so that all the conditions given by the 少， s，the <p’s ，and 
S are satisfied. Now in PM we have the factorization 

(14) Fj{x { ,y) = (y — Pjd{y — Ph) • •. (jy — Pj tj )Qi(j) - - - Q Sj (y) 

where the Q's are irreducible quadratics with leading coefficients 
1 and {jiy j 2y … ， jt,} are distinct and are a subset of {1,2 , …， 
t}. Our choice of the a’s insures that in the field of real numbers 
we have 

(15) Fj(ai ， y) = (y - 屯 )0 — fe) ft") AO) • • • 

where the S’s are irreducible quadratics with leading coefficients 
1. Since y is transcendental over 电 (Xi) and the pj are algebraic 
over this field, it is clear that y is contained in one of the follow¬ 
ing open intervals in P': ( — «>， Pl ) 9 ( Pli p 2 )，• • • ， (p f _i, p t ) 9 (p h °o). 
Also we have seen that an irreducible quadratic with coefficients 
in a real closed field and leading coefficient 1 has the form (y — y) 2 
+ 5 2 ， 5 〆 0 (see (3)). This implies that every Q(y) > 0 in P ’， 
and for any real number b y S{F) > 0 for the *S*’s in (15). It now 
follows from (14) and (15) that, if y is in the 是 -th interval of the 
sequence ( —Pi), (Pi ， /> 2 ) ， ••• ，（ P“ 00 ) and b is any real num¬ 
ber contained in the 是 -th interval ( — <» ， /8i), (j8i, j8 2 ), • • • ， (j8 f , qo), 
then Fj{aiy b) and Fj{xi y y) have the same sign and this will hold 
for every j. Now it follows from the archimedean property of the 
real field that every open real interval contains a rational num¬ 
ber. Hence we can choose a rational b so that Fj{a iy b) has the 
same sign as Fj(x“y) for all the j. This completes the proof. 

Remark, It is natural to ask if a result like Artin’s holds for 
polynomials with coefficients in a field $ such as in Artin’s theorem. 
In view of this theorem one can formulate the question in the 
following way ： Let P(xi 9 • • . ， x n ) e^[^i, • • •, ^ n ] such that P = 
XRi(xi, …， x n ) 2 where the Ri are rational expressions in the x's 
with coefficients in 伞 . Does this imply 1， * • y 7t/ ， 

Pj e ^[xi 9 • • • ， x n ]> Artin has shown that this is correct if w = 1 
and 中 is any field of real numbers. On the other hand, some ex¬ 
amples due to Hilbert show that the result is false for n > 2 even 
for $ the field of real numbers. 
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EXERCISE 

1. Let 伞 be an ordered field and • • •, the field of rational expressions 
in indeterminates a?i, •. •，over 屯 Suppose Q e 牵 (Xi) satisfies Q(^u .. .，^ m ) 
> 0 for all in a real closure A of 中 for which Q(^u • • • ， D is defined. Prove 
that Q = 、 x n ) 2 where the )3 ； are non-negative elements of $ and the 

Fj 6 ^(xi) . (Hint: See ex. 1 of § 5 and prove a suitable analogue of Th. 13.) 

7. Formalization of Sturm’s theorem. Resultants* In the 

next few sections we shall develop an algorithm, due to Tarski 
and to Sei den berg, for testing the solvability in a real closed 
fieid of a finite system of poiynomiai equations and inequalities (in 
several variables). The ultimate test (Th. 16) will consist in the 
verification of a finite system of polynomial equations and in¬ 
equalities in the coefficients of the given system. In this section 
we shall consider first a reformulation of Sturm's theorem in this 
manner. We shall develop also an elimination method based on 
resultants which will be essential in the sequel. 

To obtain the formalized version of Sturm’s theorem it is con¬ 
venient to begin with the ring 洱 [x] where 91 = 及 olA，• • *, t r ] y x 
and the ti are indeterminates and Rq is the field of rational num¬ 
bers. Let F{tiy • • x) e %[x] y so F{h\x) = a n x n + 

+ . • • + where the and 〆 0. If the are specialized 

to ti = Ti 8 then we obtain the polynomial f{x) = F(ji\ x) e 

r aa\ txtIh rv A r% oil M TTT ★ O 1 M O h A** ^ A 

J ) 上 '“ y Y ^ OllAXl IHmT W a. uumun Of 

quences E: {F 0 (ti； x) y x)， ••• ， F s {ti\ %)} such that for any 

1 < i < r, in there exists one of these sequences E such that 
the specialized sequence {F 0 (ri ； ,v), Fiiji； x) y • ■ FsijiX x 1 )} is 
essentially the standard Sturm sequence (7) for f{x). 

Our choice for Fo{t^ x) is any one of the polynomials a m x m + 
a m -ix m ~ l + • * • + 0 O , 〆 0, w < n obtained by dropping lead¬ 
ing terms a n x n H — • + a m+1 x m+1 of F(t { ; x). Next we take 
x) = F 0 ’(4; x) the formal derivative of F 0 considered as a 
polynomial in x. Suppose we have already defined F 0y F\ y …， 
i r k* -L k = wc urcttK un cue sequence wicu ro y r \ 9 * * m y r 8 = 

Fjc-i. Otherwise, let F k _i = b v x v - b Qi F k = c q x q + •. • + 
c 0 where b v 〆0, q 〆0, and p > q. The usual division process 
shows that we can find polynomials Q(x) y R(x) in ^i[x] such that 
c q p ~ q+1 F k ~i = QF k — R where dtg x x) < deg^ F k (u； x). 
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For our purposes it is preferable to replace p — q \ by the 
smallest even integer e > p — q Thus, changing notation, 

we write c q e F k -i = QFk — R and we call Q and R the quotient 
and remainder on dividing F k -i by Fk. It is clear that these are 
unique. We now take F k +i to be R or one of the polynomials ob¬ 
tained from R by dropping leading terms in the manner that 
F 0 (ti ； x) was obtained from x). The sequences {F 0 , F u • • 、 
F 8 } obtained in this way will be called generic standard sequences 
for F{ti\ >v). Clearly the number of these is finite. 

Let El {.Foj • • •, } be one of the generic standard se¬ 

quences for F. Then we associate with E two finite subsets 8(E) 
and \(E) of 31 = i? 0 W- The set 8(E) is the set of coefficients of 
the terms dropped in forming the sequence. Thus, 8(E) consists 
of the coefficients (of the powers of x) in F{t^ x) — F Q {ti\ x) and 
those of R — Fk+iy k > 1 , as above. We let X(£) be the set con¬ 
sisting of the leading coefficients of the F{ in the sequence. 

Now let Ti 1 < / < r, and consider the polynomial /(x) = 
F(t { ； x). We assume f{x) 9^ 0. Suppose deg f{x) — m <n. 
Then we shall take Fo{t^ x) = a m x m + * * * + and we have 
^o(n -； x) = J{x) y a m (Ti) 〆 0. The condition F 0 (Ti； x) = f(x) 
gives a n (Ti) = ••• = a m+ i(T{) = 0. One sees easily by an induc¬ 
tive argument that there exists a generic standard sequence 
(F 0 , Fi y …， F s ] for F such that, if 4 is the leading coefficient of 
F ki then 

4(Ti) 〆0 ， 0 < ^ < j 

( 16 ) F 0 (ri ； x) = f{x) 

^k{^i) ek Fk — l(Ti; X 1 ) = Ffci^Ti j 一 (Ti; <V )， 

where 0 < ^ < F a+i = 0 and €k is an even integer，and Qk 
is the quotient on dividing F k -i by F k . Since Fq{t^ x) = f(x) y 
Fiiri； x) = f\x\ h{ri) ek > 0 and the degrees of the F k {r^ x) are 
decreasing, it is clear that the terms of {Fo(ri ； x) y Fi(ri ； x\ …， 
F 8 (t {； x) j differ from those of the standard sequence (7) for /(x) 
by positive multipliers in Hence the sequence {F 0 (ri ； x), • • • j 
can be substituted for the standard sequence in applying Sturm’s 
theorem. 

We shall now formalize the conditions given in this theorem by 
considering the finite collection of systems of equations and in- 
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equalities made up of relations of the following types : 

Fk{ti',y)Fi{ti ； y) < 0 , 

(⑺ F k+1 {ti ； y) = … = Fi-i{t^y) = 0 ， k < l 

F P {h\ z)^g(4-; z) > 0 , 

A+iOi; z) = • * • = F q - X {ti\ z) = 0 , p < g y 

where y and z are indeterminates and we require that the pairs 
(ky f)y • • •， (p y $ 0 , • • • used in the two sets of relations are such 
that, if ek = 0, 1 , — 1 , ? 7 p = 0, 1 , — 1 satisfy the same conditions, 
namely, e k ei < 0 , e* + i = ••- = €；_i = 0 , • • - , r} p r} q > 0 , 办 +i = 
■•• = 7j q -i = 0 , …， then the number of variations of sign of 
{€o, ei, ■■•,€«} exceeds that of {”o ， ”i，•••，”《}■ Now let (13 y y) 
be an interval in $， 0 < 7 , such that f(0) 9 ^ 0 , /(y) 5 ^ 0 . Then 
it is clear from Sturm’s theorem that /(x) has a root in (j 8 , 7 ) if 
and only if ti = T{, y = ^, z = y satisfies one of the systems of 
relations (17). 

If we take into account all the generic sequences E and observe 
that (16) is equivalent to the conditions ,(T t ) 〆 0 , d(ji) = 0 for 
all / 8 \(E) and d e 8 (E), we see that (16) and (17) give a finite 
collection of conditions {Gi, G 2 , • • • ， Ga}, where each Gj is a finite 
set of polynomial equations and inequalities with rational coef¬ 
ficients, such that /(x) has a root in (jS, 7 ) if and only if 4 - = n y 
y = & y z = y satisfies all the conditions of one of the systems Gj. 

Now let f{x) = a m x m + H — •+ « 0 where a m 9 ^ 0 . 

Then we know that all the roots in $ of f(x) are contained in the 

771 — 1 

interval (— 77 , 77 ) where 77 = w + 1 + ^ aj 2 a m ~ 2 . We have 

0 

x) = a m x m + H - h a 0 where a m = a m {t u …， 

m— 1 

t r ) 0. If we substitute y = — {m + 1) — X) a ? a rtT 2 i n 

m , 0 

Ttt — 1 

y) and z = w + 1 + S in Fkihi z) and clear of fractions 

0 

by multiplying by a suitable even power of a mi we obtain poly¬ 
nomial relations like those in (17), for the alone. In this way 
one obtains a finite collection {Gi, G 2y …， where each Gj is a 
finite system of polynomial equations and inequalities with 
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rational coefficients in the A. alone such that the statement that 
f{x) has a root in $ is equivalent to the validity of one of the 
systems Gj for ti = n， 

We shall consider next a classical determinant criterion for the 
existence of a common factor of positive degree for two poly¬ 
nomials. We consider the polynomials f{x) = a n x n + 如—/一 1 
+ . • _ + a 0 ,《w = ^mX m + + • _ _ + ]8 0 in ^[x] where 

少 is an arbitrary field. We assume m > 0 9 n > 0, but we shall 
allow a n = 0 or = 0. The result we require is the following 

Theorem 14. Let f{x) = a n x n + + … + = 

+ • _. + 卢 0 where m,n > 0 and put 


( 18 ) R(f ， S) 


«n 

«n-l 

• * * 

«o 



* * 

OL n 

，_■»!• - J. 

* • 

• • 

• * * 

«o 

• • * • 





«n 

«n-l • 

_ • OLo . 

3m 

3 m—1 

- • • 





3m 

3m —1 

• • * 






/3 m 

3m — 1 

• • 卢 0 - 


m rows 


n rows 


Then R{J，g) = 0 if and only if either a n = 0 = or f{x) and 
g(x) have a common factor of positive degree in x. 

Proof. If a n = 0 = j3 m , then the first column of the determi¬ 
nant is 0 . Hence R{f y g) = 0 . Next assume f{x) and 兄 (<v) have 
a common factor h{x) of positive degree and that either ck„ # 0 
or 5 ^ 0. Then f{x) = fi{x)h{x)y g(x) = gi(x)h(x) and either 
fi(x) 〆 0 or 兄 i(x) 〆0, according as 〆 0 or 〆 0. By sym¬ 
metry, we may assume a n ^ 0, fi{x) ^ 0. We have f{x)gi{x)= 
fix) = f\{x)h{x) y^0. If deg h{x) = r y then deg/i = 
n — r. If = 0, we have = 0； otherwise the relation 
/MsiM = g{x)f\{x) gives deg < m — r. Hence we may 

write /iW = -Tn-i ^ n_1 - y n - 2 X n ~ 2 - 7 o, = 

h m -xx m ~ l + 8 m _ 2 x m _ 2 + * * •+ 5 0 , so that we have 

(19) {ot n x n + … + + • _ _ + 5 0 ) 

+ (0mX m + • • . + 卢 o)(7„_ 1( v n - 1 + • • • + 7o) = 0. 
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If we equate to 0 the coefficients of x m+n ~ 1 i x m+n ~' 2 y • • •, 1 in (19), 
we obtain the following equations: 

an 吝 m — 1 + n — 1=0 

— 2 + an — 1 谷 m — 1 + 卢 m*Yn — 2 + 卢 m — lTn —1 = 0 

( 20 ) • 


«o^o A)7o = 0 . 

We consider this as a system of homogeneous equations in the 
7 ’s and 5’s taken in the order 8 m — u 8 m _ 2 , • • 5 0 , y n -i , …， To- 

Since not all the 7 ’s are 0， the determinant of the coefficients of 
the 7 ’s and 5’s is 0. If we take the transpose of this determinant 
obtained by ordering the 7 ’s and 5’s as indicated, we obtain (18). 
Hence R{f y g) = 0. Conversely, assume R{f y g) = 0. Then we 
can re-trace the steps through (20) and (19) and conclude that 
there exist f\{x)y giCv) such that f{x)g \ (^) = /1 (^) where 

deg /1 < w — 1 , deg ^1 < m — \ y and either 0 . 

Assume 力 〆 0. If = 0, then g = 0, = 0 y and either /(x) 

is a non-zero common factor of / and ^ or a„ = 0. If 〆 0 and 
^ = 0 the foregoing argument applies. Now suppose 〆 0 and 
g 9 ^ 0. Then the relations /(x)gi(x) = g(x)fi(x) y f\ 〆0, 心 〆0, 
兄 〆 0 imply / 7 ^ 0. Either ct„ = 0 = j 8 m or we may assume a n ^ 
0 which implies that deg f{x) = n. Since deg f\{x) < « — 1, 
the relation f{x)g\ (x) = g(x)f\ {x) and the factorization of the 
non-zero polynomials /> fu g, gi into irreducible factors implies 
that f{x) and have a common factor of positive degree. 

We shall call R{f y g) the resultant of / and g (relative to x). 
If either highest coefficient of / or of g is not 0, then the v anisuing 
of R(/yg) is a polynomial relation on the ft- with integer coef¬ 
ficients which is equivalent to the statement that / and g have a 
common factor of oositive deoree. 

上 • . — — — f—f— ——- 

EXERCISE 

1* Prove that, if = x n + 1 + • ■ _ + then j^) is the dis¬ 

criminant of f{x) (cf. § 3.1). 
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8. Decision method for an algebraic curve. In this section we 
shall give Seidenberg’s method for deciding the solvability of an 
equation f{x y y) = 0 in a real closed field. This will be based on 
the result which we shall now establish, that if J{x y y) = 0 has a 


solution in $， then the equations f{x y y) =0， (^ — 5) - 


{x — y) — =0, have a common solution in * for any y, 5 in The 
dy • 

geometric idea underlying this result will be clear from the two 
lemmas which are used to prove it. 


Lemma 1. Let f{x y y) y] f x y y indeterminat€S y $ a real 
closed field. Then if f{x y y) = 0 has a solution in 龟 , it has a solu¬ 
tion (a, nearest the origin. 


Proof. We consider the intersection in the space 伞 ( 2 ) of pairs 
fe ”)， e of the curve C: f{x y y) = 0 with the circle x 2 + y 2 
= T 2 , T > 0. Our hypothesis implies that there exist y for which 
this intersection is not vacuous, and we have to show that the 
set S of 7 > 0 such that C meets x 2 ~h y 2 = y 2 in 中⑵ has a 
minimum. We now consider the polynomials /(x, y) and x 2 + 
y 2 — c 2 as polynomials in y with coefficients in ^(c y x) y where c 
and x are regarded as indeterminates, and we form the resultant 
g{c y x) of these two polynomials. The formula (18) shows that 
g(c y x) is a polynomial in c and x with coefficients in If (a, 0) 
is a point of intersection of the circle x 2 + y 2 = y 2 and the curve 
C y then /(a, y) and y 2 -\~ a 2 — y 2 have a common factor 
y ~ Hence ^( 7 , a) = 0 and x) has the root a More¬ 
over, — 7 < a < 7 . Conversely, assume that for 7 > 0 , ^( 7 , ,v) 
has a root a in —7 < a <y. Since the leading coefficient of 
y [ny 2 a 2 — y 2 is 1, it follows from Theorem 14 thaty 2 a 2 — 
y 2 and /(a, y) have a common factor in Since the 

factors of jy 2 + « 2 — y 2 are 士 jS where ^ = (y 2 — a 2 )^, it 
follows that (a, 0) or (a, — j 8 ) is a point of intersection of the two 
curves. Hence we see that the set of t > 0 such that C meets 
x 2 y 2 = y 2 in $ (2> is the same as the set of 7 > 0 such that 
g(yy x) = 0 has a root x = a e —7 < a < 7 . Let S f be the 
subset of S of the 7 such that ^( 7 , 士 7 ) 〆 0. For these the condi¬ 
tion is that g(y y x) has a root in (— 7 , 7 ). It is clear that we can 
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obtain g{y y x) by a suitable specialization of a polynomial with 
rational coefficients such that one of the parameters is specialized 
to 7 . Hence we can apply the result obtained in the last section 
to conclude that is the union of a finite number of sets defined 
by polynomial equations and inequalities of the form p(c) = 0 , 

q{c) = 0 , r{c) 0 where p y q y r are polynomials with coefficients 

in 伞 . One sees easily that such a set is a union of a finite number 
of intervals which may be open, closed, half open, single points or 
extend to infinity. Since the set of 7 such that g{y ) 士 7 ) = 0 is 
either finite or all 7 > 0, it is clear that S has the same structure 
as S f • The result will now follow by showing that the complement 
of S in the set of non-negative elements is the union of open inter¬ 
vals; for, this implies that S is the union of a finite number of 
closed intervals and hence has a minimal element. Thus, let 
5 > 0, 5 ^ 6 *. Then 兄 (5, ,v)=0, —5<,v<5 has no solution x in 
Write g{c y x) = g 0 {x) + - 5) + * * • + gm{x){c - 8) m 

where the ^(x 1 ) are polynomials in x. Then 兄 o( 尤） 9 ^ 0 in —d < 
x < d. It follows that there exists a 5' > 5 such that 兄 o(x) 〆 0 
in —8 f <x<5\ Then there exist ^ > 0, B > 0 such that 

I 广 v、I h I <r <(I /? far all v in T — ^ S 飞、 TTVi^n 

I ^ y y j 1 y 1 ^ ^ K¥ j 1 -M-r a -vx* rv L v \^»*»** w y ^ w j • 

if I c — 31 〈皆 and \c — 51 < b/^B and ^ e [ — 5^ 5], 

\g(cy x)\ > | 《 oO) I — | 《 iO )0 — 5) + ••• + g m (x)(c - 5) m | 

b b 

> 彡 一 251 c 一 5 |>厶 一 一 =—• 

11 2 2 

This implies that every 5" satisfying b ff < 8\ 5" < 5 + |, 5" < 
5 + b/A：B is contained in the complement of S. Hence this com¬ 
plement contains an open interval containing S and the proof is 
complete. 

As in the classical case of the field of real numbers, a point 
(a, 0) on /(x y y) = 0 is called a simple point if 



^ ( 0 , 0 ). 


Then the normal vector at (a, j9) 



and the 
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tangent line to the curve at (a, j8) is defined by the equation 


d (…)户-奶 =o . 


Now let (a, 0) be a point on C: /(x, y) = 0 in 伞 (2) nearest the 


origin. 


We wish to show that 


K^) ( ^ ) - a © ( ^ ) =0 - 


This is clear if (a y j8) = (0,0) or (a y is not a simple point. 
Otherwise, the equation states that the vector joining (0, 0) to 
(a, 0) and the normal vector are linearly dependent. Hence C 
and the circle with center at the origin and radius (a 2 + 
have the same tangent at (a y 0). If this is not the case, then the 
tangent to C at (a, 0) contains interior points of the circle whereas 
C itself does not. The result will therefore follow from 


Lemma 2. Let p be a point of intersection {coordinates in 电 ）of a 
circle and a curve C.. f{x y y) = 0, f{x y y) Assume p is a 

simple point and the tangent at p to C has points interior to the 
circle. Then C itself has points interior to the circle. 


Proof. We take p = (0, 0) and the tangent to C at 声 to be the 
x-axis. Then /(0, 0)=0 and = 0, and we may suppose 

L The center of the circle is not on the x- 


that 0 、 

办厂…. • 

axis，so we may denote it as [a, b) with a 0. We have f{x y y )= 

/ + 2 (ff) Xy + 

o \dxdy/ 0 


/(°> °> + (^) 0 x + (^)/ + h. [' 
©)。 



+ …， so taking into account the conditions on / we 


see that we can write = _y(l + h(x y y)) + where 

^(0, 0)=0 and is a polynomial in x divisible by x 2 . Since 
々 (0, 0) = 0 we may choose a 5 > 0 such that | h{x y y) \ < ^- if 
|^| < 8 and |_y| < 5. Then ^ < 1 4 - h{x y y) < |- and 5(1 + 
h{x y 5)) is between and 普 5 while —5(1 + —5)) is between 

— 备 d and —^5 for all x satisfying |,v| < 5. Since ^(0) = 0 there 
exists a 5’， 0 < 5^ < 5 such that /(x, 6) = 5(1 + k(x y 6)) + 
兄⑷ > 0 and /(x y —5)<0 if |^| < Then for every Xo, 
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|«Vo| < 5' there exists ajy 0 e [ —5, 5] such that /Cvo ， jVo) = 0. Then 
'■ -— 《0。)（1 + KxQyyo)) -1 and 


)o 


a 


Xq) 2 -r {y 


>'o) J 


(a — X 。) 2 + 


兄 Oo) 


2 


+ h{x 0) yQ). 


2 . z2 。 , 2 , 2 知 0 0 ) _ (g(x 0 )) 2 

=a 2 b — 2 ax 0 + -^o + - ~~ : ~r: ■、+ ~ ■— : ~77 ^ • 

1 + H^o,yo) (1 + n{xoyyo)Y 

Since ^(^ 0 ) is divisible by xa 2 y it is clear that, if we take Xq suf¬ 
ficiently small so that ax Q > 0 , then {a — x 0 ) 2 + ( 彡一 y 0 ) 2 < 
a 2 + b 2 , Hence (x Qi yo) is a point on C interior to the given circle. 
Our results now show that, if C'./ix^y) = 0 has a solution in 

屯 ， then there exists a solution in 伞 which is also in jy - x — = 0 . 

dx dy 

If we replace the origin by ( 7 , 5) where 7 , 5 e then we see in 
the same way that the intersection of C and the curve D ： 

Q J Q J 

{y — 5) - (x — y) — = 0 contains a point in $ (2) . 

dx dy 

We shall now apply this to obtain Seidenberg’s procedure for 
deciding the solvability in $ of f(x y y) = 0. First, we can obtain 
the highest common factor of the coefficients of the powers 

^ — ■ _ ▲ 一 垂 ■ a _ 、 f • ■ a ■ 、 f * M f 麄 M a _ 、 - ，， A * ^ •遒 A ■ 、 . 

U1 y ill j y) itnu puL jyx y jj ^ u \x)j 1 yx y yj wncic y y) is 

not divisible by a polynomial of positive degree in x alone. 
Evidently f(x y y) = 0 has a solution in $ if and only if either d(x) 
= 0 or /lixyy) = 0 has such a solution. This reduces the discus¬ 
sion to polynomials which are not divisible by polynomials of 
positive degree in x alone. Next we can compute a highest 


common factor in $(,v)[y] of f{x y y) and — f{x y y) by using the 

dy 

Euclidean algorithm. We may assume this belongs to and 

is not divisible by polynomials of positive degree in x alone. Then 
we can divide out by this highest common factor and obtain a 
polynomial g(x,y) which is a factor of /(^, jy), has the same 
irreducible factors sLs/(x y y) and has no multiple factors in y]. 
Clearly, f(x 9 y)= ： 0 is solvable in 中 if and only if g(x y y) = 0 is 
solvable in 少 . 
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If we replace / by ^ and change the notation back to / we may 
suppose that f{x y y) has no multiple factors of positive degree 
and no factors of positive degree in x alone. The first of these 

.. d 

conditions implies that f(x y y) and — f{x y y) have no common 

dy 

factor contained in 伞 (>v)[)] of positive degree in^y. 

• • d f df 

We now consider the polynomial g(x y y) = y - (x — y ) — 

dx dy 

where 7 is any element of We know that, if the curve C ： /(%， 

jy) = 0 contains a point in 中⑺， then the intersection of C and 

D\g{x y y) = 0 contains such a point. Before we can make use 

of this it is necessary to arrange matters, by choosing a suitable 

y so that the intersection of C and Z) is a finite set. To do this we 

introduce another indeterminate c and we consider the poly- 

. df df 

nomial^-(r; x y y) = y - (x — c) — . Let x) be the result- 

dx dy 

ant relative to y (that is, considering the polynomials as poly¬ 
nomials injy) of f{x y y) and^(f; x,y). We claim that R(c ； x) ^ 0. 
Otherwise, R(y; x) = 0 for all y. Now, Theorem 14 shows that 
if 7 has this property, then ^( 7 ; x y y) and J{x y y) have a common 
factor in 中 Cv)[y| and, consequently, in of positive degree my 

(see Vol. I, p. 125). Hence ifx) = 0 for all 7 , then there exist 
distinct 7 , say, 71 and y 2 such that f{x y y\ g{y^x y y) and ^( 72 ； 
x y y) all have a common factor of positive degree iny. This follows 
from the fact that to within associates f(x y y) has only a finite 
number of different factors in We can then conclude 

d 

that and (71 " 7a) —/(^>) = g(yi ； x y y) - g(y 2 ； x 3 y) 

dy 

have a common factor of positive degree in y and this 


contradicts the fact that f{x y y) and — f(x y y) have no such 

• dy 

common factor. This proves that R(c; x) ^ 0. 

VY C cttil I1UW C11UUSC tx y SUCH LllitL ,£V^7 = i ^') 7*= V. OCL 

g(x y y) = g(y; x y y). Then f{x y y) and g(x y y) have no common 
factor of positive degree in y and no common factor of positive 
degree in x alone; hence they have no common factors except units 
It follows that the resultant Q(y) of f{xy y) and g{x y y) 
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relative to x is not 0. Let V be the intersection in Q ⑵， where 
Q = — 1 ) is the algebraic closure of of C： f{x y y) = 0 and 

^ ： g(x,y) = 0. If (p, a) e /(p, o-)=0= g(p y a) imply that R{p) 
= 0 and Q{(r) = 0. Since R(x) ^ 0, Q{y) ^ 0, this gives only a 
finite number of possibilities. Hence 厂 is a finite set. We know 
that, if C contains a point in 伞⑺， then V has such a point and, 
consequently, R(x) has a root in Conversely, suppose R(x) 
has a root a in If a is not a root of the polynomial in x which 

is the coefficient of the highest power of y in /(x 9 y) y then R(a)= 
0 implies the existence of a <r e J 2 such that (a, a) e F. If <r = 
卢 e 中， then we have the desired result that and hence C，has a 
point in 中 (2) . Otherwise, (a, a) e F where 孑〆 cr is the conjugate 
of a- under the automorphism 〆 1 of Q/^. Then we have two 
points in V : (a, cr) and (a, a) with the same abscissa. 

We can easily overcome — by a suitable choice of axes — the two 
difficulties which we have noted which may prevent concluding 
that V y and hence C, has a point in $ (2> from the fact that R(x) 
has a root in We shall change to an jy’-system where x = 
+ y f )> y = y f and ii 0 will be chosen suitably in The 
equation of C in the -system is + jyO> jyO = 0. 

Let f n (x y y) be the homogeneous part of highest degree n (>0) 
in x and_y in the polynomial f{x,y) . Then the coefficient of (y f ) n 
in /(〆〆 + jy’)，y) is/ n (ju, 1). Since f n {x y 1) 5 ^ 0, we can choose 
■w e 中 so that /« ( 卩， 1)^0. Since the total degree oi fix y y) is 
n y it will follow that the constant/ n (ju, 1 ) # 0 is the polynomial 
in x’ which is the coefficient of the highest power of y f in 
+ y ， ) i y ， )- This will take care of one of the difficulties. 
To take care of the other we compute, by using the Euclidean 
algorithm, applied to R(x) and R f (x) y a polynomial r(x) which 
has simple roots that are the isame as those of R(x). Similarly, we 

vvt 、如办 o wii o 1 rt { 、，、 o tti *-1 a 如 o ‘In 办 o ry irtr^ a 00 ^ 1 ^ a 

LW a. J IX^riXllAX J net V mg i. WV-fLO LllV^ Lltv/ov^ 

of Q(y). We note next that we can compute a polynomial j(,v) 
whose roots are (p t - — pv){<Tj — cr ^) _1 where pi, • • .，p« are the 
roots of r(x) and cr u • ■ ■, a t are those of q{y) y i 9 ^ i f ,j 9 ^ f. For 
this we introduce indeterminates 1 < i < s 3 r)j y 1 < j < t y and 
we consider the polynomial 

II [(Vj — Vj f )x — d — D]. 

i 丰 i- 

j =*-3 f 
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This is invariant under all permutations of the 在 ’s and ??’s so the 
coefficients of the powers of x are polynomials with integer coef¬ 
ficients in the elementary symmetric polynomials of the |’s and 
the vs (Vol. I, p. 109). If we replace these elementary symmetric 
polynomials by the corresponding coefficients of r{x) and q{y) 
normalized to have leading coefficients 1 , we obtain a polynomial 
s{x) whose roots are (pi — — ov，） _1 ，/ 〆 Assume 

now that /x is not a root of s(x) (as weii as not a root of f n {x ， 1 )) 
and consider the set of points (p iy cry). This contains V and no 
two distinct points in this set have the same abscissa in the x f y y f - 
system since (p, a) is the point (/x _1 p — <j y a) in the 欠 '-system. 
Hence — 07 〆 fi 一 1 一 ay，if (i ， f) 〆 (/’，/). 

We now choose ju as indicated and we replace g{x y y) by 

hix.y) = +))，））and k{x y y) = g{fi{x + >),^). Let /W 

be the resultant relative to y of h{x y y) and k(x y y). Then the 
argument shows that f{x y y) = 0 is solvable in $ if and only if 
f{x) has a root in 中 . The latter problem can be decided by Sturm’s 
theorem. 

In order to carry this over to more than two variables it is 
necessary to consider polynomials involving parameters and to 
apply an inductive procedure. This necessitates an extension of 
the decision method we have just given to take care of an equa¬ 
tion f(x y y) = 0 restricted by an inequality 兄(尤） 〆 0 . To handle 
this we first obtain a highest common factor d{x) of and the 
coefficients of the powers of y in f{x y y) by the Euclidean algo¬ 
rithm. Write f{x y y) = d{x)f l {x y y) i g{x) = d{x)gi{x). Then 
the pair of conditions /(a, 0) = 0 , ^(a) # 0 is equivalent to the 
pair: /i(a, (3) = 0 , ^-(a) ^ 0 . This remark permits us to reduce 
the consideration to the case in which and f(x y y) have no 
common factor of positive degree. To avoid considering trivial 
cases we assume also that deg^(,v) > 0 and dega； / {x y y) > 0 . 
Let T(y) be the resultant relative to x of f{x y y) and ^(^). Then 
T{y) 9 ^ 0 since, otherwise, f{x t y) and 兄 (《v) have a common factor 
of positive degree in x in 少 Df，jy] contrary to our arrangement. 
We now choose t in 伞 so that T(r) ^ 0 and we replace f{x } y) by 
h(x,y) = f{x y y + Then the resultant relative to x of h(x,y) 
and g(x) is T(y + which is not 0 for y = 0. This implies that 
^■(^) and h(x y 0) are relatively prime. Clearly we can replace the 
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pair f{x y y)y g(x) by the pair h{x ) y) ) g{x) for the problem of test¬ 
ing the existence of a solution in $ of f{x y y) = 0 t g{x) ^ 0 . Now 
let k(x y y) = h{x y g{x)y). Then if (a, 0) satisfies h{a t jS) = 0, 
足 (a) 〆 0 ， we have k{a y y) = 0 for 7 = 奴 (a) 一 1 . On the other 
hand, if k(a y y) = 0 , h{a ) g{a)y) = 0 , so 兄 (a) 〆 0 since h{x y 0 ) 
and 兄 (x) are relatively prime. Hence a and 芦 = 兄 (a )7 satisfy 
h(a y / 8 ) = 0 , 兄 (a) 〆 0 . This shows that /(x,y) = 0, # 0 has 
a solution (a, j 8 ) in $( 2 ) if and only if k(x y y) = 0 has a solution in 
伞⑺ and this is the situation we handled before. 

9. Equations with parameters. If one attempts to extend the 
method which we have given in the last section to more than two 
variables, one is led to treat all but two of the variables as parame¬ 
ters and to seek a reduction of the number of variables by means 
of the method. This leads to the consideration of polynomials in¬ 
volving parameters. Since the parameters will be allowed to take 
on any values in the real closed field, there is no loss in generality 
in assuming that the coefficients of the polynomials are rational 
numbers. Moreover, the result one obtains in this way will be 
applicable impartially to all real closed fields, and this can be used 
to establish an important principle due to Tarski which states 
that any elementary statement of algebra (this has to be made 
precise) which is valid for one real closed field is valid for all real 
closed fields. The main result in Seidenberg’s method for treat¬ 
ing these questions is the following 

Theorem 15. Let F{ti\ x y y) b ' ■' y^r\x y y\ y G(ti ； x) e 
••• ，〜； x]y t{ y x y y indeterminateSy R 0 the field of rational num¬ 
bers, Then one can determine in a finite number of steps a finite set 
of pairs of polynomials x), ⑹)， F，. e 及。 [A_; x]，Gy e 及 oW， 

j = 1 ， 2 ， • • • ，厶 ， such that y if 龟 is any real closed field y then T{ e 
1 < i < r, has the property that 

(21) ^(ri ； x y y) = 0, G(ri ； x) 〆 0- 

is solvable for x^y t 龟 if and only if one of the conditions: 

(22) 〆 0 and x) = 0 


is solvable for x in 龟 y is satisfied. 
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The proof of this theorem is essentially a formalization of the 
decision method of the last section. We consider first some neces¬ 
sary preliminary notions. 

We shall call the set ^ (r) of r-tuples (T lf r 2 , ■ ■ r r ), Ti e 中 ， the 
parameter space. A finite set of pairs of finite subsets (8f ， Xy) of 
% = j = 1,2, ••., 々 ，will be called a rational cover if for any 

of characteristic 0, 中 (r> is the union of the sets Sj where S 3 - is 
defined by (Sj ， Xy) in the sense that it is the set of (r^) e^> (r) satis¬ 
fying d{r % ) = 0,de 5 jy 1 {t % ) 〆0, / e V If (V ， V )， i = 1, ■ • ^ 

(8 k f X* /r ), k = 1, ■ ■ •, q are rational covers, then so is (5 / U 5*", 
\/ U \ k "), j = l, - y h y k = l y - y q. The coirespoiidiiig sets 
are the intersections of those of the two given rational covers. 
We shall call this a refinement of the two rational covers. 

We have noted that, if F = a n x n + • • • + a。，G = b m x m + __• 
+ a jy bj e 〆0 ， 〆0 ， 《 > m y then we have a 

uniquely determined division algorithm which yields an even 
integer e > n — m \ and a quotient Q and remainder R in 
及 o[A; 尤 ] = 汲 M, 21 = 及 o[ ， J，such that bjF = QG — R where 
dega ： R < deg* G. This can be extended to the case n < morF = 0 
by taking e = 0 y Q = 0y R = —F. We now associate with the 
pair (Fy G) a number q{ generic Euclidean sequences F 0i F\ y • • • ， F a 
determined by the following rules F 0 and Fi are F and G or are 
obtained from these respectively by dropping leading terms. 
Thus, F 0 = a v x v + • • ■ a 0 where 0 < p < n y Fi = b q x q +--- 
< q < m. If Fi = 0 we take j = 0 and let the sequence 
consist of F 0 alone. Otherwise, we divide F 0 by Fi and we let F 2 
be the remainder or a polynomial obtained from the remainder 

j. » 

by dropping leading terms. If F 2 = 0, we stop with F 0> F \; 
otherwise, we repeat the process. Clearly, this process breaks off 
in a finite number of steps and, since we have only a finite number 
of choices for every Fk y we obtain a finite number of generic 
Euclidean sequences E for {F y G). Set D(ti ； x) = F 8 {ti\ x) the 
last term in the sequence E. Then D 〆 0 unless F 0 = = 0 

and, except in this case ， w.e can divide F and G by D obtaining 
m{t l ) e F = F ⑴ Z) — R ⑴，— *S* (1) where m{t l ) is 
the leading coefficient of D, e and / are the even integers, and 
F ⑴，(^⑴ the quotients, R ⑴，⑴ the remainders obtained in the 
division. With each E we associate also the pair of subsets (8(E), 
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入 (£)) of where 5(£) is the set of coefficients of the dropped 
terms in the process of forming E (e.g.，the coefficients of F — Fq 
and G — G 0 ) and X(£) is the set of leading coefficients of the F、, 

Now let 中 be any field of characteristic 0, let {ji) e 中 (r) and set 
fix) = F{ji\ x) y g{x) = G(ri ； x). It is easily seen that there exists 
a generic Euclidean sequence E for (F y G) such that d{ri) = 0 
for all d e 8 (E) ， /(r t ) ^ 0 for all / e X(£). Hence the set of pairs 
(5(£), \(E)) for all generic £ is a rational cover. If E is chosen 
as indicated for (r^), then d{x) = x) is a highest common 

factor in of f{x) and and, if Z)(A-; x) ^ 0 , we have the 
polynomials F (1) (^-； x) y G ⑴ (~; <v) such that m{ri) 6 f{x) = d{x) f\{x) y 
饥 = d(x)g l (x) where/iW = ^ ( 1 ) (n-；^)^iW = G ( 1 > (Ti；^) 
and m{ti) is the leading coefficient of x). We have w(Ti) 〆 0 
since w ⑹ e 入 ( 五 ) • 

The procedure we have just indicated can be extended in an 
obvious way to any finite set of polynomials. We shall need the 
process also for polynomials in two indeterminates x y y (besides 
the ti). Here we begin with F{ti\ x y y) and G{ti\ x y y) in %[Xyy\ = 
x y y] and we treat x like one of the t it The division algo¬ 
rithm with respect to^ gives x) e F = QG — R where deg v R < 
degy G. If we observe that a relation d{r^ x) = 0 for d{t^ x) e 
-v] is equivalent to = 0 for all the coefficients dk(/i) 

of d{ti\ x) and /(r^ x) 9 ^ 0, l{ti y x) e 及 o[A; x]，holds if and only if 
h(ji) 〆 0 for one of the coefficients 4, we see that we can de¬ 
termine a rational cover (8j ， \j) y j = 1 ， 2 ， … ，厶 ， and polynomials 
x y y) and x ) y) ) x f y) if Dj 7 ^ 0, such that if 

(n) is, in the subset Si defined by (Ui )、then d(x s v) = Di(ri ： 
x y y) is a highest common factor in <l*(^)[jy] of f{x y y) = F(t {； 
x y y) and g{x y y) = G{j{\ x y y). Moreover, if D(^-; x y y) 9 ^ 0 and 
m{ti\ x) is its leading coefficient regarding D a$ a polynomial in y y 
then m(x) = x) 9 ^ 0 and = d{x y y)fi{Xyy) y 

mixYgix.y) = d(x, y)gi(x, y) where Mx.y) = y), 

gi(^yy) = x,y). 

There is one more device we shall need which will take the place 
of the step in the decision method of choosing an element 7 in 
中 such that for a given polynomial f(x) 5 ^ 0 one has /( 7 ) 〆 0. 
Let F{ti\ x) = F q {ti)x q + • • • + F 0 (ti) where ⑹ 〆 0. Assume 
first that (T t _) in 中 (r) satisfies 7^( 了 ; ） 〆 0. If we recall the bound 
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for the roots in 中 of a polynomial given in § 3 we see that 77 = 

Q — 1 

+ 1) + 23 Fk{r%) 2 F q {Ti )~ 2 is not a root of x). Hence 
0 ^ 

if we set 0 ⑹ =(g - l)F g (A_) 2 + ^ 巧⑹， P ⑹ = 心 ⑹ ^ 

0 

then P(ti) 7 ^ 0, Q(ri) 0 for all (n) satisfying F q (ri) ^ 0 and 
r} = j3(ri)P(r t ) _1 is not a root of F{n\ x). Next assume F q {ri)= 
0 and Fp{ri) 0 for the first non-zero coefficient F p (ti) after 
F q (ti). Then we can repeat the argument with p replacing q. 
Continuing in this way we obtain a rational cover (dj ， \j) y j = 
1 ， 2 ， _•_ ，々， such that F{n\ ^)=0 for (t{) &Sh and for j < h we 
have Py ⑹，⑹ such that 户 :‘ ⑺） 〆0 ， <?y(T t ) ^ 0 and F(n ； 

^ 0 for (ri) eSj. 

We are now ready to give the 

Proof of Theorem 15. We note first that it is sufficient to give a 
rational cover (5* ， 入 *)，k = 1， • • • ， w，such that for each k one 
defines a finite set of pairs of polynomials Gj ^ ■⑹ e x) 

e having the property that, if (n) e S ky the subset of 少 (r) 

defined by (5 *， 入 *)， then F(t { ； x y y) = 0, G(ri ； x) 〆 0 is solvable 
in 中 if and only if one of the conditions: G k j(ri) ^ 0 and x) 

= 0 is solvable in 中 ， is satisfied. If we have this situation, we 

put F kj *{ti\ x) = F kj {ti\ x ) 2 + zy ⑹ 2 , ⑹ =g *; ⑹ n, ⑹. 

dzBk l^Kk 

9 f ^ A M I ★ A T \ n n - 幸 f ♦ . * aa N _ *1® f / es n ry ^ a 

丄 lim LIL^ Hill Lt, Ui ptxn a kj \/i，^ ) yhj ^UIl- 

dition for the set of pairs x) y Gj(t{)) in the statement of the 

theorem. 

We consider next the reduction of the theorem from the pair 

丄 

of conditions F{ti\x y y) = 0, G{ti\ x) 〆 0 to a single condition 
y) = 0. (This corresponds to the second half of the argu¬ 
ment given in the last section.) We shall use an induction on 
dega ： F and we note that the result is trivial if F does not involve 
x. Then we can take F{t {； x) to be the polynomial obtained by re¬ 
placing y by the missing x and take 亡⑹ to be the sum of the 

OZ*l 11 o a / r\ ^ { + . * m\ W7 a ♦-» r^Txr ry ooi i ♦>** a y-1 

v^o KJl Lltv^ Wi 八 / • T T VV ClOOLilXXV^ 

F(t {； x y y) > 0 and we apply the considerations on highest com¬ 
mon factors to G(ti\ x) and the coefficients of the powers of y in 
^(A *； x y y). Accordingly, we obtain a rational cover such that 
for each member (5, X) of the cover we can determine polynomials 
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m{ti) y D(ti ； x) y ( 心； ％，） ) ， ( 心； x) with rational coefficients 
such that D(ri ； x) is a highest common factor of G(r t -; x) and the 
coefficients of the y terms in F{ri\ x y y) and 〆0 ， 

f _ 、 (5 Lj* { _ M MJt A • \ / 1 { _ a E'f 1)/" _ 

rn\Ti) J-- \Ti^ AyJ) — AJ1- \Ti-f Ayjfjy 

m(Ti)^G(ri ； x) = D(ti ； ^)G ( 1 ) (ti ； x) 

for all (ti) in the set S defined by (5, X). We can replace the pair 
F(ti ； x y y) y G(ti ； x) by thepair 芦⑴⑹尤 ，）)， in the set S so 
if deg^ ^ (1) < dega ： F the induction can be used. Hence we may 
assume equality of the degrees indicated，which means that we 
have dega ： D = 0. Then D(t {； x) = and G(n; x) and the 

coefficients of F(n; x y y) are relatively prime. Now let T{ti ； y) 
be the resultant relative to x of F(ti ； x y y) and Ox + G{ti\ x) t 
Then T(ri ； _y) ^ 0 for all (n) eS and by passing to a refinement of 
the rational cover we may assume also that we can find 户⑹， 
0 ⑹ e 及 o[，J such that P{t 1 )9 £ 0 ) 0(Ti) 〆 ()， and T{n; j?(ri)P(ri) _1 ) 
〆 0 for (Ti) in S. We replace F{ti\ x y y) by H(t {； x y y) = P{ti) f F{ti ； 
x,y -\- Q{ti)P{ti)~ l ) where / = deg v F{ti\ x y y). The resultant of 
H{ti\ x y y) and G{ti\ x) relative to x has the form P(ti) g T(^；y + 
Q{ii)P{(d -1 ) and this is not 0 for (Ti) e*S*，jy = 0. It follows that 
H{ji\ x y y) = 0, G(ti ； x) # 0 is solvable in <l> if and only if K(t {； 
x y y) = 0 is solvable in $ for K(ti ； x y y) = H(ti ； x y G{ti\y)y). 

We now consider a single equation F{ti ； x y y) = 0. By con¬ 
sidering the highest common factor of the coefficients of the powers 
of jy of -F we reduce the consideration to subsets S defined by a 
rational cover and polynomials F{ti \ x y y) such that F{ri\x y y) is 
not divisible by a polynomial of positive degree in x for (T t _) e 

. . dF 

Next we consider the highest common factor of F and —— and 

dy 

after a refinement we may assume that we have determined poly¬ 
nomials m{ti\ x) t D{ti ； x y y) y Fix y y) with rational coefficients 
such that D{ri\x y y) is a highest common factor in 中 (x)[y| of 

d 

F(ri ； x,y) and — F(ri ； x y y) y min; 尤） 〆 0 and m{n ； x) e F(n; x,y) 

= D(ri ； x y y)Fi(n; x y y). Then Fi{ri\ x y y) has no multiple fac¬ 
tors of positive degree in y and F and Fi have the same irreducible 
factors of positive degree in y in 中 Again we can determine 
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L{ti ； x)y F 2 {ti\ x,y) such that x,y) = Z(r t *； 

x)F 2 (ti ； x y y) where F 2 {ri\ x y y) is not divisible by a polynomial of 
positive degree in x. Then it is dear that we may replace F by F 2 
and so we may assume that for (n) e S y F(t {； x y y) has no mul¬ 
tiple factors of positive degree in y and no factor of positive 

d 

degree in y alone. Then F{t{\ x,y) and —— F(r^; x y y) have no 

dy 

.. dF 

common factors of positive degree. Set G(^-, c;x,y) = y - 

„ dx 

dF . , . 

(x — c) —— where c is another indeterminate and let c 、 x) 

be the resultant relative to_y of c; x y y) and F{u 、 x y y). Then 
one can argue as in the decision method itself that R(Ti, c; x) ^ 0. 
By going to a refinement of the rational cover we can obtain 
PQi) y Q{ti) e such that P{t{) ^ 0, Q(n) ^ 0, R(r{ y Q{n) 
P(ri) -1 ; .v) 0. If we replace G{t iy c\x y y) by G(ti\ x y y) = 

P{ti)G{ti y Q{ti)P{ti)~ l \ x t y) y we see that the resultant R(ti ； x) of 
F{ti\ Xy y) and G{tr y x,y) relative to y satisfies x) ^ 0, 

(r t -) 8 S. As before, we can argue that also the resultant Q(ti ； y) of 
F and G relative to x satisfies Q{ri\y) ^ 0. The remainder of 
the proof can be made along the lines of the decision method itself. 
We leave it to the reader to carry this out. 

10. Generalized Sturm’s theorem. Applications. We can now 
prove the following generalization of Sturm’s theorem which is due 
to Tarski. 


Theorem 16. Let ip be a finite sat of polynomial equations and 
inequalities of the form F{t u x iy . • •， x n ) = 0, G(ti, • • •， 

t r \ x 1} • • x n ) 9 ^ 0 or H(t Xi ■ ■ -yt r \ Xiy • • ■ y Xn) > 0 where F y G y 
H e 及 o[ ， i ， .. . ， 尤 1 ， . • • ， Xn], Then one can determine in a finite 
number of steps a finite collection of finite sets yf/j of polynomial equa¬ 
tions and inequalities of the same type in the parameters t{ alone 
such that y if 龟 is any real closed field ， then the set <p has a solution for 
the x 1 s in 屯 for ti = r 2 -, 1 < i < r, if and only if the n satisfy all the 
conditions of one of the sets \f/j. 

Proof. We show first that we can reduce the system <p to a. 
single equation of the form F(U; x 3 ) = 0 where the number of x’s 
may have to be increased. First it is clear that an inequality 
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G 〆 0 is equivalent to G 2 > 0. Next we can replace an inequality 
// > 0 by the equivalent equation z 2 H —1=0 where z is an 
extra indeterminate. Finally, a number of equations Fi = 0 can 

八 1 n y% r ^ 1^ 八 a A/*l 置 ’ O 士， ' 厘 ' A ^*v %<% ^ 

U 乙 1 ^plcX^^Li uy Lll^ Oil 丄丄 ' i 一 \j* ± uuac^i V <XL1UI1& 

prove the assertion, so we take p to be a single equation F{ti ； x 3 )= 
0. We show first by induction on the number n of %’s that we 
can determine a finite number of sets of equations of the form 
Fk{U\ x) = 0, Gk{ti) 9^ 0 such that a set n, • ■ •, r r , T{ in has 
the property that F(n; Xj) = 0 is solvable for x’s in 少 if and only 
if for some k one has Gk(ri) ^ 0 and Fk(ji; x) = 0 is solvable in 中 . 
This is trivial for w = 1 and it is a consequence of Theorem 15 
if n = 2 , Assume it holds for w — 1 > 2. Then treating x n as 
one of the parameters we conclude that we can determine a 
finite number of pairs of polynomials [F k {t“ x n ‘, x), G k {ti y x n )) 
with rational coefficients such that, if the Ti and e 中 ， then 
F{n\ Xiy … ， x n _i y ^ n ) = 0 is solvable for X\ y • • • ， x n -i in ^ if and 
only if, for some k y Gk(ri y | n ) 5 ^ 0 and F k (Ti ， kn\y) = 0 is solvable 
in 中 . By Theorem 15, for each k one can find a finite set of pairs of 
polynomials \ x), with rational coefficients such that 

Fk{Ti y x ； y) = 0, x) 〆 0 is solvable in if and only if for 

some j we have Gy (tv) 〆 0 and F k j{Ti\ x) = 0 is solvable in 中 . It 
follows that the set of pairs {Fkj{ti\ x) y Gkj(ti)) satisfies the re¬ 
quired condition for F(ti ； x iy …， ^ n )- We now denote these pairs 
as {Fj(“ •’ x) y Gj(ti)). For each x) the version of Sturm’s 

theorem we considered in § 7 shows that a finite set of polynomial 
equations and inequalities with rational coefficients in the ti can 
be found such that these are satisfied by ti = n e <1* if and only 
if Fj(t {； x) is solvable in If we add to each set the inequality 
Gj(n) 7 ^ 0 we obtain the sets 少 satisfying the requirement of the 
theorem. 

Suppose now that we have a system of equations and inequali¬ 
ties with rational coefficients which have a solution in one real 
closed field < 1 * 1 . It is clear that we can introduce parameters and 
change our assertion to one that a certain system with parameters 
and rational coefficients has a solution in for certain rational 
values of the parameters. Then Theorem 16 implies that these 
rational numbers satisfy one of a certain set of rational equations 
and inequalities. Then if $ is any other real closed field we can 
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apply Theorem 16 again in the reverse direction and conclude that 
the original system has a solution in ^>. 

Again, suppose we have a system of equations and inequalities 
with ratfonai coefficients involving parameters and suppose that 
for one real closed field #1 it is true that the system has a solution 
in for all choices of the parameters in Then one concludes 

frnm Tlif'nrf'm 1 f\ f-liiQ f^nnivalent- fn fVi 户 t f-Via t 

• ▲ •»*«• ■ 美 • M rn. A 'V %• A %• ^>矗 K 矗 VA ‘ ’ * '，秦 ‘ ▲ W •»*«• k %p— & w ^ 

every set of values for the parameters in #x satisfies one of a cer¬ 
tain finite collection of finite sets of equations and inequalities. 
It is easy to see that this in turn is equivalent to the statement 
that there are no solutions in of any one of another finite col¬ 
lection of finite sets of rational equations and inequalities for the 
parameters. The foregoing result shows that this carries over to 
every real closed field 中 . Hence we see that the original system 
has a solution in # for all choices of the parameters in <l> where 中 
is any real closed field. 

We shall now consider an application of these results to an 
important theorem on division algebras. 

A long time ago, before real closed fields were invented, Fro- 
benius proved the following theorem : The only finite dimensional 
division algebras over the field R of real numbers are: (1) R it¬ 
self, (2) R(\^ — \) y (3) Hamilton’s quaternion algebra over R. 
The known proofs of this theorem are algebraic and give the same 
result for any real closed field. The reader may refer to Dickson’s 
Algebras and Their Arithmetics，> 62, for an elementary proof of 
this type. We now drop the assumption of associativity which we 
have made throughout this book and consider non-associative 
algebras. These are defined to be vector spaces over a base field 
中 in which a multiplication xy is defined satisfying the distribu¬ 
tive laws and the rule a{xy) = {cxx)y = x(ay) y a e Such an 
algebra which is finite dimensional is called a division algebra if 
it has no zero divisors : = 0 implies either ,v = 0 or jy = 0 in 

the algebra. Besides the examples noted above there is one other 
important example of a non-associative division algebra, namely, 
an algebra of eight dimensions of octonions which was discovered 
by Cayley and by Graves. The known examples of finite dimen¬ 
sional non-associative division algebras over the field of real 
numbers have dimensions 1,2,4, and 8. It was conjectured for 
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a long time that these are the only possible dimensions and this 
was finally established by deep topological considerations by Bott 
and Milnor. It would be a hardy task to attempt to carry over 
the proof to the case of real closed fields. Moreover, tjiis is un¬ 
necessary since it is quite easy to conclude the result for arbitrary 
real closed fields from its validity for the field of real numbers. 
Assuming the Bott-Milnor result for the field of real numbers ， 
we shall prove that, if « 〆 1, 2, 4, 8 , <x> and 中 is a real closed field, 
then there exists no n dimensional non-associative division algebra 
over 中 . To prove this let 21 be a non-associative algebra 
with the basis («i, • • . ， u n ) over 中 and suppose UiUj = XyijkUk 
where the y^k e 少 . If % = 2 匕 •，匕 e 中 ， then the mappings —> xy 
in 沉 is a linear one whose matrix relative to the basis («i，•. • ， u n ) 
is (pjk) where pj k = ^ The existence of ay 9 ^ 0 such that 

i 

= 0 is equivalent to the statement that is a singular 

linear transformation and this is the case if and only if 户 '( 7 说； 匕 ) 
=det (pjk) = 0 . To show that % is not a division algebra we 
have to show that there exists an x 〆 0 such that F{yijk^ = 0 . 
We now see that our assertion is equivalent to the following ： Let 




=det 



which can be considered as a 


poly¬ 


nomial in indeterminates Xi with rational coefficients. Then 
for all choices tijk = Jnu e ^ there exists a solution Xi = ki in ^ of 
the system F(yijk ； = 0 , Sa 2 〆 0 . Now by the Bott-Milnor 
theorem this holds for^ = R the field of real numbers. Hence our 


results show that it holds for every real closed field. 

Another example of the same type is a theorem of Hopf s which 
states that the only possible finite dimensionalities for real non- 
associative commutative division algebras are w = 1 , 2 . Com¬ 
mutativity, of 91 is equivalent to the condition 7 识 = 7 ya for all 
i y j. Hence in the foregoing argument we consider indeterminates 

tijk for i < j and define t iik = t ijk for j > u Then det(g 

is a polynomial with rational coefficients in the indeterminates 
tijky i < j- The rest of the argument carries over and shows that 
Hopf’s theorem is valid for all real closed fields. 
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There is a general class of statements on real closed fields which 
can be treated in the foregoing manner. These are the so-called 
elementary sentences of algebra. We shall not attempt to give 
the precise definition for these but refer the reader to the literature 
(see the bibliographic notes on this chapter). The results we have 
considered are special cases of the general principle of Tarski that 
any elementary sentence of algebra is either true for all real 
closed fields or is false for all real closed fields. 

EXERCISES 

1. Assuming the result for the field of real numbers prove that, if $ Is any real 

closed field and Fi(^i, • • ■, ^r n ) = 0, • • •, ■ ■ •, >?„) =0 where the F's e 

• • • ， x n ] has a solution at* = ^ e then it has a solution nearest the origin. 

2. Prove the analogue of Theorem 16 for algebraically closed fields $ of charac¬ 

teristic 0 and finite sets of equations F(h y * • •, /r ； ^i, • • •, x n ) =0 and inequalities 
G(/i, ■ ■ - , ； r ; •- -yXn) 〆 0 where the F,G e 々】 .(Hint: A simple proof of 

this can be based on the generic Euclidean sequences and the following simple 
observation due to Tareki: if /(at), g(x) e $[%] and deg/ > 0, deg 《 > 0, theriH^Ar) 
= 0, g(x) 0 has a solution in $ if and only if /(x) is not a divisor of ^(Ar) deg/ ^). 

3. Prove the result of ex. 2 also for 中 of characteristic p 9 ^ 0 by developing the 

corresponding results on generic Euclidean sequences of x], I p — I/{p). 

11. Artin-Schreier characterization of real closed fields. We 

shall complete our discussion of real closed fields by proving a 
beautiful characterization of real closed fields which is due to 
Artin and Schreier. We recall that, if 中 is a field not containing 
\/ — 1 and 1) is algebraically closed, then 中 is real closed 

(Th. 6). We shall now prove 

Theorem 17. Let be an algebraically closed field and 龟 a 
proper subfield which is of finite co-dimension in 12. Then 龟 is real 
closed and 12 = 中 (V — 1). 

Proof. Let 中 ’ = 4>(V — 1) c The theorem will follow from 
the result quoted if we can show that ^ = 12. Hence we suppose 
that Q Let E be an algebraic extension of Then E is 

isomorphic to a subfield of Q over and so [E：^] < 

Hence the dimensionalities of algebraic extensions of are 
bounded. This implies that is perfect. Otherwise, the charac¬ 
teristic is^> 0 and there exists a 卢 e 中 ' which is not a p-t\v power. 
Then for every e > 0 y x pe — ^ is irreducible in (ex. 1, § 1.6) 
and this provides an algebraic extension of p e dimensions over 中 '• 
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Since e is arbitrary, this contradicts what we proved. Thus 
is perfect and so is separable over 中 ’• Since Q is algebraically 
closed it is Galois over 中' and its Galois group G over 中 ’ is be¬ 

cause 12 3 中 ’• Hence G contains a cyclic subgroup of prime order 

n anrl mriQ^nnf-1 v there a V\ 3/ cnrl-i fVia f O ic 
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cyclic of q dimensions over E. Since Q is an algebraic closure of E 
and [12： E] = q y it is clear that Q and E are the only algebraic exten¬ 
sions of E. It now follows that the characteristic of is not q. 
Otherwise, 12 is a cyclic《-extension of E, and the existence of such 
an extension of E implies the existence of cyclic 广 -extensions of 
E for every m (Th. 3.16). This has been ruled out and so the 
characteristic is not q. This implies that Q, which is algebraically 
closed, contains q distinct roots of 1. Since these are roots of 
{x — + x q ~ 2 + . • . + 1) and since the irreducible poly¬ 

nomials in E[«v] have degrees 1 or q y all the《-th roots of 1 are con¬ 
tained in E. Since 12 is cyclic ^-dimensional over E, 
where a e E and is not a q-t\v power in E (Th. 2.5). Consider the 

Q 2 

polynomial = JJ (^ — fV) where f is a primitive ^ 2 -root 

i 

of 1 and p is an element of Q such that p q = a* Since the inclu¬ 
sion e E implies that E contains an element (fV) 9 = ^ such 
that |3 S = a, we see that noe E. Since — a e E[v]， 

it follows that all of its irreducible factors in E[^] are of degree q. 

X ^ Q « y1^ A y% 一 h ^ ^ A 疇 T ^*v A. ^ A ^ Q ««. TTtI^ 1 yx n 
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power of Since (p q ) Q — a and 12 = E(v / ck), p® ^ E and 12 = 
E(p fl ) = E(/3p -3 ) = E(”). Since E contains all the《-th roots of 

1 TT-r^ 1 * a 八八 ‘1^ n ^ am m * 〜啤 m ^ 2 ^ C 1 X a ‘ a ^ «*« 
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field of 12 and now consider the subfield 少 0 (? 7 ) of If 中 0 is the 
field Ro of rational numbers we know that the dimensionality of 
the field of q r -th. roots of 1 is <p(g r ) (Th. 3.2) and this goes to in¬ 
finity with r. If ^>o has characteristic p 9 ^ q y then the field of the 
/-th roots of 1 over 少 0 contains at least q r elements, so again the 
dimensionality of this field over approaches infinity. In any 
case it now follows that there exists a positive integer r such that 
少 o(”）contains a primitive q r -t\v root of 1 but no primitive ^ r+1 -st 
root of 1. Since ?? is a primitive q 2 -root of 1, r > 2. The field 12 
contains a primitive y+i-st: root of 1, say 芒 . Let h{x) be the 
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minimum polynomial of ^ over E. Since 77 ^ E, ^ E, so deg h{x) 

qr+l 

= q. Also h{x) is a factor of ^ Qr+1 — 1 = (^ — ^) y so the 

1 

coefficients of h(x) are contained in 中 o( 芒 )； hence they are con¬ 
tained in the field r = 中 0 ( 在 ） H E. It follows that [ 中。⑵ ： r]=《. 
Next we consider the subfield r'= 中 0 ( 7)，7 = !' of 中。 ( 在 ). Evi¬ 
dently 7 is a primitive q r -t\v root of 1 ， so r' contains q distinct ^-th 
roots of 1. On the other hand ， 争 o( 畜） =r ' ⑹ where = 7 e 
so either 中 0 ( 右 ） =r' or $ 0 ( 在 ） is cyclic of q dimensions over r’. If 
中 o( 右） =r’ = 中 o(Y)，we have 中 0 (Q c; 中 0 (”）since 中 0 ( 77 ) contains 
all the q r -t\i roots of 1. Then 中 0 ( 77 ) contains 套 ， a primitive ^ r+1 -st 
root of 1, contrary to hypothesis. Thus we have [ 中。 ( 畜 )： r ’]=《• 
Now r’ 〆 r. Otherwise，r contains a primitive q r -t\v root of 1 ， 
so r and E contain r) contrary to 12 = E ( 77 ) 3 E. We have there¬ 
fore proved that the field 中 0 (Q of the ^ r+1 -st roots of 1 over the 
prime field contains two distinct subfields r and r' over which it is 
^-dimensional. It follows that the Galois group of 中 o( 名 ） over 中 0 
is not cyclic. By Lemma 1 of § 1.13 and Theorem 3.5, this is the 
case only if the characteristic is 0 and q = 2. Then the element 
rj considered before is a primitive 4-th (q 2 with q = 2) root of 1. 
On the other hand, E contains 中 , which contains V^—1 and this is 
a primitive 4-th root of 1. Hence we have : = E(77) =E con¬ 

trary to 12 3 E. This contradiction shows that ^ = W" — 1 )= 

j .•- — \ » — / 

12 and 中 is real closed. 




SUGGESTIONS FOR FURTHER READING 


Chapter I. The classical Galois correspondence between groups of 
automorphisms and subfields has been extended in a number of different 
directions. First, one has Krull’s Galois theory of infinite dimensional 
extensions which is considered in Chapter VI. Next one has the Galois 
theory of division rings which is due (independently) to H. Cartan and 
the present author. An account of this can be found in the author’s 
Structure of Rings t A.M.S. Colloquium Vol. 37 (1956)，Chapter VII. 
(Our development of the Galois theory in Chapter I is based on the 
methods which were developed originally to handle the non-commutative 
theory.) A Galois theory of finite dimensional separable extensions 
based on the notion of a self-representation of a field is due to Kaloujnine. 
This is contained in a more general theory given by the present author 
in two papers in Am. J. Math •’ Vol. 66 (1944), pp. 1-29 and pp. 636-644. 
See also two papers by Hochschild and by Dieudonne in the same 
journal, Vol. 71 (1949), pp. 443-460 and Vol. 73 (1951), pp. 14-24. 

Quite recently a Galois theory of automorphisms oi commutative 
rings has been developed jointly by S. u. Chase, D. K. Harrison, and 
A. Rosenberg. This paper will appear in Transactions A.M.S. 

A general cohomology theory or fields has been given by Amitsur in 
Trans. A.M.S 。 Vol. 90 (1959)，pp. 73-112. See also the paper by 
Rosenberg End. Zelinsky on this subject in TYans. Vol. 97 (1960)^ 

pp. 327-356, and Amitsur’s paper in /. Math. Soc. Japan ， Vol. 14 (1962), 
pp 1-25. 

Chapter II. We have indicated in the text the unsolved problem of 
the existence for a given field 中 and a given finite group G of a Galois 
extension P/$ whose Galois group is isomorphic to G. A closely related 
question is that of the existence of an equation with coefficients in $ 
having a given subgroup of *S" n as group. These problems have been 
studied extensively for $ the field of rational numbers and more generally 
for algebraic number fields (finite dimensional extensions of the ra- 
tionals). Two methods have been developed for this problem : one based 
on arithmetic properties of number fields，and a second more elementary 
method based on an irreducibility criterion due to Hilbert. The deepest 

v — 

results thus far obtained in the arithmetic theory are due to Safarevic. 

summary of his results is given in Math. Reviews’ Vol. 16 (1955), pp. 

The Hilbert method (which was used by Hilbert to prove the existence 
of rational equations with as Galois group) has two stages. Given 
a field 中 one requires first a purely transcendental extension field 
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SUGGESTIONS FOR FURTHER READING 


中 (/ 1 ， •••，/”) and a Galois extension P of $(/») with Galois group iso¬ 
morphic to the given group G. This problem is still open except for 
special cases (S ny alternating group and some others). Next one needs 
to know that $ is a Hilbertian field in the sense that Hilbert’s irreduci- 
bility theorem holds for (For example，the rational field is Hil¬ 
bertian； the field of ^>-adic numbers and finite fields are not.) A discus¬ 
sion of this theorem and its relation to Galois theory is given in S, Lang’s 
book Diophantine Geometry^ New York， 1962, Chapter VIII. 

An interesting aspect of the classical Galois theory of equations is 
Klein’s theory of form problems* A development of this from the point 
of view of algebras, particularly crossed products, is due to R. Brauer in 
Math. Annaleriy Vol. 110 (1934), pp, 437-500. Reference to the classical 
works on the subject is given in this paper. 

A general reference book for Galois theory of equations is Tschebota- 
row's Gumdzuge der Galois、schen Theorie y Groningen, 1950 (translated 
from Russian by Schwerdtfeger), 

Chapter III. D. K. Harrison has given a general theory of abelian 
extension fields in Trans. A.M.S. y Vol. 106 (1963), pp. 230-235, 

Chapter IV. Some of the deeper results of this chapter have been 
developed to meet the needs of algebraic geometry. The reader may con¬ 
sult S. Lang’s Introduction to Algebraic Geometry 、 1958, or A. Weil’s 
Foundations of Algebraic Geometry, A.M.S. Colloquium Vol. 29, Provi- 
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Chapter V. There are several directions that one may take in pursuing 
the subject matter of this chapter. First，one can study the general 
theory of valuations as given in Zariski-Samuers Commutative Algebra 
Vol. II, D. Van Nostrand Co., Inc., Princeton, I960, Chapter VI. 
Secondly, this chapter leads to the arithmetic theory or number fields 
and fields of algebraic functions of one variable. For this the reader 
may consult Che valley^ book Algebraic Functions of One Variable 、 
Princeton, 1951, Artin’s book Theory of Algebraic Numbers, Gottingen, 
1959, and E. Weiss’ book Algebraic Number Theory, New York, 1963. 
A third direction which one can take after studying Chapter V is local 
class field theory. For this the reader may consult Serre’s book Corps 
LocauXy Paris, 1962. 

Chapter VI. The original Artin-Schreier theory is given in papers by 
Artin and Schreier and by Artin in the Hamburg kbhandl” Vol. 5 (1927). 
Our exposition follows these papers rather closely. Seidenberg’s work 
is in Annals of Math,’ Vol. 60 (1954), pp. 365—374. This contains also a 
statement of Tarski’s principle and, of course, a reference to Tarski’s 
earlier paper. Much of the present chapter can be developed also as a 
part of mathematical logic, more exactly, as an aspect of the theory of 
models. The reader may consult A. Robinson’s book. Model Theory y 
Amsterdam, 1963, particularly Chapter VIII. Also references to the 
literature are given in this book* 
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Abelian extension field, 61， Chapter III 
Abelian p-extensions, 132-140 
Algebraically closed field ， 142—147 
Algebraic closure, 142 
separable，146 
uniqueness of, 145 
Algebraic element, 6 
Algebraic field extension, 44 
absolutely, 147 
Algebraic functions, 156 
Algebraic independence, 4, 151-157 
of isomorphisms, 56 
Aigebras, 1-9 
algebraic, 10 
homomorphism of, 7 
ideals of, 7 
of dual numbers, 168 
tensor products of, 15-17 
Artin’s theorem on positive definite 
rational functions, 289 

Bilinear mapping, 10 
Bott-Milnor theorem, 315 

Character, 75 

Character group, 117 
of finite commutative group, 116- 
119 

Characteristic polynomial, 64 
Cohomology groups, 82 
Complete field (relative to a real valua¬ 
tion), 217 

finite dimensional extensions of, 
256-262 

Completion of a field (relative to a real 
valuation), 216-221 
Composites of fields, 83-89, 262-264 
free, 203-209 
Constant, 169, 194 


Crossed product, 79 
Cyclic algebra, 80 
Cyclic extension field, 61 
Cyclic p-extensions, 139-140 
Cyclotomic field, 95, 110-116 

Decision method, 300-307 
Dedekind independence theorem, 25 
Degree of separability and insepara¬ 
bility, 49 

Dependence relations, 153-155 
algebraic, 151-157 
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jL»envations, 10 /- 丄 /' ioj 
constant relative to, 169 
Galois theory of, 185-191 
higher, 191-197 
iterative higher, 196 
Different, 73 
Direct sum, 9, 85 
Discriminant: 
of an algebra, 66 
of a polynomial, 92 

Equations with symmetric group as 
Galois group, 105-109 
Exponential function in p-adic num¬ 
bers, 226-228 

Extension of derivations, 170-172, 
174-185 

Extension of homomorphisms, 2-6, 
246-248 

Extension of valuations, 246—250, 
256-265 

Factor set, 79 
Finite fields, 58-62 
Finite topology, 149 
Formally real field, 271 
Frobenius* theorem, 314 
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Fundamental theorem of Galois 
theory, 41 

for infinite dimensional extensions 
(Krull’s theorem), 150 
for purely inseparable extensions of 
exponent one, 186 

Galois cohomology, 75-83 
Galois correspondence, 23 
for subgroups and subfields, 29 
Galois’ criterion for solvability by 
radicals, 98-102 
Galois extension field, 27 
Galois group : 
of an equation, 89-97 
of an extension field, 27 

U1 ± ±%J y 

115 

of general equation, 104 
of quartic equations, 94—95 
of simple transcendental extensions, 
158-159 

Galois theory for purely inseparable 
extensions of exponent one, 185- 
191 

General equation of »-th degree, 102- 
105 

Groups of automorphisms of fields, 
27-31 

Hensel’s lemma, 230-232 
Hilbert Nullstellensatz, 254 
Hilbert’s “Satz 90,” 76 
Hilbert’s 17th problem, 289 
Homomorphism : 
of an algebra, 7 
of additive group of a field, 19 
Hopf’s theorem, 315 

Ideal, 7 

imbedding in maximal ideal, 255 
imbedding in prime ideal, 253 
radical of, 209, 253 
Indeterminates, 4 
Infinite Galois theory, 147-151 
Integral closure, 255-256 
Isometric mapping, 221 

Jacobson-Bourbaki theorem, 22 


Kronecker product, see tensor product 
Kummer extensions, 119-124 

Lie algebra of linear transformations, 
174 

restricted, 174 
Lie commutator, 173 
Linear disjointness, 160-167 
Local dimensionality, 265 
Ltiroth’s theorem, 157-160 

MacLane’s criterion, 164 
Minimum polynomial, 6 
Multiple roots, 37 

Noethers equations, 75 
Norm, 65 

transitivity of, 66 
Normal basis, 56, 61 
Normal closure, 43 
Normal extension, 43, 52-53 
Number of solutions of quadratic equa¬ 
tions in finite fields, 62 

Order isomorphism, 238, 271 
Ordered field, 270 
archimedean, 272 
Ordered group, 237 
rank of, 243 
of rank one, 244-246 
Ostrowski’s theorem, 260 

^-adic numbers, 222-230, 234-236 

p-basis, 180 

p-independence, 180 

Perfect closure, 146 

Perfect field, 146 

Place, 241 

Positive definite rational functions, 
289-295 

Power series, 233-234 
Primitive elements, 54-55, 59 
Purie equation, 95 
Pure transcendental extension, 155 
Purely inseparable extension, 47 
exponent of, 179 
Galois theory of, 185-191 
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Ramification index, 265 
Rationally specializable property, 291 
Real algebraic numbers, 287-289 
Real closed field, 273 
characterization of, 276-278, 316- 
318 

Real closure, 284-286 
Representation: 
matrix, 63 
regular, 63 
Residue degree, 265 
Residue field, 222 
Resultant, 298-299 
Root tower. 98 
Roots of unit, 95, 110-116 

Seidenberg’s decision method, 300- 
307 

Separable: 

algebraic closure, 146 
element, 45 
extension, 46, 166 
polynomial, 39 

Separating transcendency bases, 161, 
164-167 

and derivations, 178-179, 184 
Solvable extension neid, 61 
Splitting field of a polynomial, 31 
isomorphism theorem for, 35 
Standard sequence, 281 
Sturm sequence, 279 
Sturm’s theorem, 283, 295 
generalized (Tarski’s theorem), 312 
Subalgebra, 7 


Tarski’s theorem, 312 
Tensor products, 10-17 
of algebras, 15-17 
of fields, 52, 84-87, 197-203 
of subalgebras, 16 
of vector spaces, 10-15 
Theorem of Abel-Ruffini, 104 
Theorem of Hilbert-Landau, 289 
Trace, 65 

transitivity of, 66 
Trace form, 66 

Transcendency basis, 151-157 
separating, 161, 164-167 

Transcendency desree. 155 
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Transitivity theorem for determinants, 

68 

Unit group in p-adic numbers, 225- 
230 

Valuations: 

archimedean, 213 
discrete, 222 
equivalence of, 212 
general, 238 

of field of rational numbers, 214-216 
of simple transcendental extensions, 
216 

p-adic, 211 
real, 211 

Valuation ring, 222, 240 

Witt vectors, 124-132, 234-236 
Wronskian, 185 



